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npeAMCllOBMe 
OrrnIT rrperro,n:aBaHHH MaTeMaTrrqecKHX KypcoB B HH:JKettepHbIX By3ax rroKa3ornaeT, 

qTQ HaH60JibllIHH acpcpeKT B ycBOeHHH MaTeMaTHqecl}HX MeTOL{OB H pa3BHTHH HaBbI

KOB HX npHMeHeHJrn L{OCTHraeTCH, eCJIH H3yqeHHe COOTBeTCTBYIOIIIHX pa3tI;eJIOB Ma

TeMaTHKH corrpoBO:JKL{aeTCH peIIIeHHeM rrpHKJiaL{HbIX 3a.zi:;lq, OTHOCRW:HXCH K o6JiaCTH 

HHTepecoB 6y.n:ymero crrenHaJIHCTa. TaKoii rro.n:xo.n: K cpopMHpoBaHHIO MaTeMaTHqe

CKoro o6pa30BaHHH IIOJie3eH H TeM, 'ITO OH ycHJIHBaeT B3aHMOCB.H3b Me:JK,n:y MaTeMa

THqeCKHMH H HH:JKettepHbIMH tl;HCI.(HIIJIHHaMH. 

K qHcJiy MaTeMaTHqecKHX ti:HCI.(HIIJIMH, H3yqeHHe KOTOphlx HaH6oJiee noJIHO MO

:JKeT 6nITb YBH3aHo c npMKJiati:Hl>IMH 3a.zi:aqaMM rn:H MJIH HHOH HH:JKeHeptto:H crreuH

aJil>HOCTH, OTHOCHTCH MaTeMaT11qecKM cpH3MKa - TpeTbH qacTb o6mero Kypca 

«BnICIIIaa MaTeMaTHKa~, q11TaeMoro cTy.n:eHTaM HH:JKeHepHbIX cnenMaJil>HOCTeii yHH

BepcMTeTOB. lfayqaTD ero CJie,n:yeT IIOCJie OCBOeHMH rrepBbIX tI;Byx qacTeii 3TOro Kyp

ca - «.l{HcpcpepeHUHaJibHOe rrcqHcJieHHe~ H d1HTerpaJinHoe rrcqrrcJieHrre~. 
MaTeMaTH'leCKM cpH3HKa H3yqaeT MaTeMaTHqecKMe Mo,n:e1111 cpM3HqecKMX HBJie

HHH. OcHOBHl>IMM o6neKTaMH MaTeMaTffqecKoii cpH3HKH .HBJIHIOTCH ti:HcpcpepeHuH

aJil>Hl>Ie ypaBHeHHH c qacTHbIMH npOH3BOtl;HbIMH, HHTerpo-,n:HcpcpepeHI.(HaJibHl>Ie H HH

TerpaJibHbie ypaBHeHH.H c KpaeBbIMH (HaqaJibHbIMH MJIH HaqaJibHbIMH H rpaHHqHhl

MH) YCJIOBHHMH tI;JIH HHX. 

B KHHre paccMOTpeHbI MeTo.n:nr MaTeMaTffqecKoii cpH3HKH, CBH3aHHDie c M3yqeHHeM 

aJieKTPOTeXffHqeCKHX .n:HCl(HIIJIHH. B03HHKaIOUIHe npH aTOM MaTeMaTffqeCKHe Ja,n:a'IH co

.n:ep:JKaT MHoro o6:w;HX aJieMeHTOB M cocTaBAAIOT npetI;MeT MaTeMaTffqecKoii cpH3HKH. 

Ilpe.n:JiaraeMaa KHHra He npeTeH.n:yeT Ha Bceo6beMJIIOIIIHH OXBaT MeTO!l;OB MaTe

MaTHqecKOH cpH3HKH. B Heii paccMOTpeHl>I JIHIIIb MeTOAl>I peIIIeHHH Tex 3a.zi:aq MaTe

MaTHqecKo:H cpH3HKH, KOTOpbie CBO!l;.HTC.H K 3a.zi:aqaM ,n:JI.H ,n:HcpcpepeHI.(HaJil>HbIX ypaB

HeHHH c qacTHhlMH npoH3BO!);HbIMH H COBMeCTHO c COOTBeTCTBYIOIIIHMH KpaeBbIMH 

ycJioBH.HMH o6pa3YIOT MaTeMaTHqecKHe Mo,n:eJIH paccMaTpHBaeMbIX cpH3HqecKHX 

npoueccoB. HcnoJil>30BaHbI Tpa,n:Ml(HOHHl>Ie MaTepHaJil>I, H3JiaraeMnie B aHaJIOfH'IHl>IX 

Kypcax: BHL{bl tI;HcpcpepeHUHaJibHbIX ypaBHeHHH MaTeMaTrrqecKOH cpM3HKH (rnnep6o

JIHqecKHe, napa6oJIHqecKMe, 3JIJIHIITHqeCKHe); IIOCTaHOBKa KpaeBbIX 3a.zi:aq MaTeMa

TffqeCKOH cpH3HKH; ycJIOBHH cy:w;eCTBOBaHH.H H e,n:HHCTBeHHOCTM HX peIIIeHM.H. 

B KHHry He BXOMT MeTO,UbI peIIIeHH.H HHTerpaJibHbIX, HHTerpo-.n:rrcpcpepeHUHaJibHbIX 

ypaBHeHHH H BapMal(HOHHbie MeTOtl;bI. 

Ilpe.n:noJiaraeTc.H, qTo qrrrnTeJIIo H3BeCTHhl npe,n:hlti:YIIIHe pa3p;eJil>I BTY30BCKoro 

Kypca BbICIIIeii MaTeMaTHKH: ,UHcpcpepeHI.(HaJibHOe H HHTerpaJibHOe HCqHcJieHHe 

cpyHKUHH Otl;HOH M MHOfHX nepeMeHHbIX, BeKTOpHbIH aHaJIH3, ti:HcpcpepeHUHaJibHbie 

ypaBHeHH.H, pa,n:hl, 3JieMeHTbI TeOpHH aHaJIHTHqecKHX cpyHKI.(HH KOMIIJieKCHOro ne

peMeHHOro. IlpH ITOtl;fOTOBKe KHHfH HCIIOJib30BaJIHCb KaK H3BeCTHbie cpytt.n:aMeH

TaJibHbie yqe6HHKH H KHHfH, CCbIJIKH Ha KOTOpbie np1rne.n:ettl>I B Ka:JK.n:o:H rJiaBe, TaK 

H ny6JIHKal(HH aBTOpa. 

Iloco6rre co.n:ep:lKHT MaTepHaJI, H3JiaraeMbIH B JieKUHHX L{JI.H cneuHaJibHOCTeii 

140211/100400, 140601/180100, 140602/180200, 210106/200400 B CeBepo-3a

na,n:HOM rocy.n:apcTBeHHOM 3aoqHoM TexHHqecKOM yttrrBepcrrTeTe. KHHra MO:JKeT oKa-

3aToC.H IIOJie3HOH H tl;JIH cTy.n:eHTOB .n:pyrHX cnenHaJibHOCTeii, H3yqaIOUIHX Kypc Ma

TeMaTffqeCKOH cpH3HKH. 



IlpeAJiaraeMaJI Kmi:ra nocB»m:eHa paccMoTpemuo BonpocoB, CBH3aHHbIX c pernemieM 

3al(aq MaTeMaTHqecKOM qm3HKH, BCTpeqaJOII(HXCH B HmKeHepHOM npaKTHKe. 3To 

COOTBeTcTByeT COll;ep)KaHHIO pa3ll;eJia «MaTeMaTnqecKaJI cpH3HKa~ Kypca «BbICIIIaJI 

MaTeMaTnKa», 1rnyqaeMoro cTyAeHTaMH, HaqnHaJI c nepBoro ceMecTpa. 

CoAep)KaHne KHHrn cooTBeTcTByeT rocyll;apcTBeHHbIM cTaHll;apTaM no BbrcrneMy 

npocpeccnottaJibHOMY 06pas0Battn10. Ilpn ee ttarrncaHnn 6bIJIH yqTeHbI KaK o6m:ne 

Tpe6oBaHHH K oqHoMy o6yqeHHIO CTyll;eHTOB B BbICIIIHX yqe6HbIX 3aBell;eHHHX, TaK H 

oco6eHHOCTH IIOJiyqeHHH BhlCIIIero o6pasoBaHHH B ycJIOBHHX o6yqeHHH 6es OTpbIBa 

OT TPYAOBOH Ae»TeJibHOCTH. ,llJI» noco6H» OTo6paH MHHHMYM yqe6ttoro MaTepHaJia, 

l(aIOII(ero CTyll;eHTy B03MO)KHOCTb B ll;aJibHeMIIIeM ycrreIIIHO OCBOHTb CIIel1HaJibHbie 

aJieKTPOTeXHHqecKne ll;HC1IHIIJIHHhl. 06m:tt:H ero o6'beM COCTaBJIHeT 25 rreqaTHbIX 

JIHCTOB, qTO II03BOJIHeT H3yqHTb Beeb yqe6HbIH MaTepHaJI B TeqeHHe Oll;HOro ceMeCT

pa. TeopeTnqecKHe BbIKJiall;KH H rrpaKTnqecKne pacqeTbI nponsBOAHTCH c nol(po6Ho

cTbIO, II03BOJIHIOIUeM CTyll;eHTY caMOCTOHTeJibHO paso6paTbCH B HX COll;ep)KaHHH 

n 01IeHHTb rroJiyqeHHhlM pesyJibTaT. Kttttra cocTOHT H3 ABYX qacTe:H. IlepBM qacTb, 

BKJIIOqa10m:aJI IlHTb rnaB, 3HaKOMHT qnTaTeJIH c OCHOBHbIMH BHll;aMH ll;HcpcpepeH1IH

aJibHbIX ypaBHeHMH MaTeMaTH'IeCKOH cpH3HKH. B KaqecTBe rrpHMepoB HcnoJib30Ba

HH» TeX MJIH HHbIX ypaBHeHHM B3HTbl TPaAH:U:HOHHbie 3all;aqH H3 B3aHMOCBH3aHHbIX 

ll;HC:U:HIIJIHH (aJieKTPOTeXHHKH, TepMOll;HHaMHKH H MexaHHKH CIIJIOIIIHblX cpell;), rrpe

IlOll;aBaeMhlX B TeXHHqecKHX Bysax. BTopM qacTb, BKJI10qa10m:aJI AeBHTb rJiaB, sHa

KOMHT qifTaTeJIH c Ba)KHbIMH npHKJiall;HblMH pa3ll;eJiaMH aJieKTpOTeXHHKH, fll;e HC

IlOJib3YJOTCH AHcpcpepeH:U:HaJibHbie ypaBHeHHH MaTeMaTnqeCKOH cpH3HKH. IlocJiel(HHH, 

IlHTHall;1IaTa51 fJiaBa BKJIJOqaeT MaTepHaJI no CIIel1HaJibHbIM cpyHK:U:HHM, qam;e Bcero 

HCilOJib3yeMbIM npH perneHHH npHKJiall;HbIX 3all;aq aJieKTPOTeXHHKH. 

BoJiee rro;wo6ttbre pa3'bHCHeHHJI no o6'beMy yqe6ttoro MaTepttaJia, ttsyqaeMoro 

c IIOMOII(bIO rrpeAJIO)KeHHOH KHHfH, CJiel(yeT IIOJiyqHTb y rrpeIIOll;aBaTeJIH, BeAymero 

3aH5ITHH no ll;aHHOH ll;HC:U:HilJIHHe. 



4acTb I 

MeTOAbl MaTeMaTM1.1ecKoi1 <l>M3MKM 
M MX MCnOnb30BaHMe npM peweHMM 
TeXHM"leCKMX 3aAa"I 

BBeoenue. MaTeManI'leCKaJI <PR3RKa R3yqaeT MaTeMaTH'lecJrne Mo.n;eJIR <PR3R'lecKRX 

JIBJieHRH. 0Ha R ee MeTO.l(hI Ha'laJIH <t>opMRpoBaTbCJI B XVIII BeKe rrpR R3yqeHRH 

KOJie6aHRH cTpyHM H CTepiKHe:H, 3a.zi:aq aKycTRKR, rn:.n:po.n;RHaMRKH, aHaJIRTR'leCKOH 

MexaHHKH ()K. )laJiaM6ep, JI. 3:HJiep, )!(, JlarpaHiK, )l. EepHyJIJIH, n. JlarrJiac). H.n:en: 

MaTeMaTR'lecKo:H <PR3HKH rroJiyqMJIR HOBoe pa3BRTRe B XIX BeKe B CBJI3H c 3a.zi:aqa

MR TeIJJiorrpoBO.l(HOCTH, .l(R<P<l>Y3HH, yrrpyrocTM, OIJTMKH, aJieKTpO.l(MHaMHKM, HeJIR

HeHHblMM BOJJHOBbIMM rrpo11eccaMH, TeOpReH ycTOH'lMBOCTH .l(BHiKeHMJ! ()!(. <l>yphe, 

C. IlyacCOH, K. faycc, 0. Konrn, M. B. OCTporpa.l(CKMH, n. )lHpHXJie, E. PMMaH, 

C. B. KoBaJieBCKaJI, )l. CrnKc, A. IlyaHKape, A. M. JIJirryHoB, B. A. CTeKJIOB, 

)l. fMJib6epT ). HoBMH aTarr MaTeMaTM'leCKOH <PM3MKM Ha'lMHaeTrn B XX BeKe, Kor.n:a 

B Hee BKJIIO'laIOTCJ! 3a.l(a'IM TeopHH OTHOCMTeJJhHOCTM, KBaHTOBOH <l>M3MKli, HOBbie 

rrpo6JieMbl ra30BOH .l(MHaMMKM, KMHeTM'leCKMX ypaBHeHMH, TeOpHM JI.n;epHbIX peaKTO

poB, <l>M3MKM IJJia3Mhl (A. 3HHIIITeHH, H. H. EoroJiro6oB, n. )lHpaK, B. C. BJia.l(MMM

pOB, B. n. MacJIOB) [ 1.5]. 
OcHOBHhIMM MaTeMaTM'leCKMMM o6neKTaMM B MaTeMaTM'lecKo:H <PII3MKe JIBJIJIIOT

rn .l(M<P<t>epeHIIMaJihHhle ypaBHeHMJ! c qacTHhIMM rrpOH3BO.l(HhIMM, liHTerpo-.n:M<P<Pe

peHIIliaJibHbie ypaBHeHMJ!, a TaKiKe HHTerpaJibHbie ypaBHeHHJ!. 

MHorMe MaTeMaTH'leCKHe Mo.n:eJIM <PM3H'leCKMX rrpo11eccoB npe.n:CTaBJIJIIOT co6oii 

KpaeByro MJIM Ha'laJibHO-KpaeByro 3a.l(a'!Y .1(JIJ! .l(M<P<PepeHIIHaJibHOro MJJM HHTerpo-.l(H<P

<PepeHIIMaJibHOro ypaBHeHMJI. OcHOBHhIMM KJiaccaMM TaKHx 3a.zi:aq JIBJIJIIOTCJI aJIJIMIJ

TR'lecKRe, rm1ep60JIM'leCKRe, rrapa6oJIM'lecKMe 3a.l(a'IH H 3a.n:aqa KornH. Cpe.n;H rro

cTaHoBoK .n;aHHhIX 3a.zi:aq pa3JIM'laIOT KJiaCCH'leCKHe H 0606II1eHHble IJOCTaHOBKH. 

0.l(HOH M3 rrpo6JieM, M3yqaeMbIX B MaTeMaTM'leCKOH <l>H3HKe, J!BJIJ!eTCJ! 3a.zi:aqa Ha 

co6cTBeHHhie 3Ha'leHIIJI. Co6cTBeHHhie <PYHKIIMH KOHKpeTHhlX orreparnpoB M pa3Jio

iKeHRJI ITO HMM B p5!.l(bI <l>ypbe perneHMH 3a.zi:aq 'laCTO MCIJOJib3YIOTCJ! rrpH TeopeTM'le

CKOM aHaJIH3e 3a.zi:aq, a TaKiKe .l(JIJ! IJOCTpoeHMJ! HX perneHMH (MeT0.1( co6cTBeHHhIX 

<l>YHKIIHH). 

OcHOBHhIMM MHCTpyMeHTaMH HCCJie.n;oBaHHJI 3a.zi:aq MaTeMaTM'lecKo:H <PM3MKH 

CJiyiKaT TeopHJI .n:M<P<PepeHIIliaJibHhIX H MHTerpaJibHhIX ypaBHeHHH, TeopHJI <l>YHK

IIHH H TeopeMhI cJioiKeHMJI, MeTO.l(hI <PYHKIIHOHaJibHoro aHaJIR3a, rrp116JIHiKeHHb1e 

MeTO.l(hI H BbI'lHCJIMTeJihHaJI MaTeMaTHKa. 
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Mttorn:e 3a,z1,aqM KJiaccMqecKoii: MaTeMaTMqecKoii: cPM3MKM CB0,11,.HTC.H K KpaeBhIM 

3a,zJ,aqaM ,11,JI.H ,ll,McPcPepeHUMaJihHbIX ( MHTerpo-,11,M¢cPepeHUMaJibHblX) ypaBHeHMM -

ypaBHeHMM MaTeMaTMqecKOM cPM3MKM, KOTOpbie COBMeCTHO c COOTBeTCTBYIOIUMMM 

KpaeBbIMM ycJIOBM.HMM o6pa3JIOT MaTeMaTMqecKMe M0,11,eJIM paccMaTpMBaeMbIX ¢M-

3MqecKMX rrpoueccoB. OcttoBHhIMH MaTeMaTMqecKMMM cpe,11,cTBaMM MCCJie,11,oBaHM.H 

3TMX 3a,ll,aq CJIJ)KMT TeopH.H ,ll,M¢¢epeHUMaJibHbIX ypaBHeHMM c qacTHblMM rrpoH3-

BO,ll,HbIMM, MHTerpaJibHhIX ypaBHeHMM, TeOpH.H cPYHKUHM M cPYHKUMOHaJibHblX rrpo

CTpaHCTB, cPYHKUIIOHaJibHblM aHaJIII3, rrpII6JIJI)KeHHbie MeTO,ll,bl II BblqJICJIIITeJibHa.H 

MaTeMaTIIKa. 



rnasa 1 

BMiR.bl noneit M MX 
MaTeMaTM'leCKOe onMCaHMe 

1.1. BMAbl noneM M MX xapaKTepMCTMKM 
B yqe6HoM rroco6mi: paccMaTpHBaeTCH MaTeMaT11'1ecKHM arrrrapaT, HCIIOJih3yeMhIM 

rrpH aHaJIH3e H pacqeTe pa3HhIX THIIOB IIOJieH, BCTpeqaIOII{HXCH B HHJKeHepHOH 

rrpaKTHKe. B pH,D;e cJiyqaeB JI<epTByeTCH MaTeMaTHqecKo:ti: CTporocThIO, ecJIH otta He 

co,n;e:ti:cTByeT BhrnctteHHIO qnrnttqecKo:ti: cym:ttocTH 3a,n;aqH. BaJI<Hee ,n;ottecTH ,n;o qnrn

TeJIH cpH3HqecKoe rrpe,n;cTaBJieHHe 0 pa3Hoo6pa3HhIX ypaBHeHHHX IIOJie:ti:, a TaKJKe 

IIOMOqh qHTaTeJIIo YHCHHTh cpH3HqecKyIO cym:HOCTh MaTeMaTHqecKoro arrrrapaTa, 

rrpHMeHHeMoro ,D;JIH perneHHH cooTBeTCTBYIOII{HX ypaBHeHHM. 

KHHra He CTaBHT CBoe:ti: 11eJiblO II03HaKOMHTh qJITaTeJIH co BCeMH BH,n;aMH IIOJie:ti: 

COBpeMeHHOM cpH3HKH. OcHOBHOM ynop ,n;eJiaeTCH Ha IIOJIH IIOTeHIIHaJihHhie H aJieK

TpOMarHHTHhie. 

IloJie MOJKHO paccMaTpHBaTh KaK oco6oe CBOMCTBO MaTepHH. Otto xapaKTeptt3y

eTCH cpyHKIIHHMH, KOTOpbie MOJK.HO H3MepHTh. TaK, aJieKTpoMarHHTHoe rroJie xapaK

Teptt3yeTCH qeThiphMH BeKTOpHhIMH cpyHKIIHHMH: E - HarrpHJI<eHHOCThIO aJieKTpH

qecKoro IIOJIH; jj - aJieKTpHqeCKOM HH,D;YKIIHe:ti:; fJ - HarrpHJI<eHHOCThIO MarHHT

HOro rroJIH; B - MarnHTHo:ti: HH/.IYKIIHe:ti:. 

Orrpe,D;eJIHTh aJieKTpoMarHHTHOe rroJie B HeKoTopo:ti: o6JiaCTH rrpoCTpattcTBa - 3Ha

qHT YKa3aTh aTH cpyHKIIHH B JII06o:ti: ee ToqKe. B CBOIO oqepe,n;h, m,n;po,n;HHaMHqecKoe 

IIOJie B KaJI<,n;o:ti: TQqKe cpe,D;bl xapaKTepH3yeTCH ,D;ByMH BeKTOpHbIMH cpyHKIIHHMH -

CKOpOCThIO v H IIJIOTHOCThlO p H O,D;HOM CKaJIHpHOM cpyHKIIHe:ti: - ,D;aBJieHHeM P. 
c MaTeMaTHqecKOM TOqKH 3peHHH JII06oe IlOJie rrpe,n;cTaBJIHeT co6o:ti: CHCTeMy 

cpyHKIIHM OT KOOp,D;HHaT ToqKJI B rrpocTpaHCTBe. IloJie eCTh HeKOTOpaH y,n;o6HaH Ma

TeMaTHqecKaH H,D;eaJIH3aIIHH cpH3JlqecKOM CHTyaIIHH, B KOTOpo:ti: rrpornJI<eHHOCTh HB

JIHeTCH cym:ecTBeHHhIM aJieMeHTOM, T. e. KOTOpaH He MOJKeT 6h1Th HCCJie,D;OBaHa 

B TepMHHax rroJioJI<eHHH KOHeqttoro qn:cJia qacTHII. Harrpn:Mep, rrorrepeqHoe OTKJIO

HeHHe CTPYHhI, ttaxop;Hm:e:ti:cH rro,D; B03,n;e:ti:cTBHeM cTaTHqecKHX cHJI, OT ee rroJioJI<e

HHH paBHOBeCHH rrpe,D;cTaBJIHeT co6o:ti: rrpHMep O,D;HOMepttoro IIOJIH. 0TKJIOHeHHe y 
MOJKHO paccMaTpHBaTh KaK cpyHKIIHIO paccTOHHHH x B,D;OJih cTpytthI. IlJIOTHocTh, 

TeMrrepaTypy H ,D;aBJieHHe B B03,D;YllIHOM HJIH JKH,ll;KOM cpe,n;e, r,D;e pacrrpocTpaHHIOTCH 

3BYKOBhie BOJIHhl, MOJKHO paccMaTpHBaTb B cpyHKIIHH Tpex KOOp,D;HHaT H BpeMeHH. 

TaKn:e IIOJIH rrpn:HHTO Ha3hIBaTh MaTeprraJihHhIMH IIOJIHMH. 
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)lpyn1e IIOJUI 51BJUIIOTC51 KOHCTpyK:u;1rnMH, II03BOJI51IOIIIHMH H3ytlaTb rrpo6JieMy 

.neii:CTBH51 Ha paCCT051HHH, B KOTopoH: OTHOCHTeJibHOe .l(BHJKeHHe H IIOJIOJKeHHe O.l(HO

ro TeJia BJIH51IOT Ha .l(BHJKeHHe H IIOJIOJKeHHe .npyroro TeJia. IloTeHIJ;HaJibHbie H CHJIO

Bble, aJieKTpOMarHHTHhie H rpaBHTa:u;HOHHhie IIOJl51 CJiyJKaT IIpHMepaMH TaKHX IIOJieH. 

CqHTaIOT, qTo TaKHe rroAA Bhl3BaHhI HeKoTopbIM KOJIHqecTBOM MaTepHH, a 3HaqettHe 

IIOJl51 B HeKOTopoH: ToqKe paCCMaTpHBaIOT KaK Mepy B03.l(eHCTBH51 3Toro KOJIIfqeCTBa 

MaTepHH Ha HeKOTopoe rrpo6ttoe TeJio, IIOMemeHHOe B paccMaTpHBaeMOH TOqKe. 

B IIOCJie.l(Hee BpeM51 CTaJIO oqeBH.l(HhIM, qTo MHOfHe H3 3THX noJieH TaKJKe 51BJI51IOTC51 

JIHIIlh IIpH6JIHJKeHHOH H.l(eaJIH3a:u;HeH ,1.1;eHCTBHTeJibHOH cpH3HqecKOH CHTya:u;HH, TaK 

KaK OHH He yqHThIBalOT pa3JIIfqHbIX KBaHTOBblX 3aKOHOB, KOTOpbIM IIO,l.l;'IHH5leTC.sI 

MaTepmr. 

B 60JihIIIHHCTBe cJiyqaeB paccMaTpHBaeMbie B yqe6ttoM rroco6uu rroJI51 oKa3hI

BaIOTc.si: perneHH51MH tl;HcpcpepeH:u;HaJibHhIX ypaBHeHHH c qacTHblMH rrpOH3BO,l.l;HbI

MH, qame Bcero JIHHeHHhlX ypaBHeHHH BTOporo rrop51,1.1;Ka, O,l.l;HOpO,l.l;HhIX HJIH He-

0,l.l;HOpO,l.l;HhIX. IloJiy'IeHHe ypaBHeHHH qacTo CB513aHO c yrrpomeHHeM ,l.l;eHCTBH

TeJihHOH cpH3HtJecKoii: Mo,1.1;eJIH. KaK rrpaBHJIO, TaKue yrrpomeHH51 orrpaB,1.1;aHHhI 

[1.1]. 
CTpeMJieHHe orrHcaTh peaJihttyro cpH3IfqecKyro 3a,1.1;aqy c noMOIIlhIO ,1.1;HcpcpepeH:u;H

aJihHhIX ypaBHeHHH c qacTHhIMH rrpOH3BO,l.l;HbIMH npHBO,l.l;HT K TOMy, 'ITO IlOJiyqaeMbie 

IlOJI51 OKa3bIBaIOTC.sJ 0,1.l;HOBpeMeHHO H 6oJiee H Mettee rrpaBHJibHhIMH, qeM «peaJih

Hbie~ cocT051HH.si:. PeIIIettHe .l(Hcpcpepett:u;HaJihHoro ypaBHeHH51 06Jia,1.1;aeT B o6JiacTH 

HCCJie,l.l;OBaHH.sI 6oJibIIIeH CTeneHhlO fJla,l.l;KOCTH, 'IeM COOTBeTCTBYIOIIla.H cpH3IfqeCKa.H 

3a,1.1;aqa, HO MaTeMaTHqecKH OHO o6hI'IHO HMeeT KOHeqHoe 'IHCJIO pa3pbIBOB, 3HaqH

TeJibHO 6oJiee cymecTBeHHhIX, tJeM Te, KOTOpbre peaJibHO HMeIOT MecTo. EcJIH yrrpo

mettHe 6bIJIO He CJIHIIIKOM 3HaqHTeJihHbIM, TO 60JihIIIHHCTBO BeJIIfqHH, KOTOpbie MO

ryT 6hITh Bbl'IHCJieHbl c IIOMOIIlhlO aHaJIHTifqeCKOH MO.l(eJIH IlOJI51, ,l.l;OCTaToqHo xopo

IIIO COOTBeTCTByeT HX H3MepeHHhIM 3HaqeHH.sIM. B KaJK,1.J;OM cJiyqae, 0,1.l;HaKo, B03-

MOJKHhl HeKOTOpble pacxoJK,l.l;eHH.sJ MeJK.ny BblqHCJieHHblMH H H3MepeHHhIMH 3Haqe

HH51MH, 'ITO M02KHO o6n.sJCHHTb m160 «CJIHlllKOM fJia,l.l;KHM~ IlOBe,l.l;eHHeM IIOJl.sJ Ha 

6oJibIIIeH qaCTH ero npoT.si:JKeHH51, JIH6o HaJIH'IHeM B MaTeMaTHqeCKH IlOCTpoeHHOM 

IIOJie pa3pb1BOB H 6ecKOHeqHOCTeH, OTCYTCTBYIOIIIHX B peaJibHOH 3a,l.l;a'Ie. littor,1.1;a 3TH 

pacXOJI():~eHH.sJ TpHBHaJihHbl B TOM CMhICJie, 'ITO BHeCeHHe B KOHCTPYKIIHIO IIOAA ,1.1;0-

IIOJIHHTeJibHbIX ycJIOJI<HeHHH c :u;eJihlO IIOJlytIHTb JiytIIIIee COOTBeTCTBHe c 3KCnepH

MeHTOM He rrpHBO,l.l;HT K rrpHHIJ;HITHaJihHOMy H3MeHeHHIO cymttocTH .sJBJieHH.si:. B ,1.1;py

rHx CJiytla.sJX 3TH paCXOJK,l.l;eHn.si: ,l.l;aJieKO He TPHBHaJihHhl, H H3MeHeHH.sJ B TeOpHH, He

o6xo.l(HMbie ,l.l;JI.sJ ,l.l;OCTHJKeHH.sJ JlytIIIIero COOTBeTCTBH.sJ c 3KCrrepHMeHTOM, 3aTparHBa

IOT KopeHHhIM o6pa30M OCHOBHbie IIOH.sJTH51 H onpe,l.l;eJieHH.sJ. 

MoryT CYIIIeCTBoBaTh rroJI.sI CKaAApHhie, BeKTOpHbie, a B pMe cJiyqaeB H TeH3op

Hhie, B 3aBHCHMOCTH OT po,1.1;a BeJIHqHHhl, pacrrpe,1.1;eJieHHe KOTopoH: 3a,l.l;aeTc.si: noJieM. 

Ee.JIM BO Bcex ToqKax IIOJI.sI CKaJI.sipHhle, BeKTOpHbie HJIH TeH30pHbie BeJIIfqHHhl 

HMelOT 0,1.l;HO H TO :>Ke 3Ha'IeHHe, TO IIOJie Ha3bIBaeTc.si: O,l.l;HOp0,1.1;HhIM, B npoTHBHOM 

CJiyqae - HeO,l.l;HOpO,l.l;HhIM. IloJI51 cpH3H'IeCKHX BeJIIfqHH MOryT He H3MeH.sJTbC.sJ c Te

qeHHeM BpeMeHH - 6bITh CTa1IHOHapHbIMH, a MOryT H3MeH.sJTbC.sI - 6b1Tb HeCTa:u;Ho

ttapHbIMH. 
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1.2. CKanJ1pHb1e nonH 

IlpocTpaHCTBO HJIH ero qacTb, Ka)K.ZJ;OH TOqKe KOToporo IIOCTaBJieHO B COOTBeTCTBHe 

orrpe.z:i;eJieHHOe qucJIO, Ha3bIBaeTCH CKaJIHpHbIM. 0TKJIOHeHHH ToqeK CTpyHbI HJIH 

MeM6paHbl OT HX IIOJIO)KeHirn paBHOBeCHH npe.z:i;CTaBJIHIOT co6oii: CKaJIHpHbie IIOJIH. 

IlJIOTHOCTb, .z:i;aBJieHHe H TeMrreparypa )KH.Zl;KOCTH, onpe.z:i;eJieHHbie qepe3 npe.z:i;eJibHbie 

OTHOIIIeHHH, TaK)Ke HBJIHIOTCH CKaJI5IpHbIMH IIOJIHMH. CKan.srpHbie IIOJI.sr rrpe.z:i;cTaBJI.sr

IOT co6oif CIIJIOIIIHYIO cpe.z:i;y. 

Bee CKaJIHpHbie IIOJIH o6Jia.z:i;aroT CBOHCTBOM HHBapHaHTHOCTH OTHOCHTeJibHO rrpe

o6pa3oBaHHM npocTpaHCTBeHHbIX KOOp.ZJ;MHaT. qHCJieHHOe 3HaqeHMe IIOJIH B TQqKe 

OCTaeTCH O.ZJ;HHM H TeM )Ke He3aBHCHMO OT Toro, KaK Bbipa)KeHhl I<oop.z:i;n:HaTbl 3TOH 

ToqKM. <I>opMa MaTeMaTn:qecKoro Bbipa)KeHirn IIOJIH MO)KeT MeHHTbCH B 3aBMCHMOCTH 

OT BbI6opa CHCTeMbl Koop.ZJ;MHaT. 

CBOHCTBO HHBapMaHTHOCTH CKaJIHpHoro IIOJIH CJie.z:i;yeT OTJin:qaTb OT HHBapHaHT

HOCTH c}lopMbI HeKOTOpbIX ypaBHeHMH OTHOCHTeJibHO HeKOTOpbIX npeo6pa30BaHHH 

KOOp.Zl;HHaT . .l{JIH TaKMX CKaJIHpHbIX IIOJieii:, KaK IIOJIH IIJIOTHOCTH, TeMnepaTypbl HJIH 

aJieKTpHqecKoro IIOTeHIIHaJia, CBOMCTBO HHBapHaHTHOCTH COBepmeHHO oqeBH.ZJ;HO H3 

caMoro orrpe.z:i;eJieHHH rroJIH. O.z:i;ttaI<o aTo He Bcer.z:i;a TaK .ZJ;JIH Mettee rrpocThIX rroJieii. 

B HeKOTOpbIX CJiyqaHX CBOHCTBO HHBapHaHTHOCTH .Zl;OJI)KHO 6bITb HCIIOJib30BaHO KaK 

rrpo6HbIM KaMeHb, Il03BOJIHIOIIIHM Haii:T;rr npaBHJibHOe Bblpa)KeHHe .ZJ;JIH .z:i;aHHOfO IIO

JI.sr. AttaJIHTMqecKH CKaJI5IpHbie noJI.sr 3a.z:i;aIOTCH c noMOIIIhIO cPYHKIJHH C/J(µ), r.z:i;e 

MH.ZJ;eI<c µ - MaJiaH ToqKa paccMaTpMBaeMoii: o6nacTH E. 
Ho6ep:mocmu ypoB'ffR. IlOBepxttocTM, orrpe.z:i;eJieHHI>Ie ypaBHettn:eM C/J(µ) = 

= const' r.ue C/J(µ) o6o3HaqaeT CKaJIHpHoe IIOJie, Ha3hIBaIOTCH IIOBepXHOCTHMH 

ypoBHH. IloBepXHOCTH ypoBHH HBJIHIOTCH oqeBH.ZJ;HbIMH o6o6meHHHMH JIHHHH ypoB

HH Ha TOIIorpac}lHqecKOH KapTe. B TeopHH IIOTeHIIMaJia OHM Ha3bIBaIOTCH 3KBHIIO

TeHIJ;HaJihHhIMH IIOBepXHOCT.SIMH, B TeOpHH TeIIJIOIIpOBO.ZJ;HOCTH - H30TepMMqeCKHMH 

rroBepxHoCTHMH M T • .z:i;. Oun: o6pa3yroT ceMeHCTBO ttenepeceKaiomnxcH noBepxtto

cTeH, KOTOphie qacTO OKa3hlBaIOTCH IIOJie3HhlMH B KaqecTBe O.ZJ;HOro H3 ceMeHCTB KO

op.ZJ;HHaTHbIX IIOBepXHOCTeii:, aan6oJiee ecTeCTBeHHOH .ZJ;JIH .ZJ;aHHOH CHCTeMbl KOOp.ZJ;H

HaT. HanpHMep, ecJIM noJieM HBJIHeTcH xopomo H3BeCTHhIH noTeHIIMaJI 

<P(µ) = (x2 + y2 + z2)-o.s, 

TO IIOBepXHOCTHMH ypoBHH (B .z:i;aHHOM CJiyqae IIOBepxHOCTHMH IIOCTOHHHOro IIOTeH

IIHaJia) HBJIHIOTCH KOHIJeHTpHqecKHe cc}lepbl pa.z:i;n:yca r = (x2 + y 2 + z 2
)

0
•
5 = const' 

II03TOMY ecTecTBeHHhIMH KOOp.ZJ;HHaTaMH .ZJ;JIH 3TOH 3a.z:i;aqH CTaHOBHTCH cc}lepHqecKHe: 

r,0,cp. 

qaCTHbie rrpOH3BO.ZJ;Hbie CKaJIHpHoro IIOTOKa <P(x,y,z) no rrpHMoyroJibHhIM KO

op.ZJ;HHaTaM x, y, z HBJIHIOTCH CKOpOCTHMH, c KOTOpbIMH H3MeHHeTCH IIOJie IIpH nepe

MemeHHH B npocTpattcTBe. HanpHMep, rnaBHaH qacTh H3MetteHHH <P( x, y, z) npH 

nepeMemeHHH H3 _TOqKH x, y, z B TOqKy (x + dx, y + dy, z +dz) paBHa 

d<lJ = ()(/) dx + ()(/) dy + ()(/) dz . ( 1.1) 
8x 8y 8z 
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EcJIH o6e TOqKn JieiKaT Ha o,n;Hoii: H Toii: iKe noBepxHoCTH ypoBH.H, To d<P = 0 , 
H .n;mpcpepeHIJ;HaJibHOe ypaBHeHHe 3THX TIOBepXHOCTeii: HMeeT BH,11; 

8<P ()(/) 8C/J 
-dx+-dy+-dz=O. 
8x ay {)z 

(1.2) 

CMem:eHHe (dx, dy, dz) nepneH,n;HKYJIHpHo K noBepxHocTH ypoBHH, ecJIH cocTaB-

JI.HIOlll;He CMem;eHHH y,n;oBJieTBOpHIOT COOTHOIIIeHHHM 

dx dy dz 
--"--=---
a<P/8y 8<P/az · 

(1.3) 
a<P/ax 

CooTHOIIIeHHH ( 1.3) HBJIHIOTCH ,n;HcpcpepeHI(HaJihHhIMH ypaBHeHHHMH ceMeii:crna 

KpHBhIX, Ha3bIBaeMhIX HOpMaJibHbIMH JIHHHHMH, KOTOpbie B KaiK.n;oii: TOqKe nepnea

,ll;HKYJI.HpHbI K rroBepxHocTH ypoBH.H, rrpoxo.n;Hm:eii: qepe3 ::ny ToqKy. B coqeTamm 

c IIOBepXHOCTHMH ypoBH.H OHR MOryT 6bITb HCIIOJlb30BaHhl rrpH onpe,n;eJieHHH ecTe

CTBeHHOM j);JIH ,n;aHHOro IIOJIH CHCTeMbl KOOp,ll;HHaT. HanpHMep, j);JIH IIOJIH 

<]) = ( x 2 + y2 + z2 ro,S llOBepXHOCT.SIMH ypOBH.SI .SIBJI.SIIOTC.Sl (KaK 6bIJIO OTMeqeHO 

BbIIIIe) ccpepbl, a HOpMaJibHbIMH JIHHH.SIMH - pa,n;HaJihHbie JiyqH, qTo HaBO,ll;HT Ha 

MbICJih 0 CcpepnqecKHX l<OOp,ll;HHaTax r, 0, q> (XOT.Sl 3TH 3JieMeHThl H He onpe,n;eJI.SIIOT 

IIOJIHOCTbIO 3TY CHCTeMy). 

HopMMhHhle JIHHHH HMeIOT HanpaBJieHHe HaH6oJiee 6h1cTporo H3MeHeHHH <!> • 
He6oJibIIIHe BhiqHcJieHHH, ocHoBaHHhie Ha ypaBHeHH.SIX (1.1) H (1.3), noKa3hIBaIOT, 

qTo 'H3MeHeHHe (/J npH cMelI(eHHH Ha paccTO.SIHHe ds Bj);OJib HOpMaJihHOM JIHHHH 

paBHO 

KBa,n;paTHhiii: KopeHh B ::iToM BhrpaiKemm Ha3hrnaeTCH BeJIHqn:Hoii: rpa,n;HeHTa <P . 
CBoRCTBa rpa,n;HeHTa 6y.n;yT rro.n;po6Ho paccMoTpeHhI HecKOJihKO IT03iKe B HacToHm:eii: 

rJiaBe. 

Onepamop JlanJ1aca. qpe3Bhrqaii:Ho BaiKHoe cBolicTBO cKaJI.SipHoro noJI.si: Bhrpa

iKaeTc.si: nocpe.n;cTBOM ero BTophIX npon:3BO,ll;HhIX. B o.n;HoMepHOM cJiyqae, Kor.n;a <P 
HBJI.SieTc.si: nonepeqHhIM OTKJioHeHHeM cTpJHhI OT ee np.si:Momrneii:Horo noJioiKemrn 

paBHOBec1rn, BTOpa.SI rrpoM3Bo.n;Ha.SI d 2d> / dx2 
nerrocpe.n;cTBeHHO CB$I3aHa c pa3Ho

CThIO MeiK.n;y 3HaqeHHeM <P B TQqKe x H cpe,n;HHM 3HaqeHHeM <P B coce,n;HHX TOq

KaX. c TOqHOCTbIO .zi:o MaJibIX BTOporo nop.si:,n;Ka BKJIIOqHTeJihHO HMeeM 

d>(x)- 0,5[d>(x-dx) + d>(x + dx)] = 
d2<P 

= -0,5{<P[(x + dx)- <P(x)]-[<P(x)- <P(x -dx)J} = -0,5 dx2 (dx)2
• 

CJie.n;oBaTeJihHO, ecJin: BTopaH npoH3BO,ZJ;HaH oTpHI(aTeJihHa, <P B rnqKe x 60.Jib

rne, qeM cpe.n;Hee 3HaqeHHe <P B ToqKax x + dx H x - dx , TaK qrn rpacpHK <P 6y

,n;eT o6palI(eH B TOqKe x CBoeii: BbIIlJKJIOCTbIO KBepxy. EcJIH BTOpaH npoH3BO,ZJ;HaH 

paBHa HYJIIO, TO rpacpHK d> He HcKpHBJieH. 
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HeTpy,n;tto BH,D;eTh, qrn ypaBHeHHe, onHchrnaro:mee <t>opMy ttanrnyToii rn6Koii 

CTPYHbI, ttaxo.n;.si::meiic.si: no.n; B03,n;eiicTBHeM nonepeqttoii CHJibI F ( x) , OTHeceHHoii 

K e.n;HHHD;e ,D;JIHHbI CTPYHbI, .n;omrrno co.n;epJI<aTb BTopyro npoH3BO,n;Hyro. ,lleiicTBH

TeJibHO, qeM 6oJibIIIe nonepeqHa.si: CHJia B HeKOTopoii TQqKe, TeM 6oJibIIIe ,ll;OJIJI<Ha 

6b!Tb KpHBH3Ha cTpyHbr B 3Toii Toq1<e, ,n;JI5I Toro qT06b1 HaT5IJI<eHHe T B/:IOJib CTPYHbI 

HMeJio 6oJibIIIYIO nonepeqttyro COCTaBJI.slIOJnYIO, KOTOpa.si: ypaBHOBeIIIHBaeT CHJiy. KaK 

IIOKa3bIBaeT 6oJiee no,n;po6ttoe HCCJie,D;OBaHHe (CM., HanpHMep, [ 1.2]), ypaBHeHHe, 

onHcbrnaro:mee <PopMy CTPYHbI, HMeeT BH,n;: 

d2d> 
T dx2 = -F(x). 

MoJI<HO HaiiTH TpexMepHbIH attaJior 3TOH MepbI KpHBH3HbI Cl>( x, y, z) • Pa3HOCTb 

MeJI<,n;y 3HaqeHHeM d>(x,y,z) B TQqKe H cpe,n;HHM 3HaqeHHeM ct> B coce,n;HHX TQqKax 

OKa3bIBaeTC.sl paBHOH -(1/6)(dxdydz)2'V2d>' r.n;e 

2 EJ2ct> a2ct> a2ct> 
'Vd>=-+-+-

EJx2 EJy2 822 
(1.4) 

,SlBJI.si:eTCR oqeBH,ll;HbIM o6o6:meHHeM O,ll;HOMepttoro onepaTopa BTOpoii npOH3-

BO,ll;HOH. 

MaTeMaTHqecKa.si: onepau;HR o6pa30BaHH.si: npaBoii qacTH (1.4) o6o3HaqaeTc5I 

cHMBOJIOM '72 
(qHTaeTc.si: «Ha6Jia KBa.n;pan) H Ha3brnaeTc.si: onepaTopoM Jlarrnaca. 

Pe3yJibTaT 3Toii onepau;HH, npoH3Be,n;eHHoii Ha.n; <PYHKD;Heii, Ha3bIBaeTc.si: JianJiacHa

HOM d>(x,y,z). EcJIH 'V2d> OTpHD;aTeJieH B HeKoTOpoii TQqKe, TO IIOJie d>(x,y,z) 
HMeeT TeH,n;eHD;HIO KOHD;eHTpHpoBaTbC.sl B 3TOH ToqKe. Ilp.si:MbIM CJie,ll;CTBHeM 3Toro 

BbICKa3bIBaHH.sl .slBJrneTc.si: TOT <t>aKT, qTo CKaJI.slpHa.si: <l>YHKD;H.sl ct> (x, y, z) He MOJI<eT 

,ll;OCTHraTb CBoero MaKCHMaJibHOro HJIH MHHHMaJibHOro 3HaqeHH.sl B o6JiaCTH, B KOTO

poii 'V2d> = 0 . 
B MaTeMaTHqecKHX Kypcax qacrn ypaBHeHHe BH,n;a 'V2d> = 0 Ha3bIBaeTC5I 011tto

po,n;HbIM ypaBHeHHeM JlanJiaca B OTJIHqHe OT ypaBHeHH.sl THIIa 

'V2d> = -q' (1.5) 

KOTopoe Ha3bIBaeTc.si: Heo.n;ttopo,n;HbIM ypaBHeHHeM JlanJiaca. B HHJI<eHepHbIX Kypcax 

ypaBHemre (1.5) qacrn Ha3bIBaIOT ypaBHeHHeM Ilyaccotta. 3.n;ecb <i>YHKu;n.si: q(x,y,z), 
HaIIpHMep, B 3JieKTpnqeCKOM IlOJie, MOJI<eT npe,lJ;CTaBJI.slTb <l>YHKD;lllO HCToqm1Ka. 

1.3. BeKTopHble nonst 
B pa3,lJ;eJie 1.2 paccMoTpeH p.si:A noJieii, xapaKTeptt3yro:mnxc.si: B KaJI<,n;oii TQqKe o.n;Hoii

e11nttcTBeHHoii BeJinqnHoii n Ha3brnaeMbIX CKaJIRpHbIMn. P5I,n; 11pyrnx no.11eii Tpe6y

IOT ,ll;JI.sl CBOero IIOJIHoro onpe,n;eJieHH.sl 3a,ll;aHH.sl B KaJI<,ll;OH TOqKe BeJinqHHbl H Ha

npaBJieHH.sl. 3TO - BeKTOpHbie IIOJI.sl. 

TaKHM o6pa3oM, BeKTopHbIM noJieM MOJI<Ho Ha3BaTb npocTpaHCTBO HJIH ero 

qacTb, Ka:>K11oii ToqKe M KOToporo nocTaBJieH B coorneTcTBHe BeKTop A(M) . Ta

KHe noAA Ha3hIBaroT craI:(HOHapHbIMH. HanpHMep, CH.Ila, aeH:crnyro:ma.si: Ha tteKoropyro 
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Macey JKH,Zl;KOCTH B rpaBHTaUHOHHOM HJIH 3JieKTpHqecKOM IIOJie, .SIBJI5IeTC.sI BeKTOpOM, 

HMeIOmHM BeJIHqHHY H HarrpaBJieHHe. IIpe.n;eJI OTHOIIIeHH.sI 3TOH CHJibl K o6neMy, 

3aHHMaeMOMy TOH Maccoii JKH,Zl;KOCTH, Ha KOTopyIO CHJia B03.n;eiicTByeT, rrpH yMeHb

meHHH 3TOfO o6neMa orrpe.n;eJI.si:eT B KaJK,Zl;OH TOqKe rrpocTpaHCTBa HeKOTOpbIH BeK

TOp, aa.n;aIOmHii CHJIOBOe IIOJie. 

l1Hor.n;a BeKTopHoe rroJie Jierqe Bcero orrpe.n;eJI.si:eTc.si: qepe3 CKaJI.sipHoe OTHOIIIe

HHe, KOTOpoe yJKe caMO yqHTbIBaeT HarrpaBJieHHe. HarrpHMep, B CJiyqae IIpOBO,Zl;HHKa, 

qepe3 KOTOpbIH TeqeT TOK, MOJKHO npe.n;CTaBMTb ce6e HHCTpyMeHT, KOTOpbIH H3Mep.si:JI 

6bI BeJIHqHHy TOKa, rrpoxo.n;.si:mero qepe3 3JieMeHT IIJIOma.n;H dA c ueHTPOM B HeKo

TOpoii ToqKe rrpoBO,Zl;HHKa. Tor.n;a Mbl HaIIIJIH 6bI, qTQ H3MepeHHbIH TOK 3aBHCHT He 

TOJibKO OT BeJIMqHHbI dA ' HO H OT opHeHTaUMH 3JieMeHTa dA . l13MepeHH51 COOTBeT

CTBOBaJIH 6bI <t>opMyJie ]dA cos 0 ' r.n;e 0 - yroJI MeJK.n;y HOpMaJiblO K dA H HeKOTO

pbIM HarrpaBJieHHeM, xapaKTepHbIM .n;JI.si: .n;aHHoro pacnpe.n;eJiemr.si: TOKa. BeJimHHoii 

BeKTOpa IIOJI.sI B .n;aHHOi%: TQqKe 6y.n;eT, CJie.n;oBaTeJibHO, J (IIJIOTHOCTb 3JieKTPlfqeCKO

ro TOKa), aero HarrpaBJieHHeM 6y.n;eT TO, OT KOToporo OTCqHTbIBaeTC.sI yroJI 0. 
BeKTOpHbie rroJI.si: B TpexMepHOM rrpocTpattcTBe orrpe.n;eJI.sIIOTC.sI 3a.n;aHHeM Tpex 

qHceJI B KaiK.n;oH: TOqKe: BeJIHqHHbI H .n;Byx yrJioB, orrpe.n;eJI.sIIOIUHX HarrpaBJieHHe, MJIH 

Tpex COCTaBJI.sIIOIUHX (KOMIIOHeHT) BeKTOpa IIO TpeM OC.sIM KOOp.n;.HHaT. 

B .n;aJihHeiimeM BeKTOpHbie BeJI.HqHHhI 6y.n;eM o6o3HaqaTh JiaTHHCKHMH 6yKBaMH 

co cTpeJioqKaMH HaBepxy - A, B, fJ, .... CooTBeTCTBYIOIUHe 6yKBhI, Ha6paHHbie 6ea 

CTpeJioqeK HaBepxy, 6y.n;yT rrpe.n;CTaBJI.sITb BeJimHHhl COOTBeTCTBYIOIUMX BeKTOpOB 

(TaKHM JKe o6paaoM 6y.n;yT o6o3HaqaTbC.sI H CKaJI.sipHhle BeJIHqHHbI). CocTaBJI.sIIOIUHe 

A rro TpeM oc.si:M Koop.n;HttaT 6y.n;yT o6o3HaqaTbC.sI qepe3 Ax, AY, A, . BeKTOp e.n;H

HlfqHOH ,Zl;JIHHbI B HarrpaBJieHHH A o6o3HaqaeTC.sI qepe3 a ; e.n;HHHqHhie BeKTOpbl 

B HarrpaBJieHMM oce:ii: x, y, z o6o3Haqa10Tc.si:, KaK o6hrqHo, qepe3 i, ], k . E.n;HHHqHbie 

BeKTOphl B,Zl;OJib KpHBOJIHHeHHblX oce:ii: KOOp.n;HHaT 6y.n;yT o603HaqaTbC.sI qepe3 a 
c HH,Zl;eKCOM, YKa3bIBaIOmHM COOTBeTCTBYIOIUYIO OCb (Harrp.HMep, B IIOJI.sipHbIX KOOp

,Zl;HHaTax e.n;HHIIqHbIH BeKTOp B HarrpaBJieHHH r o603HaqaeTC.sI qepe3 {ir , B HarrpaB

JieHHH 0 - qepe3 ii0 H T . .n;.). EC.TIM He OfOBopeHO, TO HCIIOJib3YIOTC.sI rrpaBbie CHC

TeMbl KOop.n;HHaT: rrpH BpameHHH OT x K y rrpaBbIH BHHT, pacrroJIOJKeHHblH B,Zl;OJib 

OCH z ' 6y.n;eT HMeTb IIOCTyrraTeJihHOe ,Zl;BHJKeHne B IIOJIOJKHTeJihHOM HarrpaBJieHHH OCH 

z ' HJIH, qTo TO JKe, Ha6JIIO.n;aTeJib, CTO.sIIUHH JIHUOM K .n;ocKe H BH,Zl;.sIIUHH Ha He:ii: 

OCb x ' HanpaBJieHHYIO BIIpaBO, H OCb y ' HanpaBJieHHYIO BBepx, CMOTPHT Ha IIJIOC

KOCTb xy CO CTOpOHbI IIOJIOJKHTeJibHbIX Z • 

B yKa3aHHhIX o6o3HaqeHH.si:x BeKTOpbI A H B y.n;oBJieTBop.si:IOT cJie.n;yIOIUHM 06-

IUHM COOTHOIIIeHH.sIM: 

A = Aa = AJ + Ay] + A} , 

A+ B =(Ax+ Bx)i + (Ay +By)]+ (A,+ B,)k, (1.6) 

.n;aIOIIJ;HM onpe.n;eJieHH.sI COCTaBJI.sIIOmHx H BeKTOpHoro CJIOJKeHH.sI. 

BeKTOpbl He HHBapHaHTHbI OTHOCHTeJihHO 3aMeHhl KOop.n;HHaT B TOM )Ke CMbICJie, 

KaK CKaJI.sipbI, TaK KaK COCTaBJI.sIIOmHe H3MeH.sIIOTC.sI c H3MeHeHHeM HarrpaBJieHH.sI 

oce:H KOOp,Zl;HHaT. 
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CBolieTBa npeo6pa3oBaHHH BeKTopoB: eKaJIHpHoro H BeKTOpHoro npoH3Be.n;eHHH 

HT. ,n;. npHBe,n;eHbl B npHJIO)KeHHH 1. 
Jlu11uu mmca. Kar< y)Ke YKa3hIBaJIOeh, eTal1HOHapHoe BeKTOpHoe noJie onpe,n;eJIH

eTeH 3a,ll;aHHeM BeKTOpa B Ka)Kll;OH TO'!Ke npoCTpaHeTBa, T. e. <l>YHKI1MeH KOOp,n;1rnaT 

x, y, z - F(x, y, z). B 6oJihilllIHeTBe MHTepeeyroIIIHX Hae eJiyqaeB aToT BeKTop HB

mi:eTrn HenpepbIBHOH <l>YHKI1He:H x,y,z (3a HeKJI10qe1rneM H30JIHpOBaHHbIX TO'IeK 

HJIM oeo6hrx JIHHHH). TaM, r,n;e BeKTop HenpephIBeH, MO)KHO onpe,n;eJIHTh JIHHHH ToKa 

IlOAA, KOTOpbre 5IBAAIOTe5I JIHHHHMM, KaeaTeJibHhlMH B Ka)KlJ;OH Ta'!Ke K BeKTapy B 3TaH 

TO'IKe. JlHHHH TOKa onpe,n;eJIHIOT eeMeHeTBO noBepxHoeTe:H. 

Home1111iuaJlbHble n0Bep:x11ocmu. JlHHHH ToKa MoryT onpe,n;eJIHTh ,n;pyroe eeMe:H

eTBa noBepXHOeTeH, nepneHll;HKYJIHpHbIX K HMM. 

B KaqeeTBe npHMepa MO)KHO paeeMoTpeTh KpyraBa:H 1IHJIHHll:PH1IeeKHH npaBo,n

HHK, no KOTopoMy npoTeKaeT 3JieKTpHqeeKHH TOK e Oll;HHaKOBOH IlJIOTHaeTbIO no 

eeqeHHIO. 3.neeb TaKOBbie JIHHHH HanpaBJieHbl no o6pa3YIOIIIHM 1IHJIHH,l(pa (no Ha

npaBJieHHIO aJieKTpH'IeeKoro TOKa), 06pa3y51 eeMe:HeTBO JIHHHH TOKa. A naTeHIIH

aJibHbIMH IlOBepXHOeTHMM 5IBJI5IIOTe5I ee'IeHHH npoBOll;HHKa (B Ka)K,l(OM eeqeHHH 

npoBOll;HHKa MO)KHO 3a$HKeHpOBaTb BeJII11IHHY 3JieKTpHqeeKoro noTeHI1HaJia). 

1.4. KpMBOnMHeMHble KOOPAMHaTbl 

,llo eHX nop Bee paeeMaTpHBaeMbie nOJIH Bbipa)KaJIHeb qepe3 TPH npHMOyroJibHbie 

,l(eKapTOBbl KOop,n;HHaTbI X, y, z (qeTBepTM KOap,l(HHaTa, BpeMH, 6y,neT paeeMOTpeHa 

n03)Ke ). Ber<TOpHbie H eKaJIHpHbie noJIH Beer.na MOryT 6bITb TaK Bbipa)KeHbl, HO qae

TO aKa3bIBaeTrn ropa3,l(O 6oJiee y.l(o6HbIM Bblpa3HTb HX B ,ll;pyrnx eHeTeMax KOOp,l(H

HaT. I1Hor,l(a aKa3hIBaeTe5I B03MO)KHbIM noeTpOHTb HeKOTapyro «eeTeeTBeHHYIO» ,l(JIH 

,l(aHHOfO BeKTOpHOro IlOJIH eHeTeMy KOOp,l(HHaT, HenOJib3YH ,l(JIH 3TOro JIHHHH TOKa 

M noTeHI1MaJlbHble noBepXHOeTll. Bo MHOfHX eJiyqMx npHpo.na IlOJIH onpe,neJIHeTeH 

yKa3aHHeM ero noBe,l(eHHH Ha HeKOTOpo:H rpaHH'IHOH noBepxHOeTH HJIH yKa3aHHeM 

xapaKTepa H paenoJIO)KeHHH ero oeo6eHHOeTeif; npH 3TaM qaeTa OKa3bIBaeTe5I, 'ITO 

«eeTeeTBeHHM» ,l(JIH IIOJIH eHeTeMa KOOp,l(lIHaT KaKHM-Ta npoeThIM o6pa30M eBH3aHa 

c rpaHH'IHOH IlOBepXHOeThIO HJIH e paerrpe,l(eJieHHeM oeo6eHHOeTeH (HJIH H e TeM 

n: c ,n;pyrRM). B 3THX «eCTeeTBeHHhIX» Koop,ll;n:Harnx Bhipa)KeHHe noJIH qaeTo rrpHHH

MaeT rrpoeTOH H o6a3pHMbIH BHll;, TOr,l(a KaK B KaOp,l(HHaTaX x, y, z 3TO Bblpa)Kemre 

CTaHaBHTCH CJIO)KHbIM, a Hea6xo,n;HMhie Bbl'IHCJieHHH - nO'ITH HeBbIIIaJIHHMbIMH. 

IlaaTOMY 1IeJiecoo6pa3HO na3HaKOMHTbCH e Bbipa)KeHHHMH naJieH, a TaK)Ke anepaTO

poB, ,n;eii:cTByIOIIIHX Ha HHX, B a6a6meHHhIX TpexMepHbIX KaOp,l(HHaTax. 

Ilpn: pemeHHH HH)KeHepHbIX 3a,n:aq ,n;oeTaTO'IHa n:enOJib3aBaTh OpTOfOHaJibHbie 

KOop,n;n:HaThl, ll;JIH KOTOpbIX TPH eeMeHCTBa Kaap,l(MHaTHhlX noBepXHOCTeH B3aHMHO 

nepneHll;HKYJIHpHbl (3a,n:aqn:, Tpe6yromn:e HeopTafOHaJibHbIX KOap,nn:HaT, rra'ITH HH

KOr,n;a He pemaroTCH TO'IHO, a TeXHHKa HX rrpH6Jin:)KeHHOro pemeHHH o6bNHO n:c

naJib3yeT pemeHHH B opTOfOHaJibHOH CHCTeMe KOOpll;HHaT). 

06o6IIIeHHa5I en:eTeMa KOOpll;HHaT eoeTOHT H3 Tpex CeMeikTB IIOBepXHOCTeH, 

ypaBHeHHH KOTOpbIX B .n;eKapTOBOH cn:eTeMe KOap,l(HHaT HMeIOT BH,l( ~j(x,y,z) = 

=canst, ~ix,y,z) =canst, ~3 (x,y,z) =canst. 3Tn: paBeHCTBa anpe.l(eAAroT ~1 ,~2 ,~3 
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KaK cpyHKU:HH OT x, y n z . Bo MHornx cJiyqMx oKa3hIBaeTc.H 6oJiee YA06HbIM npe

o6pa3oBaTh ypaBHeHH.H H Bblpa3HTb X, y ' z qepe3 ~1' ~2' ~3 . 
JlHHHH nepece'IeHH.H aTnx noBepxHOCTeil: 06pa3y10T TpH ceMeil:cTBa KPHBhIX JIH

HHH. OT TO'IKH ( x, y, z) HJIH ( ~1 , ~2 , ~3 ) MhI OTKJia}J;hIBaeM TPH e}J;HHH'IHhIX BeKrnpa 

e1, e2 , e3 , KaiK}J;bIH ll3 KOTOpbIX KacaTeJieH K npOXO)J;.Hll(eH qepe3 9TY TO'IKY COOTBeT

CTBYIOII(eH KOOp}J;HHaTHOH JlllHllll KpHBOJIHHeHHOH CllCTeMbl. 3To HOBM Tpoil:Ka 

e}J;HHll'IHhIX BeKTOpoB, qepe3 KOTopbie MOiKHo Bbipa3HTh BeKTopHoe noJie F(x, y, z). 

BeKTOpbl e1'e2,e3 HMeIOT e}J;HHH'IHYIO }J;JIHHy, T. e. TY )Ke }J;JlllHY, 'ITO ll BeKTOpbl 

l, ], k . L{JI.H OpTOfOHaJibHhIX CHCTeM KOOp}J;HHaT BeKTOpbl el' e2 , e3 B KaiK}J;OH TO'IKe 

B3aHMHO nepneH}J;HKYJI.HpHbl. 

Hanpa6JUl10W,ue Kocuuyc'bt. 06o3Ha'IHM HanpaBJI.HIOII(tte KOCHHYChI e}J;ttHH'IHOro 

BeKTOpa el OTHOCHTeJibHO CTapbIX oceil: qepe3 Y11 = el · l ' Y12 = el . J ' Y13 = el . k ; 
HanpaBJI.HIOII(He KOCHHYCbl BeKTopa e2 - qepe3 Y21' y22' Y23 ll T. )];. (CM. Ta6JIHIJ;y KO

CHHycoB ). 

Ta611114a KOCl1HYCOB 

i j k 

e1 Y11 Y12 Y11 

e2 Y21 Y22 Y23 

e3 Y31 Y32 Y33 

B o6meM CJiyqae 9TH HanpaBJI.HIOIIIHe KOCllHYCbl ll3MeH.HIOTC.H OT TO'IKH K TO'IKe, 

TaK KaK Yn1'Yn2 ,yn3 (n = 1, 2, 3) .HBJI.HIOTC.H cpyHKI(H.HMH ~1'~2 ,~3 (pttc. 1.1). B CHJIY 

CBOHCTB HanpaBJI.HIOII(HX KOCHHYCOB HMeeM paBeHCTBa 

cnpaBe}J;JillBbie }];JIH Bcex 3Ha'IeHHH KOOp}J;HHaT. 

EcJIH HOBhle e}J;HHll'IHhle BeKTOpbl el' e2' e3 B3allMHO nepneH}J;llKYJIHpHbl B KaiK

}J;OH TO'IKe, TO HOBM CHCTeMa KOOp}J;HHaT OpTOfOHaJibHa. B 9TOM CJiyqae Y nl, Y n2 , Y "3 

.HBJIHIOTCH HanpaBJIHI011(llMH KOCHHycaMH BeKTOpOB e1, e2, e3 OTHOCllTeJibHO BeKTO

pOB 1,J, k ' ll )leBHTb BBe)leHHbIX HanpaBJIHIOIIIHX KOCHHYCOB CllMMeTpll'IHbl OTHOCH

TeJibHO o6ettx CllCTeM KOOp}J;HHaT. 

TaK KaK l · l = 1 , l · ] = 0 , a1 • a1 = 1 , a1 • a2 = 0 H T. )];., yKa3aHHbie COOTHOIIIe

HHH MeiKAY HanpaBJIHIOlllllMll KOCHHycaMll ll e}J;HHll'IHblMll BeKTOpaMll npHBO}J;HT 

K PHAY ypaBHeHHH, CBH3bIBaIOl1(llX 3Ha'IeHll.H y mn : 

(1.7) 

f}J;e onm - CllMBOJI KpoHeKepa, paBHbIH HYJIIO, ecJill m :;r: n' ll paBHblH e}J;HHHIJ;e npn 

m=n. 
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06pam;MCh K paBeHcTBy, npe,lJ,CTaBJI.SIIOill;eMy CMernaHHoe npOH3Be,lJ,eHHe Tpex 

BeKTOpOB (CM. npHJIO)l(eHHe 1 ): 

Ax Ay A, 

A.(BxC)=B·(CxA)=C·(AxB)= Bx BY B,, 

Cx CY C, 

OTMe'IaeM, 'ITO eCJIH CHCTeMa KOOplJ.HHaT ~ npaBM ( CHCTeMa X, y, z npe,lJ,ITOJiaraeTC.H 

npaBoii:), TO onpe,ZJ;eJIHTeJih !Ymn I paBeH +1; ecJIH ~ o6pa3yIOT JieByro CHCTeMY, To 

3TOT onpe,ZJ;eJIHTeJib paBeH -1 . PernM ypaBHeHH.H ( 1. 7) OTHOCHTeJihHO 0,lJ,HOro H3 y ' 
HaH,lJ,eM,'ITO 

Ymn = ±Mmn' (1.8) 

r,ZJ;e 3HaK ITJIIOC HMeeT MeCTO B CJiyqae, KOr,lJ,a ~ o6pa3yIOT npaByIO CHCTeMy KOop,n:H

HaT, a 3HaK MHHyc, KOr,lJ,a OHH o6pa3yIOT JieByIO cHcTeMy. BeJIH'IHHa Mmn .HBJI.HeTC.H 

anre6pattqecKHM ll.OITOJIHeHHeM Ymn B onpe,ZJ;eJIHTeJie IYmnl: 

Mu = Y22Y33 -Y23Y32, 

M12 = Y23Y31 -Y21Y33, 
M31 = Y12Y23 -Y13'Y22 HT. ,lJ,. 

CJie,lJ,yeT, KOHe'IHO, HMeTb B BHlJ.y, 'ITO COOTHOllieHH.H (1.7) H (1.8) OCTaIOTC.H 

B CHJie H B TOM cJiyqae, Koni;a pe'Ib H,lJ,eT 0 ll.BYX npoH3BOJihHblX opToroHaJihHhIX 

CHCTeMax, a He TOJibKO 0 ,lJ,eKapTOBOH CHCTeMe H OlJ.HOH npOH3BOJihHOH opTOroHaJih

HOH cncTeMe. B paBeHCTBe ( 1.8) 3HaK ITJIIOC HMeeT MeCTO, ecJIH o6e cttcTeMhI npaBhie 

HJIH o6e JieBhie; 3HaK MHHyc - eCJIH O,ZJ;Ha H3 HHX npaBa.H, a .npyra.H JieBa.H. 
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EcJIH KpHBOJIHHeii:HCIB CHCTeMa KOOp,l(HHaT opTOrOHaJihHa, TO mo6oii BeKTOp 

F (~1 , ~2 , ~3 ) MOJKeT 6bITh rrpe,l(CTaBJieH pa3JIOJKeHHeM na cocTaBJIHIOIT(He rro narrpaB

Jiemu1M HOBhIX e,l(MHHqHhIX BeKTOpOB 

F = L Fmiim ' r.n;e Fm = F . iim . 
m 

licrroJib3YH narrpaBJIHIOIT(He KOCHHYChl y TTUl ' MO:>KHO IIOKa3aTb, qTo MeJK;ly 3THMH 

cocTaBAAIOIIIHMH 11 n,eKapTOBhIMH cocTaBJIHIOillHMM F HMeIOT MecTO cooTttomenMH 

(1.9) 

m 

JI106M CHCTeMa Tpex Bem1q11H, orrpe,l(eJieHHhIX OTHOCHTeJihHO CHCTeM KOOp,l(HHaT 

TaK, qTO Bh16opy x,y,z cooTBeTCTByeT TpOHKa <l>YHKqMii: OT x,y,z' a Bb16opy 

~1'~2.~3 COOTBeTcTByeT n,pyraH Tpoii:Ka <l>YHKqHH OT ~1'~2.~3' MO:>KeT paCCMaTpH

BaThCH KaK CHCTeMa COCTaBJIHIOIT(llX HeKOTOporo BeKTOpa B TOM H TOJlhKO B TOM 

CJiyqae, Kor.n;a 3TH ,l(Be TpOHKH <l>YHKqHH CB.S'I3aHhl Me.IK.n;y co6oii COOTHOIIIeHHHMH 

BHAa ( 1.9). 
Koa<jJ<jJuu,uenmbl Jla.Me. IIpoBe.n;eHHhie BhIIIIe paccMoTpettMH He oKa:>KyT, O,l(HaKo, 

cyIT(eCTBeHHeii IIOMOIT(H, eCJIH 3HaqeHHH narrpaBJIHIOIT(HX KOCHHYCOB B Ka:>KAOH TO'I

Ke OCTaIOTCH HeH3BeCTHhIMM. KaK rrpaBHJIO, 3a.n;aIOTCH ypaBHeHHSl HOBhIX Koopn,11-

HaTHhIX IIOBepxHOCTeH, HCIIOJih3YSl KOTOpbie Heo6xoAHMO BhIBeCTH BhipaJKeHM.Sl AJISl 

narrpaBJISllOIIIHX Koc11nycoB. Harrp11Mep, o6blqnoe orrpeLJ;eJien11e c<Pep11qecK11x Koop

.n;11naT z = ~1 cos ~2 , x = ~1 sin ~2 cos ~3 , y = ~1 sin ~2 sin ~3 ne ,l(aeT nerrocpe.n;cTBenno 

Koa<t><t>Hn11eHThI, BhrpaJKeHHhre qepe3 1;1,1;2,1;3 ( 1;1 - c<t>ep11qecKaH KoopAHHaTa r, 
~2 - c<t>ep11qecKaH KOOp,l(HHaTa 0' ~3 - c<t>ep11qecKM KOOPAHHaTa <p ). 

Heo6xo.n;HMM CBH3h Me)KAY HHMH o6bI'IHO ycTaHaBJIHBaeTCH npH IIOMOIT(H ::me

MeHTa AYrH ds . Bhrpa)KeHHe KBa.n;parn aJieMeHTa LJ;ym ds HMeeT BMA: 

n=3 

ds2 
= dx2 + dy2 + dz2 

= L:h;d~~. 
n=I 

IlpoCTCIB IIOi'(CTaHOBKa IIOKa3hIBaeT, qTo 

2 8x 8y 8z 
( )

2 ( )2 ( )2 
hn = 81;n + asn + asn [~; r +[~ r +[;; r (1.10) 

Be.JJH'IMHa hn Ha3hIBaeTcsi: MaCIIITa6tthIM MHO)KHTeJieM .n;JJH Koop.n;nnaThI s •. lfa
MeHeHHIO dsn 3TOH KOOp.n;IrnaTbI COOTBeTCTByeT CMeIT(eHHe hndsn B,l(OJlh Koopn,11-

HaTHOH JIHHHH. B 06111eM CJiyqae hn H3Mem1eTCH OT TO'IKH K TO'IKe. 

0TMeTHM, 'ITO /J,.JIH. BhIBO.n;a Bhipa)KeHHH Koa<t><t>nnHeHTOB hp hz, ~ qepe3 Koop.n;H

HaThI S1, S2, 1;3 neo6xoAMMo Bhipa3HTh CTaphre Koop,l(HHaThI x, y, z qepe3 HOBhre 

SP 1;2, 1;3 , KaK aTo 6brno CAeJiaHo BhIIIIe AJI.sI c<t>epMqecKMX KoopLJ;HHaT. TaKoii: crroco6 

3aIIHCH COOTHOIIIeHHH Me:>Kn,y ,l(BYMSI KOOpiI,HHaTHhIMH CHCTeMaMH Ha1160Jiee qeJieco

o6pa3HO. 
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HanpaBJI.snom;He KOCHHYCI>I ocell: ~n OTHOCMTeJII>HO oceil: x, y, z MoryT 6I>ITI> BI>I

pa)l(eHI>I qepe3 npOH3BO.UHI>Ie ~ no x, y, z mm: qepe3 IlpOM3BO.ZJ:Hbie X, y, z ITO ~ : 

_ _!_ ax - h a~n _ _!_ ay - h a~n 
'Yn! - h ()'r- - n ax ' 'Yn2 - h ()'r- - n ;:i.,, ' 

n ~n n "":in vy 

1 oz a~n 
'Y n3 = h. a~n = hn oz ' (1.11) 

B 3aBMCMMOCTM OT Toro, Bbipa)l(eHbl JIM X, y, z qepe3 ~ MJIM ~ - qepe3 x, y, z . 
CooTHOIIIeHIDI ( 1.11) noJie3HhI, HO rrpMMem110Tc5l pe,n:Ko. 

ooJiee rro.n:po6ttb1e cBe.n:eHM5l o BhlBo.n:e Koa¢¢Mn;MeHTOB JlaMe .UJI5I KJiacca oprn

roHaJibHbIX KpMBOJilrneHHbIX CHCTeM KOOp.UHHaT MO)l(HO IIO'IepIIHYTb B [ 1.1]. .llmI 

HaH6oJiee pacnpocTpaHeHHbIX B HH:>KeHepHbIX 3a,ZJ;a'IaX CHCTeM KOOP.UHHaT Koa¢¢n

n;HeHTbl JlaMe IIPMBe,ZJ;eHhI B rrpHJIO:>KeHHH 1. IlpH rrepepa3JIO)KeHHH pemeHMH COOT

BeTCTBYIOlll;MX ypaBHeHHH MaTeMaTttqeCKOH cPH3HKH H3 O,Zl;HOH l<OOP.UHHaTHOH CHC

TeMbl B ,n:pyryro IIOJie3HO BOCilOJlb30BaTbC5l [ 1.3-1.5]. 
3a1C01tbl npeo6pa306QHUR 6e1emopo6. ,llJI5I Toro 'IT06hl cPYHKU:HH TOqKH MOfJIH 

CJIYII<HTb TpeM5l COCTaBJI5IIOlll;HMH HeKOTOporo BeKTOpa, OHM ,Zl;OJl:>KHhl rrpeo6pa30BbI

BaTbC5l B COOTBeTCTBHH c npaBHJiaMM, COll;ep:>Kalll;HMMC5l B COOTHOlIIeHH5IX (1.9) 
H (1.11). EcJIH rrpeo6pa3yIOTC5l COCTaBJI5IIOlll;He H3 O,ZJ;HOH KpHBOJIHHeHHOH CHCTeMbl 

Koop.n:1rnaT ~1 , ~2 , ~3 c Koa¢¢m:ufeHTaMH JlaMe hi, h,, h:; K ):(pyroil: cncTeMe ~;, ~~, ~~ 
c Koa¢qrnn;HeHTaMH JlaMe h:, ~' ~ ' TO COCTaBJI.sIIOlll;He B HOBOH CHCTeMe l];OJl:>KHbl 

BblpalI<aTbC.sI qepe3 COCTaBJI5IIOlll;He B CTapoil: CHCTeMe <\lOPMYJiaMH 

(1.12) 

r.n:e 

TaK KaK hmd~m M h~d~~ 5IBJI5IIOTC5l paccT05IHH5IMH, TO HOBbie cocTaBJI5IIOlll;He F: 
H3Mep.sIIOTC.sI B Tex JKe e,n:nttm1ax. EcJIH npM peIIIeHHH cpH3HtJ:ecKoil: 3a,n:aqM OKa3bIBa

eTC5l, qTO HeKOTOpbie TPH BeJIHqHHbl rrpeo6pa3yroTC5l cornaCHO COOTHOIIIeHH.sIM (1.12), 
TO MO:>KHO c YBepeHHOCTbIO cqHTaTb, ~o Hall.n:eHbl COCTaBMIOllIHe HeKOTOporo BeKTOpa. 

Ilo::JTOMY COOTHOlIIeHH.sI ( 1.12) MOryT 6bITb HCilOJib30BaHhl ,Zl;JI}I BhIBCHeHH5l rnro, 5IBJl5l

IOTC5l JIM Tpll BeJIHqHHbl COCTaBMIOIIIHMH HeKOToporo BeKTopa, HJIH HeT. 

1.5. OCHOBHble onepaTOpbl, 
Mcnonb3yeMble npM aHanM3e nonH 
J{u<}><}>epe11.u,uaJlbHblU onepamop '9. L(eil:cTByeT no BceM TpeM Koop,n:HHaTaM. Iiy

,n:yqn rrpHJIOlI<eH K CKaJI5IpHblM HJIH BeKTOpHbIM IIOJI.sIM, rrepeBO,ZJ;MT HX B .n:pyrne no

Jl5l. IloJiyqaeMbie TaKHM o6pa30M IIOJl5l 5IBJl5IIOTC5l Meporo CKOpOCTH H3MeHeHH5l HC

XO,ZJ;Horo IIOJl5l OT TO'IKH K TOqKe. 
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I'paiJuenm. CKopocTb M3MeHemu1 cKaJU:i:pHoro no1u1 <j>(x, y, z) mo6pa:>KaeTcH 

BeKTOpOM, HanpaBJieHMe KOTOporo COBna;:i;aeT c HanpaBJieHMeM HaHCKopei:i:rnero B03-

pacTaHHH <I> , a BeJIHqMHa paBHa aToii MaKCHMaJihHOH cKopocTH B03pacTamrn. Pattee 

6hIJIO noKa3atto (cM. cpopMyJiy (1.1)), qrn H3~eHeHHe <j>(x,y,z) npH nepexone M3 

ToqKH c pa;:i;HycoM-BeKTopoM A= i[ + y] + zk B coce;:i;HIOIO ToqKy A+ dS, rne 

aJieMeHTapttoe cMen~eHHe dS = Uix + ]dy + kdz , paBHO d<j> = dS · grad <I>, npttqeM 

grad<j> = V<j> = o<j> i + o<j> J + o<j> k. 
ox oy oz 

(1.13) 

EcJIH dS JieJKMT Ha noBepxHOCTM ypoBHH <j>(x, y, z) = canst, TO d<j> paBHO HYJIIO, 

TaK qTo BeKTOp grad <1> nepneHJJ;MKYJIHpeH K noBepxHOCTH ypoBHH. MaKCHMaJihHoe 

3HaqeHMe d<j> COoTBeTCTBYeT dS ' nepneHJJ;HKYJIHpHoMy K 3TOH noBepXHOCTH, H B 3TOM 

cJiyqae ( KaK yJKe 6hIJIO OTMeqeHO) 

BeJIHqHHa, o6o3HaqaeMaH CHMBOJiaMM grad<j> HJIH V<j> (qHTaeTCH «tta6Jia>.> <I>), 
HBJIHeTCH Mepoii: CKOpOCTH M3MeHeHMH CKaJIHpHoro ITOJIH <1> B TOqKe ( X, y, z ). ll:JIH 

Toro 'IT06bl IIOKa3aTh, qTo Otta HBJIHeTCH ;:i;eHCTBHTeJihHO BeKTOpOM, Heo6xo;:J;HMO 

ycTaHOBMTb, qTQ oHa npeo6pa3yeTCH B COOTBeTCTBMH c cpopMyJiaMH (1.12). 3TO He

Tpy;:i;tto c;:i;eJiaTb, TaK KaK oqeBHJJ;HO, qTo BbipaJKeHHe rpa;:i;HeHTa B KpHBOJIHHeHHbIX 

KOOp;:J;HHTaX ~1' ~2' ~3 HMeeT BHJJ; 

grad <I>= V <I> = a1 o<j> + a2 o<j> + a3 o<j> . 
hi 0~1 ~ 0~2 h3 0~3 

(1.14) 

EcJIH Tenepb npeo6pa30BaTb (1.14) K ;:i;pyroii: CHCTeMe KOOp;:J;MHaT ~:.~~,~~' 
npe;:i;noJiaraH, qTo OHO HBJIHeTCH BeKTOpOM, MO)KHO npHMTH K TOH :>Ke cpopMe B HO

BbIX KOOp;:J;HHaTax. B caMOM JJ;eJie, npH MCITOJib30BaHHH COOTHOllleHMH ( 1.12) M TOJK

necTBa 

V<!>= Earn~= Ea'E(_!_~)(hm o~m)= Ea~~ 
m hm a~m n n m hm a~m h~ a~~ n h~ a~~ ' 

KaK M noJIJKHO 6bITh, eCJIH grad <I> ecTb BeKTOp, BbipaJKaeMbIM B JII06oii: CHCTeMe op

TOroHaJibHblX KOopmrnaT cpopMyJIOH (1.14). 
0TMeTMM, qTo grad <j> HBJIHeTCH MCTHHHbIM BeKTOpOM. 3TO noKa3bIBaeTCH TeM, 

qTQ d<j> = grad <I>. d s HBJIHeTCH HCTHHHbIM CKaJIHpHblM HHBapHaHTOM. TaK KaK 

d s - HCTHHHbIH BeKTOp, grad <I> TaKJKe JJ;OJI:>KeH 6bITb HCTHHHbIM BeKTOpOM. 3aMe

THM TaK:>Ke, qTo n.11pKymn~HH rpanHeHTa paBHa nymo 
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3THM paccy)l(,ueHneM rro,uqep1nrnaeTc.SI, qrn ecJin HeKoTopa.SI qm3nqecKa.SI Bemi:

qnHa Bhipa)KeHa qepe3 Koa<P<Pm1neHThI JlaMe hn B CHCTeMe KOOP.lIHHaT ~1' ~2' ~3 ' TO 

B .upyroii: CHCTeMe KOOPi'IHHaT ~:.~~.~~ OHa i'IOJI)l(Ha Bbipa3HThCH <PopMyJIOH Toro )Ke 

Bn,ua qepe3 Koa<P<Pm1neHThI h~ . 
IlpoU3BoiJ11aa no 11anpaBJle11u10. B .UaJihHeii:rneM .H3JIO)l(emrn 6y,ueT BCTpeqaThC.SI 

BeJinqnHa B · grad q, . EcJin B - e,unHH'fHhIH BeKTop, aTa BeJinqrrna Ha3hIBaeTC.SI 

rrpoH3BOi'IHOH q,(x, y, z) no HarrpaBJieHHIO e.n.nttnqHoro BeKTopa B n rrpe,ucTaBJIHeT 

co6oii: CKopocTh H3MeHeHn.SI q,(x,y,z) B HarrpaBJieHnn B. He3aBHCHMo OT rnro, .SIB

JIHeTC.SI JIM jj e.unHnqHhIM BeKTOpOM, HJIH HeT, 

B . grad q, = ( jj . V) q, = B 8q, + B 8q, + B 8q, = B1 8q, + B2 &q, + B3 aq, 
x &x y ay z oz h1 &~1 ~ &~2 ~ &~3 . 

CKaJIHpHhIH oneparnp ( B · V) = ( B · grad) Mo)KeT 6h1Th TaK)l(e npnJio)l(eH K BeK

Topy, qTo .uaeT 

( B · grad) A = i ( f3 · grad Ax ) + J ( f3 · grad AY ) + k ( B · grad Az ) . 

B KpHBOJIHHeHHhIX Koop,unHaTax aTo BhipaJKeHne cTaHOBHTC.SI 6oJiee CJIO)J(HhIM, 

ITOTOMY qTo e,UHHJiqHhle BeKTOphI e1, e2 , e3 TaK)l(e .SIBJl.SIIOTC.SI nepeMeHHbIMH (CM. 

npnJio:>KeHne 1 ). 
J(u6epie11u,UR. PaccMoTpHM i'IBe i'IH<l>¢epeHIIHaJihHh1e onepa11nn, rrpnJIO)l(eHn.SI 

KOTOphIX K BeKTOpHOMY ITOJIIO nrpaIOT Ba:11rny10 pOJih. O.utta rrpHBO.UHT K CKaJI.SipHOH 

xapaKTepHCTHKe, KOTOpa.SI yKa3hIBaeT CKOpOCTh H3MeHeHH.SI 'fHCJia JIHHHH TOKa, i'IPY

ra.SI - K BeKTOpHOH, YKa3hIBaIOIIIeii: CTeneHh 3aKpyqeHHOCTH JIHHHH TOKa. 

IlepBa.SI onepa11n.SI MO)l(eT 6hITh noJiyqerra npe,ueJihHhIM rrepexo,uoM H3 noToKa 

BeKTOpa npn CTHnrnaHHH 3aMKHyTOH IIOBepXHOCTH B ToqKy, a BTOpa.SI - aHaJIOTH'f

HhIM rrpo1IeccoM, npnMeHeHHhIM K 11npKyJIH1IHH. 

lfro6hI noJiyqHTh yKa3aHHYIO CKaJI.SipHyro xapar<:TepHCTHKy, Heo6xo,uHMO crraqaJia 

BhrqncJIHTb rrornK BeKTOpttoro F(x,y,z) mrryTpn aJieMeHTa o6heMa dxdydz c I.IeH

TpOM B ToqKe (x0 ,y0 ,z0 ). Pa3Jiara.SI B PH.U Teii:Jiopa x-cocTaBJIHIOIIIYIO F(x,y,z) 
B oKpecTHOCTH TO'IKH ( x0 , Yo, z0 ), rraii:,ueM 

Fx(x,y,z) = Fx(Xo, Yo•Zo) + &Fx (x- Xo) + aFX (y- Yo)+ aFX (z - Zo) + ... 
ax &y &z 

3i'IeCh aFX I ax HT . .u. o6o3Ha'laIOT 3Ha'feHH.SI rrpOH3BO,UHhlX B TO'IKe ( Xo, Yo· Zo ). 

IloBepxrrocTHhIH HHTerpaJI HOpMaJihHOH cocTaBJIHIOIIIei1 F ( x, y, z) no rparrn 1 
(pHC. 1.2) paBeH 

ff Fxds = dydz[Fx(x0 , y0 , z0)] + 0,5 C::: dx + BhICIIIHe cTenerrn .un¢¢epeHIIHaJIOB. 
1 

IloBepXHOCTHhIH HHTerpaJI no rpaHH 2 paBeH 
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z 

2 1 

x 
Puc. 1.2. IloTOK BeKTOpa n ~llBepreHl\llH BeKTopHoro ITOJ!ll 

-ff Fxds = -dydz[Fx(Xo,Yo,zo]-0,5 {)Fx dx + BhlCIDHe CTeneHH n;mp<}>epem~HaJIOB, 
2 ax 

rrpWieM 3HaK MHttyC rrepeii; l:IHTerpa.rroM H rrepeii; CK06KaMH o6'MICIDieTC.H TeM, qTo l:IH

TerpI:IpyeTC.H cocTaBllilIOIIJ;a.H F(x, y, z) no aanpaBJICHHIO BHemtteii: aopMaJIH, Kornpa.H 

Ha rpaHH 2 paBRa -Fx(x,y,z). CYMMa rroBepXHOCTHhIX HHTerpaJioB no ::ITHM ABYM rpa

IDIM paBHa (oFX I ox)dxdydz' eCJil:I npeae6pe% BeJII:IqHHaMl:I BhICilll:IX rrop.Hii;KOB MaJIO

CTl:I. AliaJIOIWIHbie BbipaJKeHJUI nonyqaTC.H ii;.7UI ii;Byx ii;pyrnx nap IlpOTl:IBOIIOJIO)l(HbIX 

rpaHeii, TaK qTo c TOqfiOCTbIO AO BeJII:IqI:IH BblCIIIBX IIOp.Hii;KOB MaJIOCTI:I 

rf F. dA. = (aFX + aFY + aF, Jdxdydz. 
j ax 8y {jz 

3TO Bbipa)KeHIIe .HBJI.HCTC.H BCKTOpHblM aHaJIOfOM ii;mp<}>epeHI~HaJia du CKaJI.Hp

HOH <l>YHKUHH u(x) on;Hoii: rrepeMeaaoii x. AaanoroM rrpoH3BOAHoii: .HBJI.HeTC.H rro

TOK, OTHCCCHHhIH K en;I:IHIU~e o6'beMa B TOqKe ( x, y, z ). 3Ta CKaJI.HpHa.H BeJII:IqHHa 

Ha3bIBaeTrn AHBepreHn;Heii BeKTopaoro rroJI.H F(x, y, z) B ToqKe ( x, y, z) H o6o3Ra

qaeTc.H qepe3 

- ,f; F. dA {)F 8F {)F - -
div F = lim j = _x + _Y + -' = \1. F. 

<lV~o Li V ox {)y oz 
(1.15) 

,ll)rneprettn;H51: paBHa CKOpOCTl:I HapaCTaHH51: qI:IcJia Jll:IHI:IH TOKa, OTHeceHHOH K en;I:I-

HHUe o6'beMa Li V . 
- B COOTBeTCTBl:Il:I c rrpHBen;eHHhIM OCHOBHhIM OI!J>ell;eJieHI:IeM, AHBepreHUlUI IIOJI.H 

F(x, y, z) B TOqKe P .HBllileTC.H CBOHCTBOM rrOJI.H F(x, y, z), xapaKTepI:I3YJOIUHM ero 

IIOBen;eHHe B OKpeCTHOCTH p ; 3HaqeHHe AHBepreHn;HH He ll;OJI)KHO 3aBHCeTb OT BbI-

6opa cI:IcTeMbI Koopn;HHaT. Mo)KHO, KOHeqHo, rrpeii;rroJiaraTJ>, qrn Bblpa)KeHHe orrepa-
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rnpa .l(HBepreHUHH B o6o6rn:eHHhIX KpHBOJIHHeHHbIX KOOp.l(HHaTax 6y,neT HMeTh Ma

TeMaTHqecKyro <PopMy, OTJIHqHyIO OT ero Bbipa:JKeHHH B ,neKapTOBhIX KOOp.l(HHaTax; 

TeM He MeHee qHcJieHHoe 3Haqem1e div F B ToqKe P .l(OJIJKHO 6nITb O.l(HHM H TeM JKe 

B JII06bIX CHCTeMax KOOp.l(HHaT. EcJIH npeo6pa3oBaHHe KOOp.l(HHaT COCTOHT TOJibKO 

B IIOBOpOTe H He CBH3aHo c paCTHJKeHlieM HJIH CJKaTHeM (T. e. eCJIH Bee h paBHbl 

e,nHHHIIe ), TO He TOJihKO 3HaqeHHe ,ll;HBepreHIIHH, HO H ipopMa ee Bbipa:JKeHHH ,ll;OJIJK

Ha OCTaBaTbCH HeH3MeHHOH. B KOHeqHOM cqeTe 3TO M IIOHHMaeTCH rro.n; CKaJIHpHbIM 

HHBapHaHTOM. 

Haxo:JK,nettrre Bbrpa:JKeHHH .l(HBepreHIIHH B o6o6rn:eHHhIX Koop,nHHaTax He npe.n

CTaBJIHeT rrpHHUHIIHaJibHbIX Tpy,nHOCTeii H 3.l(eCb orrycKaeTC.SI. :>KeJiarorn:He MOryT 

Il03HaKOMHTbCH c COOTBeTCTBYIOID:HMH BbIKJia.l(KaMH no [ 1.1]. 
Pomop (8uxpb). Pomp BeKTopHoro rroJIH F(x,y,z) HBJIHeTcH .nn<P<PepeHUHaJII>

HbIM onepaTOpOM, KOTOpbIH rrpeo6pa3yeT 0.l(HH BeKTOp B ,npyroii. 3TOT orrepaTOp, 

.SIBJI.SIIOID:HMC.SI Mepoii ~3aBnxpeHHOCTH>) BeKTOpHoro ITOJI.SI, TaK )Ke CB.SI3aH c HH

TerpaJIOM IIHPKYJIHUHH, KaK orreparnp .l(HBepreHUHH CBH3aH c HTerpanoM noToKa. 

qT06bl HaHTH 3aBHxpeHHOCTb BeKTOpHoro IIOJIH B TO'IKe p' Heo6XO.l(HMO BblqHc

JIHTb IIHPKYJIHIIHIO BOKpyr aJieMeHTa nJiorn:a,nn, co,nepJKarn:ero P, H paa.n;eJIHTb ee Ha 

nJiorn:a,nh aJieMeHTa. HeTpy,nHo o6Hapy)l(HTh, qrn B aTOM cJiyqae rrpe.neJibHbIH rrepe

xo.n 6oJiee CJIO)KeH, qeM rrpH orrpe.neJieHHH .l(HBepreHUHH, TaK KaK pe3yJibTaT 3aBHCHT 

OT opHeHTaJIHH aJieMeHTa rrJiorn:a.nn. HarrprrMep, ecJrn aJieMeHT rrJiorn:a.nH rrepneH.l(H

KYJIHpeH ocH x, To HHTerpan IIHPKYJIHIJHH B.l(OJib rryTH Ha pnc. 1.3 paBeH 

J F · dS = J Fydy + f F,dz - f Fydy - f F,dz = 
1 2 3 4 

_ BFY dz BF, dy 
- ~(Xo,Yo•Zo)dy- oz 2dy+F,(xo.Yo·Zo)dz+ oy Tdz-

BFY dz BF, dy -
-Fy(x0 ,y0 ,z0 )dy- --dy-F,(x0 ,y0,z0 )dz +--dz-

oz 2 oy 2 

=(~ -~ )dydz, 

r.ne ncrroJII>30BaHhl rrepBI>re qJieHbI pH.na TeiiJiopa .l(JIH FY H F, . C .npyroii: cTOpoHbI, 

IIHPKY.IDIIIIDI BOKpyr aJieMeHTa, rreprreH.ZUfl<YJIHPHoro ocH y , paBHa 

( 
fJFx - 0£, ) dxdz 
oz ax 

H T . .n;. Ecm1 aJieMeHT rrapaJIJieJieH OCH z' HO 06pa3yeT yroJI 0 c OChIO x (KaK rro

Ka3aHO Ha pnc. 1.4), To BhrqHcJieHne IIHpKyJI.SIJIHH ttecKOJibKO cJioJKHee. HarrpnMep, 

CMemeHHe ds B.l(OJih rryTH 1 COOTBeTCTByeT H3MeHeHHIO - ds cos 0 a6cuHCCbI x 
H H3MeHeHHIO ds sin 0 op.n;nttaTI>I y . Attanorwrno B cpe,nHeii ToqKe nyTH 2 F, HMe

eT 3HaqeHHe 

ds oF, ds . BF, 
F(x y z )=-cos0·-+-sm0·-. 

z O• 0' 0 2 ax 2 fJy 
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z 

3 

' 
4 

(xo, Yo, Zo) 
® 

dz 

2 
1 y -

dy 

Puc. 1.3. I1ttTerpaJI uupKy !1511\IIII II poTOp BeKTOpttoro rroJI5! 

z 

2 

4 dz 

x 
Puc. 1.4. UupKyJI5!1\M5! rro,11 yrnoM K ocII 

IlpHHHMaJI Bee 3TO BO BHHMaHHe, Hatti];eM B i];aHHOM CJiyqae i];JI.H D;HpI<yJI.Hll;HH 

Bbrpa.IKeHHe 

(Fdssin0-Fdscos0)-- dssinO-Y -dscose-x + dz ( aF aF) 
y x 2 oz oz 

Fdz dz (ds . 0 aF, ds 0 aF,) + +- sm -- cos - -
z 2 {)y ax 

- F dssin0-Fdscos0 -- dssin0--dscos0-x -( ) dz ( aFY oF ) 
y x 2 & & 
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-Fdz+ dz(dssineoF, -dscose°F')= 
z 2 oy ox 

= ----- sm +-----cos z . [(
oF, oFYJ. 0 (oFx oF,) e]dds 
oy oz oz OX 

UIIpKy.1rn:uII.si BoKpyr 3.lleMeHTa npoII3BOJibHoil• opIIeHTaUIIII B npocTpaHcTBe 

npe,UCTaBJI5IeTCH eme 6oJiee CJIO:JKHOH <PopMyJIOll. 

O,uttaKo Bee 3HaqIITeJibHO ynpmuaeTc5I, ecJIII paccMaTpIIBaTb BeJIIIqIIHhI 

[oF, - oFYJ, (oFX - oF,), (oFY - oFxJ, 
oy oz oz OX ox oy 

KaK, COOTBeTCTBeHHO, X, y, z - KOMnOHeHTbl HeKOToporo BeKTopa. B CaMOM ,ueJie 

TOri'J,a oKa3hIBaeTC.SI, qTo UIIPKYJI5IUIIH BOKpyr 3JieMeHTa nJIOIUai'J,II dA paBHa npocTo 

COCTaBJIHIOIUeM 3T0f0 BeKTOpa no HanpaBJieHIIIO, nepneH,UIIKYJI5IpHOMy K 3JieMeHTy, 

yMtto:a<eHttoll: Ha dA. TaK, HanpIIMep, HanpaBJI5IIOIUIIe KOCIIHYCbI npHMoil, nepneH

i'J,IIKYJIHpHoil K 3.lleMeHTy, H3o6pa:>KeHHOMY Ha pMC. 1.4, paBHhl (sin 0, COS 0, 0), H 

COCTaBJI5IIOIUM yKa3aHHOro BeKTopa no HanpaBJieHHIO 3TOM npHMOM, YMHO:>KeHHM 

Ha dsdz, KaK pa3 H i'J,aeT noJiyqetttthIM Bhillle pe3yJihTaT. 

TaKHM o6pa30M onpe,ueJieHHbIM BeKrnp Ha3hIBaeTc5I pornpoM F(x, y, z) B rnqKe 

P(x,y,z): 
- -: (oF, oFY J -: (oFX oF,) - (oFY oFX J - -

rot F = 1 oy - oz + J oz - ox + k ox - oy = V' x F . 

UupKyJIHUH5I BoKpyr 3JieMeHTa nJIOIUai'J,II dA paBHa, cJie,uoBaTeJihHO, dA · rotF, 
ri'J,e dA - aKcIIaJibHbIM BeKrnp, coorneTCTBYIOIUHM aJieMettry nJioma,uu. BeKTOp 

rotF 5IBm1eTC5I Mepoll: «3aBI1xpettHOCTH~ noJI5I B ToqKe x,y,z. EcJIII F(x,y,z) -
CKOpOCTb B ITOTOKe :JKIIi'J,KOCTH, TO HanpaBJieHHe rot.F B TOqKe P(x,y,z) COBnai'],aeT 

c HanpaBJiemieM OCH BpamettmI :>Klli'J,KOCTH, HaXOi'J,5IIUeHCH B OKpeCTHOCTH p ( corna

COBaHHhIM no npaBIIJIY npanoro BIIHTa c HanpaBJieHHeM caMoro BpameHH5I), a i'J,JIIIHa 

rot F paBHa YABOeHHoll: yrnoBoll: CKopocTH BpamettH5I 3TOM qacTH :a<Hi'J,KOCTH. POTop 

5IBJI5IeTC5I orrepaTopoM, aHaJIOfHqHhIM BeKTOpHoMy rrpOH3Be,UeHHIO, TaK :>Ke KaK i'J,H

BepreHUII5I attaJiomqtta cKaJIHpttoMy rrpousBe,ueHIIIO. 0TMeTHM, qTo rot F HBJI.sieTCH 

aKCHaJihHhIM BeKTopoM, ecJIH F - HCTHHHbIH BeKTop, TaK KaK HHTerpaJI UHPKYJI.sI

UHH 5IBJI.sierc.s1 cKaJI.s1poM, a dA - aKCHaJihHbIH BeKTop H, cJie,uoBaTeJibHO, rot F 
TaK:>Ke i'J,OJI:>KeH 6hITh aKCHaJibHhIM BeKTopoM. 

PaccMorpettHe rot F B o6o6mettHhIX Koop,uttttarax BbIXOAHT sa TeMaTHKY KHHrH 

H MO:>KeT 6bITh H3yqeHO caMOCT05ITeJihHO no [ 1.1]. 
BeJCmopHbtii onepamop V. TaK :a<e KaK orreparnp ,a.IIBepreHUIIH 5IBJIHeTc5I aHa

JioroM CKaJI.sipHoro rrpoH3Bei'J,eHH5I BeKropoB, orrepaTop poropa .sIBJI5IeTC5I aHaJioroM 

BeKTOpHoro I1pOH3Be,ueHHH. qT06h1 Ci'J,eJiaTb 3TY aHaJIOfHIO 6oJiee IIOH5ITHOM, MO:>KHO 

orrpei'l,eJIHTb BeKTOpHblll oneparop v ' Ha3hIBaeMhlll Ha6JIOM, c COCTaBAAIOIUHMH, 

3ai'J,aHHhIMH <PopMyJIOll 

- -:B -:B -a V'=t-+;-+k-. ax 8y {)z 
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B TepMttttax arnro orreparnpa TPM .nmpcl:iepemi;ttaJihHhIX orreparnpa, paccMoTpett

Hhre B HaCTO.snu;eM nyHKTe, MOryT 6hITh CHMBOJrnqecKM 3arnrcaHbI B sn,ne: 

grad<\>=V<\>, divF=V·F, rotF=VxF. 
B npmro)KeHHH 1 rrpttse,neHhI ocHOBHhie qiopMyJihI, co.nep:>Karu;ne BeKTOpHhIH 

orreparnp v H HCIIOJih3yeMhle npH perneHHH IIOJieBbIX 3a,naq B HH:>KettepHbIX ,ZJ;HC

IJ;HnJIHHax. 

1.6. OCHOBHble TeopeMbl, MCnOnb3yeMble 
npM npeo6pa3oeaHMM aeKTopoa 
1.6.1. TeopeMa OcrporpaACKoro-raycca 
Cso:Hcrno a.ZJ:.ZJ:HTHBHOCTH rroToKa H onpe,neJieHHe div F II03BOJI.snoT noJiyqHTh oqeHh 

Ba:>KHhIH H IIOJie3HhIH MeTO,ZJ; BhNHCJieHHH IIOTOKa H3HYTPH mo6o:H o6JiaCTH npo

CTpaHCTBa. B CHJIY CBOHCTBa a,ZJ;.ZJ;HTHBHOCTH IIOTOK H3HYTPH sce:H o6JiaCTH .nomKeH 

6bITh paBeH cyMMe ITOTOKOB H3HYTPM scex aJieMeHTapHbIX o6JiacTeH, 3aI\JIIOqeHHbIX 

sttyTpH ,natttto:H o6JiaCTH. B CHJIY paseHCTBa ( 1.15) HHTerpaJihI no aJieMeHTaM ofo,

eMa dv MOryT 6bITb 3anncaHbI B BM,ne divF. dv, TaK qTo .ZJ;OJI:>KHa HMeTb MeCTO Ba:>K

Ha.R: TeopeMa .ZJ;HBepreHIJ;HH 

IIF·dA= III divF·dv, (1.16) 
s v 

r.ne TpOHHOH HHTerpaJI pacnpocTpatt.R:eTCH Ha BCIO o6JiaCTb v , orpaHMqeHHYIO no

sepXHOCTbIO s , no KOTopoiI pacnpocTpaH.R:eTCH HHTerpMposamre B nosepXHOCTHOM 

HHTerpaJie s Jiesoii: qacTu. PasettcTso (1.16) Ha3hIBaeTcsi: meope.Mou Ocmpoipao
c1wio-I'aycca. 

3Ta TeopeMa no,nqeprrnsaeT Tecttyro CBH3h, Kornpa.R: ,noJI:>KHa cyru;ecTBOBaTh Me:>K.ZJ;y 

nose,neHHeM BeKTOpttoro noJISl Ha 3aMKHYTOH nosepXHOCTH H ero nose,neHHeM BCIO.ZJ;Y 

BHYTPM aTo:H nosepxHOCTII. Oaa cooTBeTcTByeT )'(OBOJihHO oqeBH.ZJ;HOMY CBOHCTBY JIH

HHH TOKa: qHCJIO JIHHHH TOKa, «BhlXO.ZJ;SlIIJ;HX~ H3 3aMKHYTOH nosepxHOCTH, .ZJ;OJI:JI<HO 

6bITh pastto qucJiy TaKHX JIHHHH, «Haqttaaroru;nxcH~ BHYTPH nosepxHOCTH. 

1.6.2. TeopeMa CTOKCa 
Cyru;ecTByeT TeopeMa o poTope, attaJiornqHa.R: TeopeMe o mrneprettu;MH, Bbrpa:>Ketttto:H 
cl:iopMyJio:H (1.16); TeopeMa o pornpe Mo:JI<eT 6bITh BhIBe,netta M3 ero octtosttoro onpe
,neJieHIDI H cso:HcTBa a.ZJ:.ZJ;HTHBHOCTH HHTerpaJia u;HpKyJIHIJ;HH. PaccMoTpHM Jiro6yro 
nosepXHOCTh s, orpattnqeHHYIO 3aMKHYTOH JIHHHeH (HJIH 3aMKHYThIMH JIMHHHMH) 
L, pa3o6beM S Ha aJieMeHThI dA n CJIOJKHM see u;HpKy1rnu;ntt BOKpyr aTHX aJieMeH
TOB. Ilo onpe,neJieHMIO poTopa aTa cyMMa MO:>KeT 6hITh 3am1caaa s BH,ne 

I I rotF · dA , r.ne dA - ser<Top, cooTBeTcTsyroru;n:H dA , H r,l'(e HHTerpnposattHe 
s 

npoH3BO.ZJ;HTCH no sce:H nosepXHOCTH s . 3TOT HHTerpaJI onpe,neJI.R:eT qffCJIO BMXpe
BhIX JIHHHH, nepeceKaroru;Hx rrosepxttoCTh S . B TO JKe speMH BCJie)'(CTBHe csoHCTBa 
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a,11;,11;HTHBHOCTH HHTerpaJia unpKywrunn ff rotF · dA ,!l;OJIJKeH 6h1Th paBeH 1nrpKy1rn-

s 
unn ITO KOHTYPY (mm KOHTypaM) L, 

ff rotF ·dA' =f i .tJS. (1.17) 
S L 

:=ho - TeopeMa CToKca, IT03BOJI.SIIOIIIM Bhl'IHCJIHTh UHPKYJI.SIUHIO no JI1060My 

KOHTYPY. BhrpaJKeHHe ( 1.17) .SIBJI.si:eTc.si: erue Oi'\HHM cooTHOIIIemreM, CB.Sl3hIBaIOIIIHM 

rr0Be,11;em1:e BeKTopttoro noJI.si: Ha rpattnue o6Jiacnr c ero noBe,11;eHHeM BHYTPH o6Jiac

TH; B ,11;aHHOM cJiycrae aTO cooTHOIIIeHHe yCTaHaBJIHBaeT, qTo UHPKYJI.S1UH.S1 ITO KOHTY

PY i'\OJIJKHa 6hITh paBHa «qncJiy» JIHHHH, oxBaThrnaeMhIX KOHTypoM. 

,l{JI.si: JI<eJiaIOrrrHx BhIBeCTH TeopeMhI OCTporpa,11;cKoro-faycca n CrnKca MOJKHO 

peKOMeHll,OBaTb [ 1.4, c. 36]. 

1.6.3. TeopeMa rpMHa 
CHcTeMa ypaBHeHHH, onnchrnaroruHx BeKTOpHoe ITOJie, ITpHBOi'\HTC.si: K i'J;n¢¢epeHUH

aJihHOMY ypaBHemno npH 3a,!J;aHHhIX rpaHHqHhIX ycJIOBH.SIX, pemeHHe KOToporo He-

06xo,11;HMO HaHTH. qarue Bcero peIIIeHHe HaX0,11;.SIT MeTO,!l;OM pa3,!J;eJieHH.SI nepeMeHHhIX 

Hcxo,11;ttoro ypaBHeHH.SI H pa3JIOJKemrn no co6crneHHhrM ¢YHKIJ;H.SIM. TaKoll: MeTo,11; 

rrpHBO,!l;HT K n;eJIH IIp.SIMhIM rryTeM, ecJIH TOJihKO MOJI<HO HaHTH IIO,!J;XOAHIIIYIO ,!!;JI.SI: 

paccMaTpHBaeMhIX rpaHHU: CHCTeMy KOOp,!!;HHaT, ,11;orrycKaIOrrry10 pa3,!);eJieHHe ITepe

MeHHhIX B paccMaTpHBaeMOM ypaBHeHHH c qacTHbIMH rrpOH3BO,l(HbIMH. 0,11;HaKO pe-

3YJibTaT o6biqHo noJiyqaeTC.SI B BH,'l;e 6ecKOHeqHoro p.si:,11;a, KOTOphIH qacTo CXO,l(HTC.SI 

,!l;OBOJibHO Me,!J;JieHHO, qTo 3aTPYAH.SleT o6runll: aHaJIH3 IlOBe,l(eHHH peIIIeHHH B ueJIOM, 

ero oco6eHHOCTeH y KpaeB H T. ,!!;. ,l{JI.SI HeKOTOpbIX BH,!!;OB 3a,11;aq 6oJiee JKeJiaTeJibHO 

HMeTb perneHHe B 3aMKHYTOH ¢opMe, XOTH 6bI B ¢opMe HHTerpaJia, BKJIIOqarorrrero 

3aMKHYThie cPYHKUHH. 

B aTOM cJiycrae ncnoJih3YIOT ¢YHKUHH fpHHa. 3TOT MeTo,11; $H3HqecKH oqeBH,l(eH. 

,l{JI.SI IIOJiyqeHH.SI noJI.SI, rropoJI<,11;eHHOro HeKOTOphIM pacrrpe,11;eJieHHeM HCTOqHHKOB 

(3ap.si:,!!;OB, HCToqHHKOB TenJia H T. ,'!;.), no,l(cqHThIBaIOT a¢¢eKT OT KaJI<,!J;OH aJieMeH

TapHOH qacTH HcTOqHHKa H CKJia,!J;bIBaIOT Bee STH a¢¢eKThI. EcJIH G(r, fa) ITpe,11;

cTaBJIHeT co6oll: ITOJie B TOqKe Ha6JIIO,l(eHH.SI r , nopOIK,!l;eHHOe e,'l;HHHqHbIM TOqeqHblM 

HCTOqHHKOM B TOqKe HCTOqHHKa ?a , TO noJie B r , nopo:>K,!!;eHHOe COBOKynHOCThIO 

HCToqHHKOB, pacnpe,11;eJieHHbIX c IIJIOTHOCTbIO p(r0 ) , paBHO HHTerpany OT G · p no 

Bcell: o6JiacTH H3MeHemrn fa , 3aH.si::Toll: HCToqHHKOM. <DyHKUH.SI G Ha3hrnaeTc.si: 

ci>YHKIJ;Hell: fpirna. 

<DyttKUH.SI fpntta G(r, fa) 3aBHCHT oT rroJioJKeHn.si: ,11;Byx ToqeK: ToqKn Ha6JIIOll,e

HH.si:, B KOTOpOH noJie H3Mep.si:eTC.SI, HMeIOIIIe:ii pa,11;Hyc-BeKTOp r H KOOpi];HHaTbI 

X, y, z Ha6JIIO,!J;aTeJrn, ll ToqKH HCTOqHHKa, B KOTOpOH ITOMerrraeTC.SI e,11;HHnqHbIH RC

TOqHHK, HMeIOIIIHM pa,11;Hyc-BeKTOp r0 H KOOp,l(HHaTbI HCTOqHHKa X 0 ,y0 ,z0 • 

qT06br ITOJiycIHTh BITOJIHe CTpornii BhlB0,11; CBOHCTB cPYHKUllll fpnHa, MOJKHO BOC

IIOJih30BaTbC.SI BapnaHTOM TeopeMhI OcTporpa,11;cKoro-faycca. ,l{JI.si: JIIo6oll: 3aMKHy

TOH rroBepxttocTn S aTa TeopeMa, 3arrttcaHHM ¢opMyJio:H (1.16), yrnepJK,11;aeT, qrn 

IIOTOK JII06oro «,!!;OCTaToqHo rJia,!J;Koro» BeKTOpHoro IIOJI.SI qepe3 IIOBepxHOCTh s 
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(HapyJKy) paBeH HHTerpa.ny OT ,ll;HBepreHIJ;Hlf aTOro IIOJHI no BCeMy o6'beMy, 3a1uno

qeHHOMY BHYTPH S . IIo,n; ~,n;ocTaToqtto:H: nrn.n;KoCThIO» rroHHMaeTcJI TO, qTo BeKTop 
He ,ll;OJIJKeH IIMeTb pa3pbIBOB B BeJiuquHe HJIII B rrpOH3BO,ll;HOH Ha s H qTo ,ll;HBep

reHIJ;HJI HHTerpHpyeMa. 

PaccMoTpHM Terrepb ,n;Be ~,n;ocrnTOqtto rna,n;KHe» cKa.nJipHhie cPYHKUHH U(r) 

H V(T). Ilo HHM rrocTpOHM BeKTOPHYIO xapaKTepucrnKy U grad V. TeopeMa OCTpo

rpa,n;cKoro- faycca yTBepJK,n;aeT, qTo rroTOK aToro BeKTOpttoro rroJIJI qepe3 S paBeH 

HHTerpa.ny OT ,n;HBepreHUHH U grad V no o6oeMy, 3aKJIIOqeHHOMY BHYTPH S . TaK 
KaK 

div( U grad V) = (grad U) · (grad V) + U V2V, 

TO B yKa3aHHhIX BbIIIIe o603HaqeHIIJIX HMeeM (r,n;e dA. HarrpaBJieHO HapyJKy H3 06-

JiaCTII, 3aKJIIOqetttto:H: BHYTPH rpamIIJ;hI) 

:f u grad v. dA = JJJ (gradU. grad V)dv + JJJuv2 vdv. (1.18) 
L V V 

0,n;HaKO MOJKHO rroJiyqIITb TaKOe JKe COOTHOIIIeHIIe ,ll;JIJI ,n;pyroro BeKTOpa 
V grad U . Bb1qHTaJI o,n;Ho H3 ,n;pyroro, rroJiyqaeM: 

:f [U grad v - v grad U] · dA = ff f [ u v2v - v v2u] dv , (1.19) 
L V 

r,n;e IIOBepXHOCTHbIH HHTerpaJI 6epeTCJI OT HapyJKHOH HOpMaJibHOH KOMIIOHeHTbl 

BeKTOpa, 3aKJIIOqeHHOfO B KBa,n;paTHbie CK06KH, no 3aMKHYTOH IIOBepXHOCTH s ' 
a o6oeMHbIH HHTerpa.n 6epeTCJI OT CKaJIJipHOH BeJIHqHHbl B KBa,n;paTHbIX CK06Kax no 

BCeMy o6oeMy BHYTPH S. fpaHHqHaJI rroBepxttoCTh MOJKeT 6bITh KOHeqtto:H: (no rrpo
TJIJKeHHOCTH) HJIH 6ecKOHeqHOH. 

CooTHornem1e (1.19) MeJK,n;y rroBepxttoCTHhIM H o6oeMHhIM HHTerpa.naMH Ha3bI

BaeTCJI TeopeMOH fpHHa. <l>opMaJibHO OHa JIBJIJieTCJI qaCTHbIM CJiyqaeM TeopeMbl 
OcTporpa,n;CKoro- faycca. 

1. 7. TM noeb1e ~M<l><l>epeH '-'Man bH ble 
ypaeHeHM.R, onMcb1eat01QMe non.A 
1.7.1. AM<l><l>epeHL.t.ManbHble ypaeHeHM.A eToporo 
nopS1AKa c ABYM.A He3aBMCMMblMM nepeMeHHblMM 
Mttorne 3a,n;aqH MaTeMaTH'lecKo:ii cPH3HKH rrpnBo,n;JIT K .n;H¢¢epeHIJ;HaJihHhIM ypaB
HeHHJIM c qacTHhIMH rrpoH3BO,ll;HhIMH. Hatt6oJiee qacTo BCTpe'laIOTCJI .n;H¢¢epeHIJ;H

aJihHbie ypaBHeHHJI 2-ro rropJI,n;Ka c HeCKOJlbKHMH He3aBHCHMbIMH rrepeMeHHblMH. 

PaccMoTpHM ctta'la.na ,n;H¢¢epeHUHaJihHbie ypaBHeHHJI c .n;ByMJI He3aBHCHMhlMH ne
peMeHHhIMH. 

Ypa611e11ueM c 11.acmHbtMU npoU36odHbt.MU 2-w nop11iJ1ea c ,n;ByMJI He3aBHctt

MhIMH rrepeMeHHbIMH X, y Ha3bIBaeTCJI COOTHOIIIeHHe MeJK,n;y HeH3BeCTHOH cPYHKIJ;H

e:H: A(x, y) Hee qacTHhIMH rrpoH3BO,ll;HhIMH ,n;o 2-ro rrop5I,n:Ka BKJIIO'lMTeJibHo: 
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Fx A------=0 ( 
aA aA a

2
A a2A a2A) 

,y, 'ax' ay' ax2 'ay2 '8x8y . (1.20) 

AHaJionPIHO 3arrttchrnaeTCJI ypaBHeHtte H- ll:JUI 6oJibIIIero qttcJia He3aBHCHMhIX rre

peMeHHhIX. 

YpaBHeHtte ( 1.20) Ha3hrnaeTCJI JlU1teii.1tbtM om11qcumeJlb1tO cmaputux npoU3eoo

HbtX, eCJIH OHO HMeeT Billi: 

8
2 
A 8

2 
A 8

2 
A ( 8A 8A) a11--2 + 2a12 --+ a22 --2 +Fi x,y,A,-,- = 0' 

8x 8x8y 8y ax ay 
( 1.21) 

r.ue al I' a12' a22 JIBJIJIIOTCJI cpyHKUHJIMH x H y . 
EcJIH KoacpcpttutteHThI a1 P a12 , a 22 3aBHCJIT He TOJihKO OT x H y , a JIBJIJIIOTCJI, 

aA aA 
IIOA06Ho Fi, ¢YHKUHJIMH x, y, A,-,-, To TaKoe ypaBHeHtte Ha3hIBaeTcJI K6a3u-

8x 8y 

JlU1teU1tbtM. 

YpaBHeHHe Ha3bIBaeTCJI JlU1teU1tbtM, ecmI OHO JIHHeHHO KaK OTHOCHTeJibHO 

a2A 8 2A 82A 
CTapIIIHX rrpOH3BOJl:HhIX --2 '--2 ' -- ' TaK H OTHOCHTeJibHO cpyHKUHH A H ee 

ax ay 8xay 

aA aA 
rrepBbIX rrpott3BO,llHhIX - ' - : 

ax ay 

(1.22) 

rAe a11'a12'a22' b1'b2,c,f - <l>YHKUHH TOJlhKO x H y. 
EcJIH Koacpcpmi;tteHThl ypaBHeRHJI (1.22) He 3aBHCJIT OT x H y' TO OHO rrpeA

CTaBJIJieT co6o:i1 JIHHeii:Hoe ypaBHeHHe c rrocTOJIHHhIMH KoacpcpttutteHTaMH. YpaBHe

HHe Ha3hrnaeTcJI 0011opoo1tbt.M, ecJitt f ( x, y) = 0. C rroMOIIIhIO rrpeo6pa3oBaHHJI rre

peMeHHhIX 

~ = cp(x, y), Tl= <1>(x, y), 

Jl:OIIYCKaIOmero o6paTHOe rrpeo6pa30BaHHe, MO)KHO IIOJiyqHTb HOBOe ypaBHeHHe, 3K

BHBaJieHTHOe HCXOJl:HOMy. EcTeCTBeHHO IIOCTaBHTh BOrrpoc: KaK Bb16paTh ~ H Tl' 
qT06bI ypaBHeHHe B 3THX rrepeMeHHhIX HMeJIO Hatt6oJiee rrpocTyIO cpopMy? 

.llaAHM OTBeT Ha IIOCTaBJieHHhlll BOilpOC ll:JlJI ypaBHeHHH, JIHHeHHbIX OTHOCHTeJihHO 

CTapIIIHX IlpOH3BOJl:HblX Bllll:a (1.20), c ll:BYMJI He3aBHCHMhIMH rrepeMeHHbIMH x H y: 

a
2
A a

2
A a

2
A ( aA aA) a11 --2 +2a12 --+a22 --2 +F x,y,A,-,- =0. 

ax 8x8y 8y ax ay 

Ilpeo6pa3yJI npoH3BOJl:Hbie K HOBhIM rrepeMeHHhIM, TIOJiyqaeM: 
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r.ue 

DA DA DA 
ax = ai; sx + &rt 11x , 

aA aA aA 
Dy= ai; Sy+ &rt 11y, 

i:. _as. i:. _as. 1'I _&rt. 1'I _&rt . 
...,x - OX' ...,y - Dy ' 'Ix - OX' 'ly - Dy ' 

a2s a2ri a2~ a2ri 
s= = -a 2 ' ri= = -a 2 ' ~xy = -a !::\ ' T\xy = -a a · x x · xuy x y 

(1.23) 

IIo,n;cTaBJuu1 3Haqemu1 rrpomBo,UHhIX H3 (1.23) B ypaBHeHHe (1.21), ITOJiyqHM: 

_ 82 A _ 82 A _ 82 A -
a11 Ds2 + 2a12 Dl;&r\ + a22 &r\2 + F = 0, (1.24) 

r.ue 

au = aus: + 2a12SxSy + a22s!, 
ll12 = a11 Sx11x + a12 <~x T\y + T\xSy) + G22Sy T\y ' 

- 2 2 2 G22 = G11T\x + G12T\xT'ly + G2211y' 

a <f:>yttKu;m1 F ae 3aBHCHT oT BTOphlx rrpoH3BO,UHhIX. 3aMeTHM, qTo ecJIH Hcxo.uttoe 

ypaBHeHHe JIHHeHHO, T. e. 

( 
DA DA) DA 8A 

F X, y, A, ox ' ay = bl ax + b2 8y + cA + I ' 

TO F HMeeT BH.n; 

TO eCTb ypaBHeHHe OCTaeTC51 JIHHeHHblM. 0TMeTHM, qTO eCJIH rrpeo6pa3oBaHHe ne

peMeHHblX JIHHeHHO, TO F = F,. ' TaK KaK BTOpbie rrpoH3BO.UHbie OT s H Tl B <f:>opMy-
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Jiax (1.23) paBHbI ttymo H F He rroJ1yqaeT .uo110J1m1TeJ1hHhrx cJiaraeMhIX OT rrpeo6-

pa30BaHHH BTOpbIX IIpOH3BO,UHbIX. 

Bh16epeM rrepeMeHHbie ~ H fl TaK, qT06bI Koa<P<PHI(HeHT a11 6bIJI paBeH HYJIIO. 

PaccMoTpHM ypaBttemre c qacTHbIMH rrpoH3BO,UHbIMH 1-ro rropH,UKa 

au (8z)2 + 2a12 oz oz+ a22 (8z)2 = 0. 
ax ax ay ay 

( 1.25) 

IlycTh z = <p(x, y) - KaKoe-ttu6y.uh qacTHoe pemeHHe aToro ypaBHeHHH. Ecmi: 

IIOJIOJKHTb ~ = <p(x, y) ' TO Koa<t><Pnl(HeHT all 6y,UeT paBeH HYJIIO. TaKHM o6pa30M, 

yrroMHHYTaH Bhrme 3a,Uaqa. o Bb16ope HOBbIX He3aBHCHMbIX rrepeMeHHbIX CB.srnaHa 

c pememi:eM ypaBHeHHH (1.25). 

,401ca:J1CeM cJ1eiJy10114ue JleMMbl 

1. EcJIH z = <p(x, y) HBJIHeTcH qacTHbIM pemeHHeM ypaBHeHHH 

2 ( )2 oz oz oz oz au(-) +2a12--+a22 - =0, 
ax ax ay ay 

TO COOTHOllleHHe cp(x,y) = c rrpe,UCTaBJIHeT co6o:H o6II(HH HHTerpaJI o6bIKHOBeH

Horo .UH<t><t>epeHI(HaJlbHOro ypaBHeHHH 

(1.26) 

2. EcJIH cp( x, y) = C rrpe,UcTaBJIHeT co6o:H o6mu:H HHTerpaJI 06b1KHOBeHHoro .ll:H<P

<t>epettu;naJihHoro ypaBHeHHH 

a11dy2 
- 2a12dxdy + a22dx2 = 0, 

TO <PYHKlJ;HH z = cp(x, y) Y.ll:OBJieTBopHeT ypaBHeHHIO (2.6). 

,401ca:J1Ce.M nep8y10 JZeM.My. IlocKOJlbKY <PYHKlJ;HH z = cp(x,y) Y.UOBJiernopHeT 

ypaBHeHHIO ( 1.25), TO, pa3,UeJIHB ( 1.25) Ha ( ~; r , IIOJlyqHM paBeHCTBO 

a,, ( ::J'-2'", (-::]+a,,~ 0, (1.27) 

r.ue <px = ~=' <py = ~= 7' 0' KOTOpoe HBJIHeTCH TOJK,UeCTBOM, TaK KaK Y.ll:OBJieTBOpH

eTCH ,UJIH Bcex x, y B TOH 06J1aCTH, r.ue 3a,UaHo pemeHHe. CooTHorneHHe cp( x, y) = C 

HBJIHeTCH o6II(HM HHTerpaJIOM ypaBHeHHH ( 1.26), ecJIH <l>YHKlJ;HH y, orrpe,UeJieHHaH 

H3 ReHBHoro coornomeRHH <p(x,y) = C, y.UOBJiernopHeT ypaBReHHIO (1.26). IlycTb 

ypaBHeHHe <p(x,y) = c orrpe,UeJIHeT HeHBHYIO <l>YHKll;HIO y = y(x). Ilo,UCTaBHB ee 
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B <p(x,y) = C, IIOJI)"IHM TOJK,n;ecTBo cp(x,y(x)) = 0. IIpo,n;tt<P<l>epem:i:ttpyeM o6e qac

TH 3TOro TO:JK,n;ecTBa no x . IloJiyqHM acp = a<i> ay = 0 ' OTKy,n;a CJie,n;yeT 
ax ay ax 

dy [cpx(x,y)l 
dx = - cpy(x,y) y~J(x,C)' 

(1.28) 

r,n;e CK06KH H 3HaqoK y = /(x,C) yKa3bIBaIOT, qTQ B rrpaBOH qacTH paBeHCTBa (1.28) 
rrepeMeHHa.sI y He .sIBJI.sieTC.sI He3aBHCHMOH rrepeMeHHOM, a HMeeT 3HaqeHHe, paBHOe 

/(x,C). 0Tcro,n;a cJie,n;yeT, qrn y = /(x,C) y,n;oBJieTBopaeT ypaBHeHHIO (1.26), TaK 

KaK 

al1 (ay)2 - 2a,2 ay + a22 = all [- q>x )2 - 2a,2 [- 'l>x l + a22 = 0' 
ax ax <py <py 

y~/(x,C0 ) 

IIOCKOJil>KY Bbipa:>KeHHe B KBa.ZJ:paTHblX CKo6Kax paBHO HYJIIO rrpH Bcex 3HaqeHH.sIX 

X, y' a He TOJibKO rrpH y = /(x,C). 

ft01ca:»ceM Bmopy10 JleMMy. IlycTb <p(x,y) = C - o6ni:n:ii HHTerpaJI ypaBHeHHa 

( 1.26). L{oKa:>KeM, qrn 

a11 cp; + 2a12 <px<py + a22 <p! = 0 (1.27') 

,n;Jia Jiro6on rnqKH ( x, y ). IIycTb ( x0 , y0 ) - KaKM-Htt6y,n;1> 3a.ZJ:aHHM TOqKa. EcJIH 

Mbl .ZJ:OKa:>KeM, qTQ B Hen y,n;oBJieTBOpSieTCSI paBeHCTBO ( 1.27'), TO OTCIOAa B CH.JI)' 

rrpoH3BOJibHOCTH ( Xo•Yo) 6y,n;eT CJie,n;oBaTb, qTQ paBeHCTBO (1.27') eCTb TO:JK,n;ecTBo 

H cPYHKIJ;H.sI cp (x, y) 51BJI.sieTC.sI perneHHeM ypaBHeHH.sI ( 1.27'). IlpOBe,n;eM qepe3 TOqKy 

(x0 ,y0 ) HHTerpaJinHYIO KpHBYIO ypaBHeHH.sI (1.26), rroJiarM <p(x0 ,y0 ) = C0 , H pac

CMOTpHM KpHBYIO y = J (x, C0 ). QqeBH,ll;HO, qTO Yo = J (x0 , C0 ). L{AA Bcex ToqeK 

3TOH KpHBOM HMeeM: 

IloJiarM B IIOCJie,n;HeM paBeHCTBe x = Xo ' IIOJiyqHM: 

allcp;(xo, Yo)+ 2a12<rx(Xo,Yo)cpy{xo,Yo) + a22cp~(Xo, Yo)= 0 • 

qTQ H Tpe6oBaJIOCb ,n;oKa3aTb. y CTaHOBJieHHM CB.sI3b ypaBHeHHH ( 1.25) H ( 1.26) 3K

BHBaJieHTHa H3BeCTHOH CB.sl3H [ 1.5] Me:JK,n;y JIHHeHHbIM ypaBHeHHeM c qacTHblMH 

rrpoH3BO.ZJ:HblMH 1-ro rropSIAKa H CHCTeMOH 061>1KHOBeHHbIX ,n;n<P<l>epeHIJ;HaJibHblX 

ypaBHeHHH. B 3TOM HeTpy,n;Ho y6eAHT1>ca, pa3JiaraSI JieBy10 qacT1> ypaBHeHH.sI ( 1.25) 
B rrpOH3Be,n;eHn:e ,n;Byx JIHHellHblX ,n;n:<P<PepeHIJ;HaJibHbIX Bbipa:>KeHHll. 

YpaBHettn:e ( 1.26) Ha31>rnaeTca xapmcmepucmu'leC1CUM ,n;AA ypaBttettn:a ( 1.21 ), 
a ero HHTerpaJibI - xapa1Cmepucmu1Ca.MU. 
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IloJiara.H 'ITO ~ = cp(x, y), r.n:e cp(x, y) =canst, eCTb o6m:nii HHTerpaJI ypaBHemrn: 

(1.26), o6pam:aeM B HY.lib K03<l>qrn:n:neHT rrpH o 2A/ o~2 • EcJIH <\>(x,y) =canst HBJIH

eTCH Ll:PYrHM o6m:HM HHTerpaJIOM ypaBHeHHH (1.26), He3aBHCHMbIM OT <p(x,y)' TO, 

rroJiara.H 11 = G>(x, y) , o6paTHM B HY.lib TaK)Ke H K03cPcPH:U:HeHT rrpn 0 2 A/ 8112
. 

YpaBHeHHe (1.26) pacrra.n:aeTCH Ha ,n:Ba ypaBHeHHH: 

dy a12 + ~ai2 - a11a22 • 

dx a11 
(1.29) 

dy a12 - ~ai2 - a11a22 
-=--~----
dx a11 

(1.30) 

3HaK IIO.D:KOpeHHOfO Bbipa)KeHHH orrpe.n;eJIHeT THII ypaBHeHmI ( 1.21 ): 

o
2
A o

2
A o

2
A ( oA oA) a11 --2 +2a12 --+a22 --2 +F x,y,A,-,- =0. 

ox ox&y &y ox &y 

3rn ypaBHeHHe MbI 6yLJ:eM Ha3bIBaTb B TO'IKe M ypaBHemi:eM: 

o iunep60J1u~ecKoio muna, ecJIH B TO'IKe M ai2 - a11 a22 > 0 , 

o aJlJlunmu~ecKoio muna, ecJIH B TO'IKe M ai2 - a11 a22 < 0, 

o napa60J1u~eCKoio muna, ecJIH B TO'IKe M a~ - a11 a22 = 0 . 

HeTpy.n:Ho y6e.n;HTbC51 B rrpaBHJibHOCTH COOTHOIIIeHHH 

H3 KOTOporo CJie.n:yeT HHBapHaHTHOCTb THITa ypaBHeHHH rrpH rrpeo6pa30BaHHH rrepe

MeHHbIX, TaK KaK cPYHK:U:HOHaJibHbIH orrpeLJ:eJIHTeJib (HK06HaH) D rrpeo6pa30BaHHH 

rrepeMeHHbIX oTJIH'IeH OT HYJIH. B pa3JIH'IHbIX TO'IKax o6JiacTH orrpe.n;eJieHHH ypaB

HeHHe MO)KeT rrpHHa,n:Jie)KaTb pa3.71H'IHblM THITaM. 

PaccMoTpHM o6JiaCTb G , BO Bcex TO'IKax KoTopoii ypaBHeHHe HMeeT O.D:HH H TOT 

)Ke nm. liepe3 Ka)KLJ:YIO TO'IKY o6JiacTH G rrpoxo.n;HT ,n:Be xapaKTepHCTHKH, rrpH'IeM 

LJ:JIH ypaBHeHHH rHrrep6oJIH'IeCKOfO THITa xapaKTepHCTHKH LJ:eHCTBHTeJibHhl H pa3-

JIH'IHbl, .D:JIH ypaBHeHHH 3JIJIHIITH'IeCKOfO THITa - KOMITJieKCHbl H pa3.71H'IHbl, a .D:JIH 

ypaBHeHHH rrapa6oJIH'IeCKOfO nrna o6e xapaKTepHCTHKH .n:eiiCTBHTeJibHbl H COBITa

LJ:aIOT Me)K.n:y co6oii. 

Pa36epeM Ka)KLJ:bIH H3 3THX cnyqaeB B OTLJ:eJibHOCTH. 

1. )lJIH ypaBHeHHH rHrrep6oJIH'IeCKOfO THITa ai2 - a11a22 > 0 H rrpaBbie 'IaCTH 

ypaBHeHHH (1.29) H (1.30) LJ:eHCTBHTeJibHbl H pa3JIH'IHbl. 06.m:He HHTerpaJibl HX 

<p( x, y) = C H qi( x, y) = C orrpe.n;eJIHIOT .n:ell:cTBHTeJibHbie ceMeiicrna xapaKTe

pHCTHK. IloJiafa.H 

~ = <p(x,y), 11 = <\>(x,y), 

&2A 
rrp1rno,n:HM ypaBHem1e (1.24) IIOCJie .n;eJieHHH Ha K03<P<l>Hl(HeHT rrpH -- K Blf.D:Y 

&~811 
2 Ne 6063 
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82A -<!>[~ A 8A 8A) 
a~&ri - "'' fl, ' a~ ' &ri ' 

(1.31) 

r,n;e 

F <!>=--. 
2~2 

3TO - TaK Ha3bIBaeMM 1CQ11011Uttec1Ca1l <t>opMa ypaBHeHMH rnrrep60JIM'leCKOfO 

TMIIa. qaCTO IIOJib3YIOTCH BTOpOH 1Cll11011UtteC1COU <t>opMOH. IloJIO)KMM 

TO eCTb 

a= ~+T\ A= ~-T\ 
2 '... 2 ' 

r,n;e a n ~ - HOBbie rrepeMeHHbie. Tor,n;a 

8A =_![8A 8A) 8A =.!('8A _ 8A) 82A =_![82A _ 82A)· 
a~ 2 aa + a~ ) &rt 2 aa a~ ' a~&ri 4 aa2 a~2 

B pe3yJihTaTe ypaBHettne (1.31) rrpnMeT BM,n; 

a2A _ a2A =<I> (a A aA aA) 
aa2 a~2 I '~' ' aa ' a~ . 

2. )lJIH ypaBHeHMH rrapa60JIM'leCKOfO TMIIa ai2 - ll11llz2 = 0 ypaBHeHMH (1.29) 
M (1.30) COBIIa,n;aIOT, M IIOJiyqaeTCH O,ll;MH 06II1MH MHTerpaJI ypaBHeHMH (1.26): 
cp(x, y) =canst. IloJIO)KMM B 3TOM c.71yqae 

~=cp(x,y) M T\=T\(X,y), 

r,n;e T\ ( x, y) - JII06aH <i>YHKllMH. Ilpn TaKOM BbI6ope rrepeMeHHbIX KOa<l><t>n11neHT 

a1, =a" (a~)2 + 2a,2 a~ a~+ a22 (a~)2 = [..ra:: a~+ [ti;;. a~)2 = o, ax ax ay ay ax ay 
TaK KaK ll12 = ..ra:: [ti;;. ; OTCIO,D;a CJie,n;yeT' 'ITO 

a2A 
IlocJie ,n;eJieHMH ypaBHeHMH ( 1.24) Ha KOa<t><t>n11neHT rrpn &r\2 IIOJIY'IMM KaHo-

HM'!eCKYIO <t>opMy ,ll;JIH ypaBHeHMH rrapa60JIM'leCKOro TMIIa 
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8
2
A ( 8A 8A) F 

&rt2 = <!J ~'µ,A, 8~ ' &rt ' <!J = - Ciz2 . 

8A 
EcJu1 B rrpaBy10 qacTh He BXO,ZJ;MT - , TO aTo ypaBHeHMe 6y,11;eT o6hIKHOBeHHhIM 

8~ 
,11;mp<t>epeH1(MaJihHhIM ypaBHeHHeM, 3aBMCHI1(MM OT ~ ' KaK OT rrapaMeTpa • . 

3. J];JIH ypaBHeHMH 3JIJIHITTJiqec1<oro THrra ai2 - a11 a22 < 0 H rrpaBhie qacTH ypaB

HeHMM (1.29) M (1.30) KOMIIJieKCHhI. IIycTh <p(x,y) = c - KOMIIJieKCHhIM MHTe

rpaJI ypaBHeHMH (1.29). Tor,11;a cp*(x,y) = C, r,11;e cp* - corrpHJKeHHaH I< <p <Pytt1<-

1(M.SI, 6y,11;eT rrpe,Zl;CTaBJIHTh co6oll: 06m:11ll: HHTerpaJI corrpHJKeHHOro ypaBHeHMH 

(1.30). IIepell:,a:eM I< 1<0MrrJie1<CHhIM rrepeMeHHhIM, rroJiaraH ~ = <p(x, y), 
11 = <p* (x, y). II pH 3TOM ypaBHeHHe 3JIJIMIITJiqec1<oro THIIa rrpHBOlJ:MTCH K TaKOMY 

JKe BH,11;y, qTO H rnrrep60JIMqec1<oe. 
1ITo6bI He MMeTh ,ZJ;eJia c KOMIIJieKCHhIMM rrepeMeHHhIMM, BBe,a:eM HOBhie rrepeMeH

Hhie a M 13 , paBHhie 

TaK qTo 

B aTOM cJiyqae 

TO eCTh 

82A 
YpaBHeHMe ( 1.24) rrocJie ,11;eJieHirn Ha Koa<t><t>M1(MeHT rrpH --2 rrpHHMMaeT BM,a: 

8a. 

8
2
A + a2

A = <JJ(a. A A 8A 8A) <JJ = _ F 
8a.2 8j32 , .... , '8x' 8y ' Zi22 . 

IIo,a:o6Hoe rrpeo6pa3oBaHMe JaI<OHHO TOJihKO B TOM CJiyqae, ecJIM 1<oa<t><t>mi;MeHThI 

ypaBHeHMH ( 1.21) aHaJIMTMqec1<Me <l>YHK1(MH. Jlell:CTBMTeJibHO, ecJIH 

ai2 - a11a22 < 0' TO rrpaBhie qacTM ypaBHeHHM (1.29) H (1.30) KOMIIJieKCHhI, 

a, CJIC,Zl;OBaTeJihHO, <l>YHK1(MH y ,Zl;OJIJKHa MMCTh KOMIIJICKCHhie 3HaqeHMH. 0 pemeHMM 
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:3THX ypaBHeHHH MOJKHO roBOpHTh JIHIDh B TOM cnyqae, KOrtJ;a KOacpq>H:a;HeHThl 

aik (x, y) onpe.n:eJieHhl ,Zl;Jl51 KOMIIJieKCHhIX 3HaqeHHH y . II pH npHBe.n;eHHH ypaB

HeHH51 :3JIJIHIITHqecKoro THIIa K KaHOHHqecKOH cpopMe orpaHHqHMC51 CJiyqaeM 

aHaJIHTHqecKHX K0:3cpcpH:a;HeHTOB. 

TaKHM o6pa30M, B 3aBHCHMOCTH OT 3HaKa BhlpaJI<eHH51 a~2 - a11a22 HMeIOT MecTo 

CJie.n;yIOI:a;He KaHOHHqecKHe cpopMhl ypaBHeHH51 ( 1.21): 

2 v a2 A a2 A a12 - a11a22 > 0 (iunep60Jtuttec1euu mun) --2 - --2 = <JJ (1.21 *) 
ax ay 

o2A 
HJIH -- = <JJ, (1.21 **) 

axay 

2 v a2 A a2A a12 - a11a22 < 0 (a.ll.llunmuttec1euu mun) -
2 
+-2 = <JJ, (1.21 ***) 

ax oy 

a;2 - a11a22 = 0 (napa6oJlUtteC1CUU mun) 
02~ = <JJ. (1.21 ****) 
ax 

1. 7. 2. AM<l><l>epeH._..ManbHble ypaeHeHMJ1 
BTOporo nopJ1AKa co MHOrMMM 
He3aBMCMMblMM nepeMeHHblMM 

PaccMoTpHM JIHHeii:ttoe ypaBHeHHe c .n:eiicTBHTeJihHhIMH Koacpcpn:u;neHTaMH 

n n a2A n oA 
,L:,L:aii--+ ,L:b;-+cA=f =0, aii =aji, 
j=1 i=1 OX;OXj i=1 OX; 

( 1.32) 

r.n:e aij' b;' c, f 51BJI51IOTC51 cPYHK:U:H51MH Xp X2 ,. . ., xn . BBe.n;eM HOBhie He3aBHCHMhie rre

peMeHHhie ~k ' IIOJiarM 

Tor.n:a 

a~k (J,ik =-. 
OX; 

IIo.n:CTaBJI5151 BhipaJKeHH51 ,Zl;JI51 rrpoH3BO,Zl;HhIX B ncxo.n:ttoe ypaBHeHHe, nonyqnM: 

n n - a2A n - oA 
,L: ,L: ak1 --+ L bk - + cA = f = 0 , 
k=I l=I a~ka~1 k=I a~k 
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r.ue 

(1.33) 

Koa<t><t>MIJ;IICHTbI KOTOpo:H paBHbI Koa<t><t>m~MeHTaM aij MCXOtJ,HOfO ypaBHCHM.SI B He

KOTOpo:H TO'IKe M 0 ( x?, x~, ... , x~). IlpoM3BO.ll:.R Ha,u nepeMeHHhIMM y JIMHeHHoe npe

o6pa3oBaHMe 

n 

Y; = 2:au.rh, 
k=I 

noJiyqMM ,UJI.SI KBa,upaTM'ICCKOH <t>opMbl HOBOe Bbipa:>KeHMC 

tta~1llk1l1 • 
i=I j=I 

r,ue 

TaKMM o6pa3oM, Koa<t><t>MUMCHThI rnaBHOH qacTM ypaBHeHM.SI M3MeH.SIIOTCSI aHaJIO

rH'IHO K03<l><l>MUMCHTaM KBa,upaTM'leCKOH cpopMbl npM JIMHCHHOM npeo6pa30BaHMM. 

KaK M3BeCTHO, BhI6orOM COOTBeTcTBy10mero JIMHCHHoro rrpeo6pa30BaHM.SI MO:>KHO 

rrpMBeCTM MaTpMUY (a~ KBa,upaTM'ICCKOH <t>opMbl K ,UMafOHaJibHOMY BM.Uy, B KOTO

poM ja~ I = 1 , JIM6o O; aii = 0 ], i ~ j, i = 1, 2,, n . 
CorJiacHo 3aKoHy MHepUMM 'IMcJio rroJIO:>KMTeJibHhIX, OTPMUaTeJibHhIX M paBHhIX 

HYJIIO K03<l><l>MUMCHTOB ll;~ B KaHOHH'leCKOM BMtJ,e KBa,upaTM'lHOH cpopMbl MHBapH

aHTHO OTHOCMTCJibHO JIHHCHHOro rrpeo6pa30BaHH.H. 

Ha3oBeM ypaBHeHHe ( 1.32) B TO'IKe M 0 ypaBHeHHeM 3JlJl.unmutt.ec1cow THna, 

eCJIH Bee n K03<t><t>nuHeHTOB ll;~ O,UHOfO 3HaKa; zunep60J1utt.eCICOlO THTia (HJIH HOp

MaJibHOfO rnrrep60JIH'ICCKOrO THrra), eCJIH n -1 Koa<t><t>HUHCHTOB {ii~ HMCIOT O,UHHa

KOBblM 3HaK, a O,UHH K03<l><l>HUHCHT rrpoTHBOITOJIOJKeH HM no 3HaKy; !IJl'bmpazunep-
60J1Utt.eCICOlO THTia, eCJIH cpe,uH ll;~ MMeeTC.SI m Ko3<t><l>HUHCHTOB OtJ,HOrO 3HaKa 

11 n - m rrpoTHBOTIOJIO:>KHoro 3HaKa ( m, n - m > 1 ); napa60J1utt.ec1eow THrra, ecJIM 

xorn 6b1 o,u11H H3 Koa<t><t>MUHCHTOB a;~ paBeH HYJIIO. 

Bb1611pa.SI HOBhie He3aBHCHMbie nepeMeHHbie ~; TaK, 'IT06b1 B TO'IKe M 0 

a~k o 
aik =--=au., 

OX; 

r.ue a~ - Ko3<t><t>11uueHTbl npeo6pa30BaHH.SI, npMBO.ll:.Simero KBa,upaTH'lCCKYIO <t>opMy 

( 1.33) K KaHOHM'ICCKOMY BM.UY (HarrpMMep, ITOJiara.SI ~k = 2= a~xi ), TIOJiyqMM, 'ITO 
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B TOlJKe Mo ypaBHeHife B 3aBHCHMOCTH OT THIIa rrpHBOJJ:HTC51 K OJJ:HOM H3 CJie,n:yIO

IIJ;HX KaHOHH'IeCKHX cpopM: 

82A 8 2A 8 2A 
--2 +--2 + ... +--2 + (/) = 0 (3JIJIHIITHlJeCKHM THrr); 
OX1 OX2 axn 

82A n 82 A 
--2 = E--2 + C/J (nmep6oJIHtJecKHM THrr); 
OX1 i-2 OX; 

• fiA n o2A E--2 = E --2 + C/J ( m > 1, n - m > 1) (yJihTparnrrep6oJIHlJecKHM THrr); 
i=I OX; i=m+1 OX; 

n-m 02A E--2 + C/J = 0 ( m > 0 ) ( rrapa6oJIH'IecKHM THII ). 
i=I OX; 

TaKHM o6pa3oM, ecJIH ypaBHeHHe ( 1.32) B HeKornpo:H: TO'IKe M rrpHtta,n:Jie)KHT 

K orrpe,n:eJieHHOMY THrry, TO ero MO)KHO rrp1rnecTH K COOTBeTCTBy10ru;e:H: KaHOHHlJe

CKOM cpopMe B arn:H: TO'IKe. 

PaccMoTpHM rro,n:po6ttee Borrpoc o TOM, MOJKHO JIH rrpHBeCTH ypaBHeHMe K KaHo

HH'IeCKOM cpopMe B HeKOTOpo:H: OKpeCTHOCTH TO'IKH M, eCJIH BO BCeX TOlJKax 3TOM 

OKpeCTHOCTH ypaBHeHHe rrpHHa,D;Jie)KHT K OJJ:HOMY H TOMY )Ke TJmy. 

,llm1 rrpirne,n:emrn ypaBHeHH.SI B HeKOTOpOH o6JiaCTH K KaHOHH'IeCKOMY BHJJ:Y 

rrpHlllJIOCb 6bl cpyHKU:HH ~;(XpX21···•xn), (i=1,2, ... ,n) IIOJJ:'IHHHTb ,n:HcpcpepeHU:H

aJibHbIM COOTHOIIIeHH.HM akl = 0 , JJ:JI.H k 7: [ . qHCJIO 3THX YCJIOBHM, paBHOe 

0, Sn(n -1), rrpeBocxo,n:HT n - 'IHCJIO orrpe,n:eJI.HeMhIX cpyHKU:HM ~ rrpH n >3. ,llJI.H 

n = 3 He,n:HaroHaJibHbie 3JieMeHTbl MaTpHU:bl ( llu, ), B006Ju;e I'OBOp.H, MO)KHO 6hIJIO 6bI 

o6paTHTb B HYJIH, HO rrpH 3TOM ,n:HarOHaJibHbie 3JieMeHTbl MOryT OKa3aTbC.H pa3JIHlJ

HbIMH. 

CJie,n:oBaTeJibHO, rrpH n 2 3 ypaBHeHHe tteJib3.H rrpHBecTH K KaHOHHtJecKoMy BH,n:y 

B OKpecTHOCTH TO'IKH M. IlpH n =2 MO)KHO o6paTHTh B HYJih e,n:HHcTBeHHhIM He

,n:HaroHaJihHhIM KoacpcpHu;HeHT H y,n:oBJieTBopHTh ycJIOBHIO paBettcTBa ,n:Byx ,n:Haro

HaJibHhIX KoacpcpHU:HeHTOB, 'ITO H 6bIJIO c,n:eJiaHO B pa3,n:eJie 1. 7 .1. 

EcJIH K03cpcpnu:HeHTbI ypaBHeHH.H (1.32) IIOCTO.HHHbI, TO, rrpHBOJJ:.H (1.32) K Ka

HOHH'IeCKOM cpopMe B OJJ:HOM TOlJKe M, IIOJIYtJHM ypaBHeHHe, rrpHBe,n:eHHoe K KaHo

HH'IeCKOM cpopMe BO BCeM o6JiaCTH orrpe,n:eJieHH.H ypaBHeHH.H. 

1.7.3. KaHOHMILleCKMe <1>opMb1 nMHeMHblX ypaeHeHMM 
c noCTOHHHblMM K03<l><l>M'-'MeHTaMM 

B cJiyqae ,n:Byx He3aBHCHMhlX rrepeMeHHhIX JIHHe:ifttoe ypaBHeHHe 2-ro rrop.H,n:Ka c rro

CTO.HHHhIMH Koacp¢HU:HeHTaMH HMeeT BH,n:: 

o 2A 82A o 2A oA oA 
a11 - 2 +2a12 --+a22 - 2 +b1-+b2-+cA+f(x,y)=O. (1.34) 

ax 8x8y ay ox oy 

EMy COOTBeTcTByeT xapaKTepHCTHlJeCKOe ypaBHeHHe c IIOCTO.HHHbIMH K03cpcpH

U:HeHTaMH. Il03TOMY xapaKTepHCTHKH 6y,n:yT rrp.HMbIMH JIHHH.HMH 
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ecmi: i'lJICKpHMl1HaHT 6oJihrne ttymi:. 

c IIOMOID;blO COOTBeTCTBYIOID;ero rrpeo6pa30BaHl1SI rrepeMeHHhIX ypaBHeH11e ( 1.34) 
rrp11BO,l(HTCSI K O,l(HOM 113 rrpocTeMIIIl1X cpopM: 

Jlmr .zi:aJihttell:rnero yrrpom;eHHH BBe.n:eM BMecTO A(~, 11) H0By10 cpyHKJlHIO 

B(~, 11): 

A= eA.S+µ11 ·B, 

r.zi:e ').. 11 µ - Heorrpe.n:eJieHHbie IIOKa IIOCTOSIHHhie. 

Tor.zi:a 

IIo.n:cTaBJISISI Bblpa1KeH11.si .l(JIH rrpoH3BO,l(HhIX B ypaBHeH11e ( 1.35) 11 coKpam;a.si 3a

TeM Ha eAJ;+µT] ' IIOJiyqHM: 
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IIapaMeTpbl 'A H µ BbI6HpaeM TaK, qTo6bl ,n;Ba Koa<P<Pm~HeHTa, HarrpHMep, rrpH 

rrepBbIX rrpoH3BO,Zl;HbIX, o6paTHJIHCb B HYJib ('A = -0, 5b1; µ = -0, Sb2 ). B pe3yJibTaTe 

IIOJiyqHM: 

tJ2B tJ2B 
8~2 + &ri2 + yB + ft = 0 ' 

r,n;e y - rrocTOjlHHCUI, Bb1pa)Ka10mCUicjI qepe3 c, b1 H b2 , ft = f · e -('"~+µTl) • 
KaK 6bmo OTMeqeHo B pa3,n;eJie 1.7.2, ypaBHeHHe c rrocTOjlHHbIMH Koa<P<PHllHeH

TaMH B CJiyqae HeCKOJibKHX He3aBHCHMblX rrepeMeHHblX 

" " 82A " aA 
L:Eaij--+ L:bi-+cA+f =0 
i=l j=l axiaxj i=l OX; 

rrpH IIOMOmH JIHHeHHOfO rrpeo6pa30BaHH.H rrepeMeHHbIX rrpHBO,Zl;HTC.H K KaHOHHqe

CKOMY BH,n;y O,Zl;HOBpeMeHHO ,ZJ;Jljl BCex ToqeK o6JiaCTH ero orrpe,n;eJieHHjl. 

BBO,ZJ;jl BMecTo A(~, Tl) HoByIO <l>YHKllHIO B(~, Tl) 

A(~, Tl)= B(~, T\). e'"'x' +A2X2+ .. +A.x, 

H BbI6HpCUI HY)KHbIM crroco6oM 'Ai , MbI MO)KeM ,ZJ;aJibIIIe yrrpocTHTb ypaBHeHHe, qTo 

rrpHBO,Zl;HT Hae K KaHOHHqecKHM <PopMaM, CXO,Zl;HblM co CJiyqaeM n = 2 . 

KoHTponbHble eonpocb1Krnaee1 
1.1. qTo TaKoe rroJie? KaKHMH <l>YHKllHjlMH OHO xapaKTepH3yeTcjl? 

1.2. KaKHe BH,Zl;bl IIOJieH BaM H3BeCTHbl H r,n;e OHM HCIIOJib3YIOTCjl? 

1.3. Ha30BHTe OCHOBHbie CBOHCTBa CKaJijlpHbIX rroJieit IlpHBe,n;HTe rrpHMepbI. 

1.4. Ha30BHTe ocHOBHble CBOHCTBa BeKTOpHbIX rroJieii:. IIp1rne,n;HTe rrpHMepbI. 

1.5. Ha30BHTe OCHOBHble ,n;H<P<l>epeHI1HaJibHbie orrepaTOpbI, HCIIOJib3YeMbie rrpH 

aHaJIH3e IIOJijl. 

1.6. qTO TaKOe pomp (HJIH BHXpb) IIOJljI H KaK OH orrpe,n;eJijleTCjl? 

1.7. qTO TaKoe paCXO)K,Zl;eHHe IIOJijl H KaK OHO orrpe,n;eJijleTCjl? 

1.8. PaccKa)KHTe o TeopeMe OCTporpa,n;cKoro- faycca H o6JiaCTH ee HCIIOJib30-

BaHHjl. 

1.9. PaccKa)KHTe o TeopeMe CToKca H o6JiaCTH ee HCIIOJib30BaHHjl. 

1.10. IJOj!CHHTe, qTQ rrpe,n;cTaBJijleT co6oii: TeopeMa fpttHa H r,n;e OHa HCIIOJib3YeTCjl? 

1.11. KaKtte ypaBHeHHjl MO)KHO Ha3BaTb rnrrep6oJittqecKHMH? 

1.12. KaKtte ypaBHeHHjl MO)KHO Ha3BaTb rrapa6oJIHqecKHMH? 

1.13. KaKtte ypaBHeHHjl MO)KHO Ha3BaTb aJIJIHIITHqecKHMtt? 

6M6nMorpact>M1.1ecKMM cnMCOK K rnaee 1 
1.1. Mope </J.M., <Pew6ax r. MeTO,Zl;bI TeopeTttqecKoii: <Ptt3HKH. - M.: lfl1JI. T. 1, 

1958. - 930 c. 
1.2. KoUJJlJl'IC06 H. C., Dtuuep 3. E., CMup11oe M. M. ,llH<l><l>epeHI1HaJibHbie ypaBHe

HH.H MaTeMaTttqecKoii: <Ptt3HKH. - M.: fll<l>MJI, 1962. - 768 c. 
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1.3. AnoJUto1tcKuu C. M., Epo<jJee1tKo B. T. 3JieKTpoMarHHTHhie noJIH B aKpaHH

pyroi:nHx 060JIO'IKax. - MHHCK: YttHBepcHTeTCKoe, 1988. - 246 c. 

1.4. Tuxo1toe A. H., CaMapcKuu A. A. YpaBHeHHH MaTeMaTH'leCKOH cpH3HKH. - M.: 
JUUL T. 1, 1958. - 930 c. 

1.5. AzoutKOB B. H., J{y6oecKuu II. E., lllymsiee B. II. MeTO,l(hl pernettHH 3a.z:i;aq 

MaTeMaTH'leCKOH cpH3HKH/no.z:i; pe.z:i;. r. lI. Map'lyKa. - M.: llBM PAH, 2001. 
- 399 c. 



rnasa 2 

Kpaeabte 3aAa"IM 
MaTeMaTM"leCKOM <l>M3MKM 

2.1. nocraHoeKa Kpaeeb1x 3aAa"I 
MaTeMaTM"leCKOM <l>M3MKM 

2.1.1. OCHOBHble nOHJITMJI 

l\.faTeMaTwqecKa.H nocTaHOBKa Qenoro pHAa cpw3wqecKHX 3aAaq npHBOAHT K ypaBHe

HHHM, COAep)l<amHM qacTHble npOH3BOAHhle HCKOMOH cpyHKQHH. llx Ha3blBaIOT TaK)Ke 

ypaBHeHHHMH MaTeMaTwqecKoH cpH3HKH. TaKHe cpw3wqecKHe npoQeccbI, KaK pacnpo

CTpattettwe Tenna, ABH)Kettwe )KHAKOCTH H ra3a, Kone6aHHH ynpyroro Tena, aneKTpo

MarnHTHbie npoQeCCbl, npHBOMT K ypaBHeHHHM MaTeMaTwqecKOH cpH3HKH. 

PacCMOTPHM OCHOBHbie IIOMTHH TeopHH ypaBHeHHH MaTeMaTwqecKOH cpH3HKH. 

YpaBHeHHeM c qacTHbIMH npoH3BOAHhlMH ornocHTenbHO cpyttKQHH u(x11 x2 , ••• ,xn) Ha-

3bIBaeTCH ypaBHeHHe, COAep)Kamee XOTH 6hl OAffY H3 qacTHbIX npOH3BOAHbIX 3TOH 

cpyttKQHH. HattBbicmH:if nopHAOK BXOAHmwx B ypaBttettwe npoH3BOAHbIX Ha3bIBaeTCH 

nopROKOM ypaBHeHHH. 

HanpwMep, ypaBHeHHe c qacTHbIMH npoH3BOAHbIMH OTHOCHTenbHO u(x, t) 

82u 2 84u 
-2 =a -4 + f(x,t) 
at ax 

(2.1) 

HBmieTCH ypaBHeHHeM qerneprnro nopHAKa. 

<l>yHKQHH, 06pama10ma.H ypaBHeHHe c qacTHbIMH IIpOH3BOAHbIMH B TO)l(AeCTBO, 

Ha3bIBaeTCH ero peuieuueM. 
YpaBHeHHH c qacTHhlMH npoH3BOAHbIMH, KaK H o6bIKHOBeHHbie AHcpcpepettQH

MbHbie ypaBHeHHH, HMeIOT 6ecqwcnettttoe MHO)KeCTBO pemeHHH. Ho ecnw o6mee 

pemeHHe o6bIKHOBeHHOro AHcpcpepeHQHMbHOro ypaBHeHHH 3aBHCHT OT npOH3BOHb

HbIX IlOCTOHHHbIX, TO MHO)KeCTBO pemeHHH ypaBHeHHH c qacTHbIMH npoH3BOAHbIMH 

3aBHCHT OT npoH3BOHbHbIX cpyttKQH:if. TaK, o6blKHOBeHHoe AHcpcpepeHQHMbHoe 

ypaBHettwe y" = 1 ornocwTenbHO y(x) HMeeT o6mee pemettwe y(x) = 0,5x2 + 
+c1X + C2' me CpC2 - IIpOH3BOHbHbie IlOCTOHHHbie, a ypaBHeHHe c qacTHhlMH npo

H3BOAHblMH - (02u/ 8x2
) = 1 OTHOCHTenbHO cpyHKQHH u(x,y) HMeeT 061I1ee pe

meHHe u(x,y) = 0,5x2 + <p(y)x + <j>(y), rAe <p(y), <j>(y) - npoH3BOHbHbie cpyHK

QHH. 
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YpaBHemre c qacTHbIMH rrpoH3BO,n;HbIMH Ha3bIBaeTCH JIHHeHHbIM OTHOCHTeJibHO 

CTapnrnx rrpOH3BO,ll;HbIX, eCJIH CTapmHe rrpoH3BO,ll;Hbie BXO,ll;HT JIHHeHHO c Koa<t><tm

I1HeHTaMH, 3aBHCHIIIHMH Jllfillb OT apryMeHTOB cPYHKIIHH, If KBa3HJIHHeHHbIM, ecJIH 

Koa<t><PHIIHeHTbl 3aBHCHT eme OT HCKOMOH cPYHKIIHH If ee MJia,ll;illHX rrpOH3BO,ll;HhlX. 

YpaBHeHHe Ha3hlBaeTcH JIHHeHHbIM, ecJIH HCKOMM cPYHKIIHH H ee rrpoH3BO,lJ;Hhle 

BXOMT B ypaBHeHHe JIHHeHHO. 

TaK, ypaBHeHHe 1-ro rropH.n;Ka OTHOCHTeJibHO u(x,'y) 

aau+bau=J 
ax ay 

(2.2) 

6y.n;eT JIHHeHHbIM, ecJIH a, b, f - H3BeCTHbie cPYHKIIHH TOJibKO apryMeHTOB x H y , 
H KBa3HJIHHeHHbIM, ecJIH OHM HBJIHIOTCH cPYHKIIHHMH X, y, u. YpaBHeHHe 2-ro rro

pH.n;Ka OTHOCHTeJibHO u(x,y) 

82 u 82u 82u 
a-+2b--+c-=f, (2.3) 

8x2 8x8y 8y2 

B KOTOpOM a,b,c,f - H3BeCTHbie cPYHKIIHH x,y,u,(8u/8x),(8u/8y), HBJIHeTCH 

KBa3HJIHHeHHbIM, a B cJiyqae, Kor.n;a a, b, c 3aBHCHT Jllfillb OT apryMeHTOB x, y ' -
JIHHeHHbIM OTHOCHTeJibHO CTapmHX rrpOH3BO,lJ;HhlX HJIH IlOJIYJIHHeHHblM. 

JlHHeHHOe ypaBHeHHe 2-ro nopH,n;Ka OTHOCHTeJibHO u(x, y) HMeeT BH,ll; 

82u 82u 82u au au 
a11--2 +2a12--+a22-2 + b1-+h2-+ cu= f' (2.4) 

ax 8x8y ay ax ay 

r.n;e aij' bi' c,f 3aBHCHT Jllfillb OT x, y ( i, j = 1, 2). 

JlHHeHHOe ypaBHeHHe BTOporo nopH.n;Ka OTHOCHTeJibHO u(XpX2,. .. ,xn) HMeeT BH,ll; 

n 82u n au :L:::aik--+ 'Eh;-+cu=f, 
i,k=1 OX;OXk i=I OX; 

(2.5) 

r.n;e aik, b;, c, J - cPYHKIIHH nepeMeHHbIX x1, x2, ... , xn, au, = aki , i, k = 1, ... , n . 
IlepBaH cyMMa B aTOM ypaBHeHHH, co.n;epiKalllaH Bee CTapmHe npoH3BO,lJ;Hbie, Ha-

3bIBaeTCH lJla81WU 'laCmb'IO ypaBHeHUR. 

YpaBHeHHH (2.2), (2.4), (2.5) npH f = 0 HasbrnaroTcH o.n;Hopo,n;HbIMH, npH 

J ~ 0 - HeoiJHopodHblMU. 

2.1.2. XapaKTepMCTMKM KBa3111n111HeMHblX ypaeHeHMM 
2-ro nopJ1AKa 
PaccMoTpHM xapaKTepHCTHKH JIHHeHHbIX H KBasHJIHHeHHbIX ypaBHeHHH (2.2), (2.3), 
(2.5) If y6e.n;HMCH B TOM, qTQ aTO - JIHHHH (a ,ll;JIH ypaBHeHHH (2.5) - IlOBepXHO

CTH), npH nepexo.n;e qepe3 KOTOpbie CTapmHe npOH3BO,lJ;Hbie pemeHHH MOryT TepneTb 

pa3pbIB, Tor.n;a KaK caMH pemeHHH If HX MJla,lJ;IDHe npOH3BO,lJ;Hbie OCTaIOTCH Henpe

pbIBHbIMH. TaKHe JIHHHH (noBepxHoCTH) Ha3bIBaIOTCH TaKJKe JIHHHHMH (noBepxHo

CTHMH) CJia6bIX pa3pbIBOB pemeHHH. 0,n;HOBpeMeHHO BBe.n;eM KJiaCCHcPHKaIIHIO 

KBa3HJIHHeHHbIX ypaBHeHHH 2-ro nopH.n;Ka, CBH3aHHYIO c cymecTBOBaHHeM y HHX 
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Ol(Horo mm l(Byx ceMeiicTB xapaKTepHCTHK HJIH c oTcyTcTBHeM nx. BBel(eHH<IB Ta

KHM o6pa30M KJiaccmpHKaI{lUI ypaBHeHHH BTOporo rrop.R:l(Ka OTpa)KaeT HaJIHqHe Tex 

HJIH HHbIX CBOHCTB peIIIeHHH H orrpel(eJI.R:eT B03MOJKHOCTb IIOCTaHOBKH i'(JIH i'(aHHOro 

KJiacca ypaBHeHHH COOTBeTCTBYIOID:HX 3al(a'l MaTeMaTHqecKOH cpH3HKH. 

BBel(eM cHaqaJia xapaKTepHcTHKH l(JI.R: KBa3HJIHtte:Httoro ypaBHeHHR (2.2) 1-ro 

rrop.R:l(Ka 

KoacpcpnnneHThI KoToporo a = a(x, y, u), b = b(x, y, u) H rrpaBa.R: qacTh f = (x, 

y, u) rrpel(IIOJiaraIOTCH HerrpephlBHO l(HcpcpepeHI{HpyeMbIMH B o6JiaCTH H3MeHeHHH 

CBOHX apryMeHTOB. 

IlycTb B o6JiaCTH G IIJIOCKOCTH XOY orrpel(eJieHa HerrpepbIBHO l(HcpcpepeHI{Hpye

M<IB cpyHKI{H51 U(X, y), 5IBJI.R:IOIIl<IBCH pemettHeM ypaBHeHHH (2.2). IJycTb TaK)Ke I' -
pacrrono:>KeHHaH B o6JiaCTH G rJial(K<IB KpHBaH, ypaBHeHHe Kornpoii: y = y(x), He 

HMeIOm:M BepTHKaJibHOH KacaTeJibHOH (HaIIpHMep, y (x), 5IBJIHeTCH HerrpepbIBHO 

l(HcpcpepeHn;HpyeMOH cpyHKI{HeH), H IIYCTb H3BeCTHbl 3HaqeHHH pememrn Ha I': 
ulr= u(x,y(x)) = a(x). 

IloCTaBHM 3al(aqy; HaHTH Ha TOH )Ke KpHBOH r 3HaqeHH51 qacTHblX rrpOH3BOi'(HblX 

au I OX H OU I oy . 
3aMeTHM, 'lTO ecJIH 6yl(eT peIIIeHa 3Ta 3ai'(aqa, TO CTaHeT B03MO)KHblM rrpn6m1-

)KeHHO c TO'lHOCTbIO i'(O MaJibIX 1-ro rrop.R:l(Ka orrpel(eJIHTb 3Ha'leHHH pemeHHH 

B OKpeCTHOCTH r, IIOCKOJibKY 3HaqeHH5I pememrn B 6JIH3KHX ToqKaX M(x,y) Er 
H M'(x + fl:x,y + !!.y) (/.I' (pHC. 2.1) CB5I3aHbl COOTHOIIIeHHeM 

UM' ~UM +(OU) &x +(au) !!.y. 
OXM GYM 

z 

M'(x+x,y+y) 

Puc. 2.1. HerrpepbIBHO ):(mp¢epem1HpyeMall ¢yrrK~Hll u( X, y) , orrpe):(eJierrrrall 
B o6JiaCTH G rrJiocKOCTH XOY 
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L{1u1 HaxO:JK,ZJ;eHH.H qacTHbIX npoH3BO,ZJ;HbIX /Ju / ox H /Ju / /Jy B ToqKax npo.ZJ;Hcp

cpepemi;HpyeM no x 3a,ZJ;aHHoe Har paBeHCTBo u(x,y(x)) = cx(x). Ilo;cyqHM .ZJ;Hcpcpe

peHIJ;HaJibHOe COOTHOIIIeHHe 

/Ju+ /Judy = cx'(x), 

OX /Jy dx 
(2.6) 

KOTopoe COBMeCTHO c HCXO,Zl;HbIM ypaBHeHHeM (2.2) ,ZJ;aeT CHCTeMy JIHHeHHbIX aJire6-

paffqeCKHX ypaBHeHHM oTHOCHTeJibHO HCKOMbIX npoH3BO,ZJ;HbIX /Ju/ ox H /Ju/ /Jy . 
Onpe,ZJ;eJIHTeJib aTo:H cHcTeMbI HMeeT BH.ZJ: 

a b d 
A=i dy=a:-b. 

dx 

PaccMoTpHM ,ZJ;Ba Kpa:HHHX cJiyqM: 

1) A ~ 0 BO Bcex ToqKax KpHBOH I'; 
2) A = 0 BO Bcex ToqKax KpHBOH r. 

(2.7) 

B nepBOM cJiyqae CHCTeMa (2.2), (2.6) HMeeT e,ZJ;HHCTBeHHOe peIIIeHHe, H B Ka:JK

,ZJ;OH TOqKe KPHBOH r HaH.ZJ;YTC.H e,ZJ;HHCTBeHHbie 3HaqeHH.H rrpOH3BO,Zl;HbIX /Ju I ox 
H /Ju/ /Jy . Bo BTOpoM cJiyqae, yqHTbIBM, qrn no rrpe.ZJ;rroJio:JKeHHIO peIIIeHHe u( x, y) 
B o6JiaCTH G cyIIJ;ecrnyeT H, CJie,ZJ;OBaTeJibHO, CHCTeMa (2.2), (2.6) COBMeCTHa, HMeeM, 

qTO B Ka:JK,ZJ;OH TOqKe I' 

(2.8) 

r,ZJ;e A" A2 - orrpe,Z1;eJIHTem1, rroJiyqaroIIJ;Hec.H H3 orrpe,ZJ;eJIHTeJI.H A cHcTeMbI (2.2), 
(2.6) 3aMeHOH COOTBeTCTBeHHO rrepBoro HJIH BToporo CTOJI6IJ;a CTOJI6IJ;OM CB060.ZJ;HbIX 

qJieHoB; TOr,ZJ;a CHCTeMa (2.2), (2.6) HMeeT 6eC'IHCJieHHOe MHO:JKeCTBO peIIIeHHH. Ta

KHM o6pa30M, BO BTOpOM CJiyqae B Ka:JK,ZJ;OM TOqKe KpHBOH I' ITO 3HaqeHH.HM peIIIeHH.H 

u( x, y) 3HaqeHH51 rrpoH3BO.ZJ;HbIX /Ju/ ox H /Ju/ /Jy Haxo,ZJ;.HTC.H HeO,ZJ;H03HaqHo. 

B 3TOM CJiyqae KpHBYIO r Ha3bIBaIOT xapaKTepHCTHKOH ypaBHeHH.H (2.2), COOTBeTCT

BYIOIIJ;eH peIIIeHHIO, 3HaqeHH.H KOTOporo Har 3a,ZJ;aHbI. YpaBHeHHe 

A=a'A.-b=O, (2.9) 

r,ZJ;e A.= dy / dx Ha3bIBaeTc.H ypaBHeHHeM xapaKTepHCTHK. IlpH KOHKpeTHOM peIIIe

HHH u(x, y) OHO orrpe,ZJ;eJI.HeT B o6JiaCTH G IIOJie HarrpaBJieHHH, Ha3bIBaeMhlX xapaK

TepHCTHqeCKHMH. 3aMemrn A. Ha /Jy /ox , rroJiyqHM .ZJ;HcpcpepeHIJ;HaJibHOe ypaBHeHHe 

dy b 
dx a 

(2.10) 

o6IIJ;ee peIIIeHHe Kornporo y = y( x, C) , r.ZJ;e C - rrpoH3BOJibHM rrocTO.HHHM, orrpe

,ZJ;eJI.HeT o,ZJ;HorrapaMeTpH'lecKoe ceMeHCTBO xapaKTepHCTHK. EcJIH ypaBHeHHe (2.2) 
JIHHeMHOe (KoacpcpHIJ;HeHTbl ero He 3aBHC.HT OT peIIIeHH51 u(x,y) ), TO xapaKTepHCTH

KH MoryT 6bITb Ha:H.ZJ;eHbI 6e3 rrpe,ZJ;BapHTeJibHoro orrpe,ZJ;eJieHH.H perneHH.H. EcJIH :JKe 

ypaBHeHHe (2.2) KBa3HJIHHeMHoe, TO ero xapaKTepHCTHKH 3aBHC51T OT pemeHH.H 

H MOryT 6bITb orrpe,ZJ;eJieHbI, eCJIH H3BeCTHO pemeHHe ypaBHeHH.H (2.2). 
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IIycTb r - xapaKTepHCTHKa ypaBHeHIDI (2.2), COOTBeTCTBYIOmrui: perneHHIO 

u(x, y) . PaccMOTPHM BbIIIOJIHHIOmHecH Ha HeH: coOTHorneHHH (2.8). He Bee OHH 

He3aBHCHMbI. )leH:cTBHTeJibHO, ecJIH A = 0, a A1 '# 0 , H, cJie.n;oBaTeJibHO, cToJI6n;hl 

KaJK,n:oro H3 orrpe,n:eJIHTeJieH: A, A1 rrporropn;HoHaJibHhI, TO nponopn;HoHaJibHbI 

H crnJI6n;hl orrpe,n:eJIHTeJIH A2, a rnr,n:a A2 = 0. HapH.n:y c ypaBHeHHeM xapaKTepH

CTHK A = 0 paccMoTpHM cooTHorneHHe A1 = 0. PacKphlBaH orrpe,n:eJIHTeJib A1 , rro

JIY'laeM paBeHCTBO 

I 
A1 =du 

dx 

b 
dy du 

dy =! dx -b dx =0, 
dx 

HJIH, yqHtbIBaJI paBeHCTBO (2.10), - ,n:mf:>cpepeHD;HaJibHOe COOTHOilleHHe 

du ! 
-=-
dx a 

(2.11) 

TaKHM o6pa30M, Ha xapaKTepHCTHKe perneHHe u(x,y) y,n:oBJiernopHeT o6bIKHo

BeHHOMY ,n:HcpcpepeHn;HaJibHOMY ypaBHeHHIO (2.11 ). B qacTHOCTH, ecJIH ypaBHeHHe 

(2.2) o,n:Hopo,n:Hoe, T. e. f = 0, TO du/ dx ::= 0 HJIH u == C Ha xapaKTepHCTHKe, rrpH

qeM IIOCTOHHHaJI C, Boo6me fOBOpH, pa3JIHqHa Ha pa3JIHqHbIX xapaKTepHCTHKax. 

3aMeTHM, qTQ, B CHJIY HeO,l(H03HaqHoro orrpe,n:eJieHHH B TOqKax xapaKTepHCTHKH 

rrpoH3BO,l(HbIX au I ax H au I ay , HeO,l(H03HaqHo onpel!;e.illleTCK H npOH3BOll,HasI 

au I an ITO JII060MY HeKaCaTeJibHOMY K xapaKTepHCTHKe (HJIH, KaK eme fOBOpHT, no 

BbIBO,l(HmeMy) HarrpaBJieHHIO n = {cos a, sin a} ' tg a '# A( b I a) ' TaK KaK au I an = 
=(au/ax)cosa+(au/ay)sina. 0TcIO,n:a cJie,n:yeT, qrn rrpn rrepexo,n:e qepe3 xa

paKTepHcTHKY rrpOH3BO,l(HaJI au I an ITO BhlBOl!;HID;eMy HanpaBJieHHIO ii MO:>KeT 

HMeTb pa3pbrn, rnr.n;a KaK caMo perneHne ocTaeTcH ttenpepb!BHbIM. TaKHM o6pa30M, 

xapaKTepHCTHKH - JIHHHH CJia6bIX pa3pbIBOB perneHHH. y perneHHH KBa3HJIHHeH

HbIX ypaBHeHHH (3aBHCHMOCTb KOacpcpnn;neHTOB ypaBHeHHH OT perneHHH 3,l(eCb cy

mecTBeHHa) MOryT 6bITb JIHHHH, IIPH rrepeXOAe qepe3 KOTOpbie no BbIBOAHilleMy Ha

rrpaBJieHHIO TeprrHT pa3pbrn caMo perneHHe HJIH ero MJia.n;rnne rrpoH3BO,l(Hbie. OHM 

Ha3bIBaIOTCH JIHHHHMH CUJlbHblX pa3pbl606 HJIH yiJapHblMU 60JtHaMu. PaccMoTpHM 

rrpnMep, IIOKa3hlBaromnH: MexaHH3M o6pa3oBaHHH CHJlbHblX pa3pbIBOB pemeHHH KBa-

3HJIHHeHHOro ypaBHeHHH (2.2). 
IIycTb B rroJJyIIJioCKOCTH y ;:::: 0 orrpe.n;eJJeHo KBa3HJIHHeH:Hoe ypaBHeHne 

uau+au=O 
ax f)y 

H Ha rrpHMOH y = 0 3a,l(a~bl 3HaqeHHH pemeHHH u(x,y): 

u(x, 0) = <p(x). 

(2.12) 

(2.13) 

B aToM cJiyqae a= u, b = 1, f = 0, AH<t>cpepeHn;HaJibHOe ypaBHeHHe xapaKTepH

CTHK (2.11) rrpHHHMaeT BHA 

du 1 
-=-
dx u 
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a .n;mpcpepem:nrn.JihHoe coornorneHHe (2.11) Ha xapaKTepHCTHKax du/ dx = 0. OT
cro.n;a c.Jie,n;yeT, qTO Ha xapaKTepHCTHKe u(x,y) = k- const H dy / dx = (1/ k), T. e. 
xapaKTepHCTHKH IlpHMbie JIHHHH. I1crro.Jib3YH yc.JIOBHe (2.13), Haif.n;eM HaK.JIOH 
xapaKTepHCTHK: 

r.n;e x0 - cpHKCHpoBaHHM ToqKa OCH Ox . 

1 
cp(xo) , 

IlycTb cp(x) HMeeT rpacpHK, IIOKa3aHHhIR Ha pHC. 2.2; x* - TOqKa ee JIOKaJlbHO
ro MaKCHMyMa H B ToqKe x* Hee OKpeCTHOCTH cp(x) > 0. Tor.n;a yrnoBbie K03cpcpH
IIHeHTbI xapaKTepHCTHK rrpH rro.n;xo.n;e K TOqKe x* C.JieBa y6hrnaIOT, a IIOCJie rrpoxmK
.n;eHHH ToqKH x* HaqHHaIOT B03pacTaTh no a6coJIIOTHOH BeJIHqHHe. CrrpaBa OT x* 
yrnoBoif K03cpcpHI1HeHT k OTPHilaTeJieH, TaK KaK yron Me:>K,n;y Ox H KacaTeJihHOH 
Tyrroif. Ilo3TOMY Haif.n;yTcH Ha ocH Ox B oKpecTHOCTH x* TOqKH PH Q c a6c1IHCca
MH X1 H X2 TaKHe, qTQ X1 < x*x < X2, cp(xl) ~ cp(x2)' H rrpoxO.n;HIIIHe qepe3 pH Q 
xapaKTepHCTHKH rrepeceKyTcH B HeKoTOpoif TOqKe M B rronyrrnocKOCTH y > 0 . TaK 
KaK perneHHe u(x, y) IIOCTOHHHO Ha xapaKTepHCTHKe, TO OHO B ToqKe M, KaK rrpu
Ha,D;.Jie:>Kameif xapaKTepHCTHKe PM, ,n;oJI:>KHO rrpHHHMaTb 3HaqeHHe cp(x1), a B Toq
Ke M, KaK rrpHHa.n;Jie:>Kameif xapaKTepHCTHKe QM, - 3HaqeHHe cp(x2). TaKHM o6pa-
30M, B TOqKe M rrepeceqeHHH xapaKTepHCTHK perneHHe u(x, y) TeprrHT pasphrn. 

~t~ 
l j\ I ! .__ __ ..,.., -· --+•-=-. --;1r------ll~~ x 

x0 :x1 :x :x2 
I I I 
I I I 

y i i l 
I I I 
I ! 
I , 80JJHQ 

.___,~~~..__~~~~~----x 

Xo X1 X2 

PHc. 2.2. fpaqmK cpyHKUIUI cp ( X) 

BBe,n;eM Terrepb xapaKTepHCTHKM KBa3HJIHHeifHoro ypaBHeHHH 2-ro rropH.n;Ka. 
PaccMoTpHM cnaqa.n:a ypaBHeHHe (2.3) OTHOCMTeJibHO u ( x, y) : 

rJ2 u rJ2u rJ2u 
a-+2b--+c-=f, 

{} x2 ox oy {} y 2 

r.n;e a, b, c, f - nerrpepbIBHO ,ll;HcpcpepeHI1HPYeMbie cpyHKIIHH CBOHX apryMeHTOB 
x, y, u, (au I ox), (au I oy). KaK ll rrpH BBe,n;eHHH xapaKTepHCTHK ypaBHeHHH 
(2.2) 1-ro rrop>I.n;Ka, rrpe.n;rrono:>KHM, qTO B o6JiacTH G II.JIOCKOCTH XOY orrpe.n;e.JieHa 
,D;Ba)l(,ll;hl HerrpepbIBHO ,ll;HcpcpepeHI1HpyeMM cpyHKIIHH u(x, y) , HBJIHIOIIIMCH perne
HHeM ypaBHeHHH (2.3). IlycTb r, pacIIOJIO:>KeHHaH B o6JiaCTH G, - fJla,ll;KM KpHBaH, 
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He HMeIOm;M BepTHKaJlhHOH KacaTeJihHOH, H y = y(x) - ee ypaBHeHHe, y(x) -
HerrpepbIBHO ,l{mP<PepeHl.(HpyeMM <PYHKI{HJI. 

IlyCTh Ha I' H3BeCTHhl 3HaqeHH.H peIIIeHH.H H ero qacTHhIX IIpOH3BO,l{HhIX 1-ro IIO

p.Hti;Ka: 

ulr = a.(x), Plr = aul = ~(x), qlr = aul = y(x). 
OXr oyr 

(2.14) 

IloCTaBHM 3ati;aqy: HaHTH Ha TOH JKe KpHBOH r 3HaqeHH.H qacTHhIX rrpOH3BO,l{HhIX 

perneHH.H u( x, y) 2-ro rrop.Hti;Ka: 

82u 82u 82u 
r=--

2
, S=--, t=--

2
• 

OX axoy oy 

:'.ho II03BOJIMT, HaIIpHMep, orrpet(eJIHTh rrpH6JIHJKeHHO, c TOqHoCThlO t(O MaJihIX 

3-ro rrop.Ht(Ka, 3HaqeHH.H perneHH.H H B TOqKaX M'' 6JIH3KHX Kr (cM. pHC. 2.1): 

UM' =UM + pMfl.x + qMAy + rMflx2 
- 2sMfl.xAy + tMAy2

' (2.15) 

If, CJie,l{OBaTeJibHO, II03BOJIHT IIOCTpOHTh rrptt6JIHJKeHHO perneHHe u ( x, y) B HeKOTO

po:H OKpecTHOCTH KpHBoii: r. 
3HaqeHH.H qacTHhlX rrpOM3BOt(HhIX 2-oro rrop.Hti;Ka r, s, t CB.H3aHhl ypaBHeHH

eM (2.3) H Att<P<PepeHI{HaJihHhlMH COOTHOIIIeHH.HMH dp = rdx + sdy' dq = sdx + tdy. 
CornacHO ycJIOBHIO (2.14) 3HaqeHH.H dp H dq Har H3BeCTHhI: dplr= ~'(x)dx' 

dq Ir= y' ( x) dx . CJieti;oBaTeJibHO, ti;JI.H orrpet(eJieHH.H Ha r Tpex BeJIHqHH r, s, t 
MMeeM CHCTeMJ Tpex JIHHeHHhIX a.rrre6panqecKHX ypaBHeHHH: 

ar + 2bs + ct = /,I 
rdx + sdy = dp, 

sdx + qdy = dq. 

Orrpeti;eJIHTeJih 9TOH cncTeMhI HMeeT BM,'{: 

a 2b c 

A= dx dy 0 = ady2 
- 2bdxdy + cdx2

• 

0 dx dy 

(2.16) 

(2.17) 

PacCMOTpHM ,'{Ba KpaHHHX CJiyqM: 1) A o;C- 0 BO Bcex TO•IKax KpHBOH r; 2) A = 0 
BO BCeX TOqKaX KpMBOH I'. 

B rrepBoM cJiyqae cncTeMa (2.17) HMeeT et(HHCTBeHHoe perneHHe H, cJiet(oBa

TeJihHo, B KaJKti;OH TOqKe KpHBOH I' 0t(H03HaqHo orrpet(eJieHhl 3HaqeHH.H HCKOMhIX 

BTOphIX rrpOH3BOtl;HhIX 82u I ax2 
' 82u I oxay ' 82u I 8y2 

• 

Bo BTopoM cJiyqae ~ ctt.rry rrpeti;rroJioJKettm1., qTo pernettne u( x, y) B o6JiaCTH G 
cymecrnyeT, CHCTeMa (2.16) COBMeCTHa H, CJie,l{OBaTeJihHO, B KaJKt(OH TOqKe KpH

BOH r ,l{OJl)KHhl O,l{HOBpeMeHHO c orrpe,l{eJIHTeJieM A 6bITh paBHhl HYJIIO orrpet(eJIHTe

JIH A;, i =l, 2, 3, rroJ1yqa10mnec.H M3 orrpet(eJIHTeJI.H A 3aMeHoH: i -ro crnJ16ua 

CTOJI6UOM CB060.l{HhIX lJJieHOB CHCTeMhl (2.16): 

A= A1 = A2 = A3 = 0. (2.18) 
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B 3TOM cJiyqae cttcTeMa (2.16) HMeeT 6ecqHcJieHHoe MHOJKecTBo pemeHHH:. A 3Ha

qHT, B Ka.IK,ll,OH TQqKe KpHBOH r 3HaqeHH}l BTOphlX npoM3BO,ll,HhIX 82u I ox2 
' 

o2u I oxoy ' o2u I oy2 
pemeHH.SI no 3HaqeHH.HM Ha r caMoro pemeHH.H u H ero nep

BhIX npoM3BO/l:HhIX OU I ox, OU I oy onpe,ll,eJI.HIO'fC.H HeO,ll,H03HaqHo. TaKyro KpHBYIO r 
Ha3hIBaIOT xapa1cmepucmU1COU ypa6HeHUR (2.3), COOTBeTCTBYIOIIIeH pemeHHIO 

u(x, y) , a ypaBHeHHe 

!J.. == ady2 
- 2bdydx + cdx2 = 0 (2.19) 

tta3hIBaIDT ypaBneuue.M xapaKmepucmU1c. Pema.H ypaBHeHMe (2.19) OTHOCHTeJihHO 

oy /ox = A , noJiyqaeM 

A12 (x, y, u, ou, ou) = (b ± ../b2 
- ac) I a. 

, ox oy 

IlycTh B o6JiaCTH G H3BecTHO KOHKpeTHoe pemettMe u (M, cJie,ll,oBaTeJihHO, ero 

npoH3BO/l:Hhre ou /ox, ou / oy ). Tor11:a 3HaqeIIM.H A1 , A2 .HBJI.HIOTC.H cpyHKIIH.HMH 

fi(x,y), /z(x,y) TOJihKO apryMeHTOB x Hy. 
ECJIH B HeKoTopoH: rnqKe M ( x, y) o6JiaCTM G /l:HCKpHMMHaHT o = b2 

- ac > 0 , 
TO ypaBHeHtte (2.3) B ,ll,aHHoH: ToqKe rmrep6oJIMqeCKoro THna. EcJIH 

o = b2 
- ac = 0, To ypaBHeHMe (2.3) B 11:aHHOH rnqKe M - napa6oJIHqecKoro THna. 

EcJIH o = b2 
- ac < 0, TO ypaBHeHHe (2.3) B ,1.J;aHHOH rnqKe M - 3JIJIMnTttqecKoro 

Tttna. YpaBHeHHe (2.3), rnnep6oJIHqecKoe (napa6oJIMqecKoe, 3JIJIMnTHqecKoe) B Ka

JK/l:OH TQqKe HeKOTopoH: o6JiaCTH, Ha3bIBaeTC5l rnnep60JIHqeCKHM (napa60JIHqecKHM, 

3JIJIHilTHqecKHM) B 3TOH o6JiaCTH. 

IlycTh ypaBHeHMe (2.3) npM Bhr6paHHOM u(x, y) OTHOCHTC5l B o6JiaCTM G K rn

nep6oJittqecKoMy TMny. Tor,ll,a 3HaqeHH.H A1, A.2 BeIIIeCTBeHHhI H pa3JIHqHhI, M MhI 

HMeeM ,ll,Ba ,ll,McpcpepeHIIHaJihHhIX ypaBHeHH.H: 

dy dy 
dx = fi(x,y)' dx = fz(x,y)' 

KaJK,ll,oe H3 KOTOphIX onpe11:eJI.HeT B o6JiacTM G O,ll,HonapaMeTpHqeCKoe ceMeilcTBo 

xapaKTepHCTMK. B 3TOM cJiyqae qepe3 KaJK11:y10 rnqKy M o6JiaCTH G npoxo11:.HT ll:Be 

xaparnepHCTHKH, npHHa11:JieJKaIIIMe pa3JIHqHhIM ceMeHCTBaM H nepeceKaIOIIIHeC.H IlO,ll, 

HeHyJieBblM yrJIOM. 

B cJiyqae ecJIH B o6Jiacnr G ypaBHeHMe (2.3) napa6oJIHqecKoe, TO 3HatreHH.H A1, 

A2 BeIIIeCTBeHHhI H c0Bna11:a10T, ,ll,ttcpcpepeHIIHaJihHOe ypaBHeHHe 

dy b 
dx =-;;,=f(x,y) 

orrpe,nemreT B o6JiacTH G O,ll,HO o,nHorrapaMeTpMqecKoe ceMettcTBO xapaKTepMCTHK. 

EcJIM JKe ypaBHeHMe (2.3) rrpH BbI6paHHOM u(x, y) OTHOCHTC.H K 3JIJIHIITHqecKo

MY THrry B o6JiaCTH G, TO 3HaqeHH.H A.1 , A.2 KOMIIJieKCHhie H ypaBHeHMe (2.3) xapaK

TepHCTMK He MMeeT. 

IlpHBell:eHHa.H Bhlille KJiaCCHcp:HKaIIIDI KBa3HJIHHeHHhfX ypaBHeHHH (2.3) no 3ffaKY ll:lfC

KpHMHHaHTa o = b2 
- ac , no CYIIIecTBy, KJiaccHcpHWfPyer HX no 'lHCJIY rrpHHa,zvreJKaIIIHX 
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MM CeMeHCTB xapaKTepMCTMK, Ha,ZJ;eJHIIOIIJ;MX perneHM51 COOTBeTCTBYIOIIJ;MX ypaBHeHMH 

pH,IJ:OM 06ru;11x cBoHcTB. 

BepHeMCH K paBeHCTBaM (2.18). Moxrno rroKa3aTb, qrn He3aBMCMMhlMM 113 HMX 

5IBJI5IIOTC51 TOJihKO .n;Ba, Harrp11Mep il = 0 , il1 = 0 . IIepBoe 113 HMX ( il = 0 ) ecTb 

ypaBHeH11e xapaKTep11cT11K. Brnpoe ( il1 = 0 ) .n;aeT .n;mp<t>epemi:MaJihHOe cooTHorne

HMe, BhIIIOJIHmoru;eecH Ha xapaKTep11cT11Kax. PacKpbIBM orrpe.n;eJIMTeJih il1 , MMeeM 

COOTHOIIIeHMe 

f dy2 + cdxdp-cdydq-2bdydp = 0. 

B cJiyqae ypaBHeHMH (2.3) mrrep60JI11qecKoro TMrra B o6JiaCTM G oTcro.n;a ITOJIY

qaIOTCH .n;Ba cooTHorneHMH: Ha rrepBoM ceMeHCTBe xapaKTep11cTMK, r.n;e dy = 'A1dx, 
M Ha BTopoM, r.n;e dy = 'A2dx . 

0TMeTMM, qTo (B CMJIY HeO,ZJ;H03HaqHOCTM orrpe.n;eJieHM51 Ha xapaKTepMCTMKax 

3HaqeHMH BTOpbIX I1p0113BO,ll;HblX perneHM51 qepe3 3HaqeHM51 caMoro perneHM51 11 ero 

rrpoM3BO,ZJ;HhIX 1-ro rropH.n;Ka) rrp11 rrepexo.n;e qepe3 xapaKTepHCTHKY no BhIBOMIIJ;eMy 

HarrpaBJieHHIO BTOpble rrpOH3BO,ll;Hbie MOryT TeprreTb pa3pbIB, Tor.n;a KaK caMO perne

HHe H ero rrpoH3BO,ll;Hbie 1-ro rrop51,ZJ;Ka OCTaIOTC51 HerrpepbIBHbIMM, T. e. CHOBa xapaK

TepHCTHKM - JIHHHH CJia6bIX pa3pbIBOB perneHHH. 

2.1.3. KnaCCM<l>MKaqMJI KBa3MnMHeMHblX 
ypaeHeHMM 2-ro nopHAKa 

)lJI51 Toro qrnfa1 c<t>opMyJIHpOBaTh H peIIIMTb TeXHHqecKyro ( <Ptt3HqecKyIO) 3a.n;aqy, 

Heo6xo,ZJ;MMO rrpe.n;CTaBHTb ee B BM,ZJ;e MaTeMaTHqecKOH MO,ZJ;eJIH. 

MaTeMaTttqecKM Mo.n;eJib BKJI10qaeT: HarrttcaHHe ypaBHeHH51 ,ZJ;JI51 orrpe.n;eJieHH51 

COOTBeTCTBYIOIIJ;HX xapaKTepHCTMK ITOJI51, rpaHnqHble ycJIOBH51 (rrpH perneHHM B orpa

HHqeHHbIX o6JiaCT51x), HaqaJibHbie ycJIOBH51 H ycJioBH51 B 6ecKoHeqHoCTH. PaccMoT

pHM rro.n;po6Hee KaiK,ZJ;bIH H3 Ha3BaHHblX ::meMeHTOB. 

KaK y)Ke oTMeqaJioch, aBTop orpaHHqHJICH <t>opMyJittpoBaHHeM <Ptt3HqecKHX 3a

.n;aq B BM,ZJ;e .n11<t><t>epeHIJ:HaJibHbIX ypaBHeHMH MaTeMaTHqecKOH <Ptt3HKM B qaCTHbIX 

rrpoM3BO,ZJ;HhIX. HarroMHHM, qrn 6oJihIIIMHCTBO <Ptt3nqecKHX 3a,n;aq rrpe.n;cTaBHMO B BH.n;e 

.n;tt<P<PepeHIJ:HaJihHhIX ypaBHeHMH mrrep6oJIHqecKoro, rrapa6oJIHqecKoro H aJIJIMII

TnqecKoro THITOB. 

YpaBnenua zunep60Jtu'1ec1Cozo muna. YpaBHeHHH c qacTHhIMH rrpoH3BO,ZJ;HhIMH 

2-ro rropH.n;Ka r11rrep60JIHqecKoro THrra Ha1160Jiee qacTo BCTpeqaroTcH B <Ptt3HqecKHX 

3a,n;aqax, CB513aHHhIX c rrpoii:eccaMH KOJie6aHHH. IIpocTelirnee ypaBHeHHe rttrrep6o

JIHqecKoro Tttna 

a2A a2A 
---=0 
8x2 8y2 

06b1qHo Ha3blBaIOT ypaBHeHMeM 1COJ1e6anuii cmpynbt. 

(2.20) 

YpaBnenuR napa60J1u'lec1Cozo muna. YpaBHeHH51 c qacTHhIMH rrpoH3BO,ZJ;HhlMH 

2-ro rropH.n;Ka rrapa6om-1qecKoro THrra Ha1160Jiee qacTo BCTpeqa10Tc5I rrpH M3yqeHMH 
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npou:eccoB TernmnpoBO,ZJ;HOCTH H ,Zl;Hcpcpy3HH. IlpocTeii:rnee ypaBHeHHe napa60Jrnqe

CKOfO TMna 

8
2 
A_ 8A = O (y = a 2t) 

ax2 &y 
(2.21) 

06b1qHo Ha3bIBaIOT ypaBHeHMeM men.n.onpo600HOCmu. 
YpaBHeHUR aJ1J1unmuttec1wzo muna. IlpM HCCJie,ZJ;oBaHMH CTallMOHapHhIX npo-

11eccoB pa3JIMqHoii: cpH3MqecKOH npHpO,ll;bl (KOJie6aHM.H, TenJionpoBO,ZJ;HOCTb, ,Zl;Mcp

<l>Y3H.H H .ZJ;p.) 06b1qHo npHXO.ZJ:.HT K ypaBHeHM.HM 3JIJIMnTHqecKoro THna. HaM6oJiee 

pacnpocTpaHeHHblM ypaBHeHHeM 3TOro THna .HBJI.HeTC.H O,Zl;HOpO,Zl;HOe ypaBHeHHe 

JianJiaca 

(2.22) 

<I>yHKIIM.H A Ha3bIBaeTC.H zapJtt.oHuttecJCou B o6JiaCTH T, ecJIM oHa HenpepbIBHa 

B 3TOH o6JiaCTM BMeCTe co CBOMMM npOM3BO,Zl;HbIMM ,ZJ;O 2-ro nop.H,ZJ;Ka M YAOBJieTBOp.H

eT ypaBHeHMIO JianJiaca. 

IlpM M3yqeHMM CBOHCTB rapMOHMqecI<MX cpyHKllMH pa3pa6oTaHbl pa3JIMqHbie Ma

TeMaTMqecKMe MeTO,ZJ;bl, OKa3aBIIIMeC.H nJIO,ZJ;OTBOpHblMM M B npMMeHeHHM K ypaBHe

HM.HM rMnep6oJIHqecKoro H napa6oJIMqecKOfO TMnOB. 

Pattee ynoM.HHYTbie rMnep6oJilfqeCKMe, napa6oJIMqecKMe M 3JIJIMnTlfqeCKMe ypaB

HeHM.H, HanpMMep, B TpexMepHOM M3MepeHMM ,Zl;Jl.H pacqeTa CKaJI.HpHblX noJieii:, a TaK

JKe OT,ZJ;eJibHbIX KOMnoHeHT BeKTOpHbIX noJieii:, MMeIOT o6IIIHH BH,ZJ;: 

82 A 82 A 82 A 82 A 
a(x, y, z)-2 + 2b(x, y, z)--+ 2c(x, y, z)-- + 2d ( x, y, z )--+ 

ax axay axaz ayaz 

8
2
A 8

2
A ( 8A 8A 8A) 

+e(x,y,z) 8y2 + g(x,y,z) 8z2 = f x,y,z,A, ax' ay' oz ' (2.23) 

npMqeM ecJIM ypaBHeHHe JIMHeiiHo no A , TO f HMeeT BH,ZJ;: 

8A 8A 8A f = h(x,y,z)- + k(x,y,z)- + l(x,y,z)-+ m(x,y,z)A + n(x,y,z). 
ax ay oz 

YpaBHeHHe (2.23) .HBJI.HeTC.H HaH6oJiee o6IIIHM JIHHeHHhIM ypaBHeHMeM c qacT

HhIMM npOM3BO,Zl;HblMH no TpeM nepeMeHHbIM, BKJIIOqaIOIIIMM, KaK qacTHbie CJiyqaM, 

H ypaBHeHM.H (2.20)-(2.22). dTM KOOp,Zl;HHaTbl MOryT 6bITb JIH6o Bee npoCTpaHCT

BeHHbIMH, JIM6o O,ZJ;Ha M3 HHX MOJKeT 6bITb H BpeMeHHOH. 

B 3aBMCMMOCTH OT BH,ZJ;a o6JiaCTH pacnpocTpatteHM.H noJI.H, a o6JiacTb npM cpop

MYJIMpoBaHHH MaTeMaTHqecKoii 3a.ZJ;aqH, KaK npaBHJIO, npH6JIHJKeHHo 3aMeH.HeTc.H 

cpHrypoii, orpaHMqeHHOH aHaJIMTMqecKOH noBepxHOCTbIO (HanpHMep, noBepxHOCTbIO 

2-ro nop.H:,ZJ;Ka), BbI6HpaeTC.H Ta HJIH HHa.H CHCTeMa KOOp,Zl;HHaT, 6oJiee nO,ZJ;XO,ZJ;.HIIIa.H 

,Zl;Jl.H onMCaHH.H: ,ZJ;aHHOH o6JiaCTH. KaK OTMeqaJIOCb paHee, 6y.ZJ;eM MCnOJib30BaTb opTO

fOHaJibHbie KpHBOJIHHeHHble CMCTeMbI pa3,ZJ;eJI.HIOIIIHX KOOp,ll;HHaT, KaK HaH6oJiee 

y.ZJ;o6Hhle ,ZJ;JI.H nonyqeHH.H CTpororo perneHH.H:. CJioBo pa3,ZJ;eAAIOIIIHe 3,ZJ;ecb 03HaqaeT, 

qTo ypaBHeHM.H, onHCblBaIOIIIHe noJie, MOryT 6b1Tb npH onpe,ZJ;eJieHHbIX ycJIOBH.HX 

pa3,ZJ;eJieHbl Ha qacTHbie ypaBHeHM.H no KaJK,ZJ;OH H3 KOOp,Zl;HHaT. 
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CJieAyeT HarroMHHTh, qTo cym;ecTByeT 6oJihmCUI rpyrrrra opToroHaJihHhIX KpHBo

JIHHeHHhIX pa3AeJI5IIOIIIHX CHCTeM KOOPAHHaT, xopomo rrpeACTaBJieHHCUI B orry6JIH

KOBaHHOH JIHTepaType (CM., HarrpHMep, [2.3, c. 612]): rrp5IMoyrOJihHhie; IIHJIHHApH

qecKHe ( KpyroBbie, 3JIJIHIITH'leCKHe, rrapa6oJIH'leCKHe ); c¢epH'leCKHe; c¢epOHAaJih

Hhie ( BhIT5IHYThie H CIIJIIOIIIeHHhie ); 6Hc¢epH'leCKHe; 3JIJIHIICOHAaJihHhie, rrapa6oJIOH

AaJihHhie, TOpOHAaJihHhie H AP· B ¢H3H'leCKHX 3Maqax rrpH pemeHHH o6neMHhIX 

3Maq 'lacTo orpaHH'IHBaIOTc.H rrpHMoyroJihHhIMH KOOPAHHaTaMH x, y, z; KpyroBhIMH 

IIHJIHHAPH'leCKHMlf - r, q>, z H c¢epHqecKMMH - r, ~. <j>. IlpH pemeHHH 3Ma'l 

B IIJIOCKHX o6JiaCT5IX lfCIIOJlh3YIOT, COOTBeTCTBeHHO, AeKapTOBhI KOOPAMHaThI X, y ; rro

JI5IpHbie - r, q> • 

2.1.4. rpaHM'IHble (KpaeBble) M Ha'lanbHble ycnOBMJI 

0CH06Hble noHSlmUR. THrrHqHhI AJI5I ClfCTeMhI ypaBHeHHH BeKTOpHoro IIOAA 3Maq11, 

B KOTOphIX KOMIIOHeHThI IIOJl5I HIIIYTC5I B 6ecKoHeqHoii: o6JiaCTH, B TO BpeM5I KaK 

rrpHqHHOH B03HHKHOBeHH5I H IIOAAep:>KaHM5I COCT05IHH5I IIOJI5I .SIBJI5IIOTC5I IIPOIIeCChI, 

rrpOHCXOA5IIIIHe B KOHeqHoii: qacTH rrpocTpaHCTBa. IlpH HCCJieAOBaHHlf AH¢¢epeHIIH

aJihHhIX ypaBHeHHH MaTeMaTH'leCKOH ¢H3HKH, c IIOMOIIIhIO KOTOphIX OIIHChIBaeTC5I 

IIOJie, B pemeHH5I BXOA5IT IIOCT05IHHhie IIHTerp11poBaHH5I. Hx orrpeAeJI5IIOT c IIOMO

IIIhIO rpaHHqHhIX (KpaeBhix) ycJIOBHH. TaKHM o6pa3oM, 3MaHHeM TOJihKO AH¢¢e

peHI!HaJihHoro ypaBHeHHH, KoTopoMy AOJIJKHO YAOBJieTBOp5ITh pemeHHe, 3Maqa orr

peAeJI5IeTc5I He OAH03HaqHo, TaK KaK KaJKAOe ypaBHeHHe, OIIHChIBaIOm;ee rroJie, HMeeT 

6ecKoHeqHoe qHcJio pemenHH. q T06hI CAeJiaTh 3aAaqy orrpeAeJieHHon, HMerom;en 

OAH03Ha'IHhIH OTBeT, HaAO H3 Bcero MHOJKeCTBa B03MOJKHhIX perneHHH BhI6paTh 06-

JiaAaIOm;ee HeKOTOphIMH CBOHCTBaMH Ha orrpeAeJieHHhIX rpaHHqHhIX IIOBepXHOCT5IX. 

JI106a5I ¢H3HqecKCUI 3aAaqa AOJIJKHa AaBaTh He TOJihKO AH¢¢epeHI!HaJihHOe ypaB

HeHHe, KOTOpoe HaAO peIIIHTh, HO TaKJKe H rpaHHqHhie ycJIOBH5I, KOTOphIM AOJIJKHO 

YAOBJieTBOp5ITb peIIIeHHe. Ilo3TOMY IIOA rpaHH'IHhIMH CJieAyeT IIOHHMaTb ycJIOBH5I, 

KOTOpbIM IIOAqHH.HeTC5I IIOJie Ha rpaHHIIaX pa3AeJia cpeA c pa3JIH'IHhIMH CBOHCT

BaMH. 

Y AOBJieTBopHTh rpaHHtJHhIM ycJioBH.HM qacTo TaK :>Ke TPYAHO, KaK II pernHTh 

AH¢¢epeHI!HaJibHOe ypaBHeHHe. 

IIepBhIH ¢aKT, KOTOpbIH HMO 3aMeTHTh, COCTOHT B TOM, qTO MhI He MOJKeM IIhI

TaTbC5I rroAqHHHTh perneHH5I AaHHoro ypaBHeHH5I rpaHHqHhIM ycJIOBHHM rrpoH3-

BOJibHoro BHAa. ,llJI5I Ka)I<Aoro THIIa ypaBHeHHH HMeeTC5I orrpeAeJieHHCUI COBOKyrr

HOCTh rpaHH'IHhIX ycJIOBHH, onpeAeJI5IIOIIIHX OTBeT OAH03Ha'IHO, B TO BpeM5I KaK IIpH 

ycJIOBH5IX Apyroro BHAa OTBeT HeOAH03Ha'leH HJIH HeB03MOJKeH. IlpH 3TOM, KOHe'IHO, 

B peaJihHOH ¢H3H'leCKOH 3Maqe rpaHHqHhie ycJIOBH5I BCerAa AOJIJKHhI 6hITh rrpa

BHJibHOfO BHAa H OIIpeAeJI5ITh OTBeT OAH03Ha'IHO, H IIpH IIOCTaHOBKe 3Ma'IH B COOT

BeTCTBHH c peaJihHOH AeHCTBHTeJihHOCThIO MhI 6yAeM HMeTh BCerAa npaBHJihHhie 

rpaHHqHbie ycJIOBH5I AJI5I ypaBHeHHH. 0AHaKO He BcerAa JierKO CKa3aTh, KaKHe 

HMeHHO rpaHHqHbie ycJIOBH5I COOTBeTCTBYIOT ~peaJihHOH AeHCTBHTeJihHOCTH~; rro-

3TOMY JKeJiaTeJibHO 3HaTh, KaKHe ycJIOBH5I IIOAXOMT AJI5I Toro HJIH HHOfO ypaBHe

HH5I; 3TO MOJKeT AaTh yKaJaHHe, KaKHM o6pa3oM ¢opMyJIHpoBaTh HarnH MaTeMaTH

qecKHe 3aAaqH, qT06hI OHH B03MOJKHO TO'IHee COOTBeTCTBOBaJIH ¢H3H'leCKHM. 
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Cym:ecrnyeT MHoro pa3HOBM.l(HocTett rpaHMqHbIX ycJIOBMH, npMeMJieMbIX npM 

perneHHH COOTBeTCTBYIOID:HX IlOJieBbIX 3a,naq, 0 KOTOphlX 6y,neT no.npo6Ho fOBOpHTb

C.SI B COOTBeTCTBYIOID:HX rJiaBax HacTo.Hm:ero noco6M.H npH perneHHH KOHKpeTHhlX 

3a,naq, HaM6oJiee qacTo, ecJIM rpaHMqHbIMM ycJIOBM.HMM .HBJI.HIOTC.H Koop,nMHaTHbie 

noBepxHoCTH, MMeIOT ,neJio c ycJIOBM.HMM )lMpMXJie, HeiiMaHa, KornM MJIM cMernaH

HhIMH ()lttpttXJie H HeiiMaHa). 

IlpH HaJIHqMM B npocTpaHCTBe Heo,nHopo,nHbIX IlOBepXHOCTeM KOHeqHoM TOJIID:H

Hbl, pa3,neJI.HIOID:MX cpe,nbl c pa3JIMqHbIMM CBOMCTBaMM, KOMilOHeHTbl IlOJI.SI MOryT 

npeTepneBaTh pe3KHH cKaqoK npM nepexo,ne qepe3 noBepxHOCTb. B CB.H3M c aTHM 

nptt perneHMM 3a,naq Heo6xo,nMMO yqttTbIBaTb rpaHMqHbie acpcpeKTbl, B03HHKaIOm:Me 

Ha noBepXHOCT.HX pa3,neJia cpe,n. MaTeMaTMqecKoe MO,UeJIMpoBaHMe TaKHX .HBJieHMM 

CBO,l(MTC.SI K 3aMeHe Heo,nHopo,nHbIX IlOBepXHOCTeM H,l(eaJibHblMH IlOBepXHOCT.SIMM. 

IlpM 3TOM Ha M,l(eaJibHbIX IlOBepXHOCT.SIX BBO.l(.SITC.SI rpaHMqHhle ycJIOBH.SI, KOTOpbIM 

y,noBJieTBOp.SIIOT npe,neJibHbie 3HaqeHM.SI IIOJI51 Ha peaJibHbIX IlOBepxHOCT.SIX. 

Ey,neM cqttTaTb, qTo cKaqKoo6pa3HbIH nepexo.n CBOHCTB o,nHoM: cpe,nbI B CBOHCTBa 

,npyroii HBJIHeTCH rrpe,neJibHbIM CJiyqaeM HenpepbIBHOfO nepexo,na, npM KOTOpOM 

CBOHCTBa O,l(HOH cpe,Ubl nepexo,nHT B CBOHCTBa ,npyroM: HenpephlBHbIM o6pa30M B 

HeKOTOpoH MaJIOM o6JiaCTM, rrpMMbIKaIOm:eii K IIOBepXHOCTM pa3,neJia. IlpH 3THX 

npe,ri:noJio:lKeHHHX .l(JIH ycTaHOBJieHMH rpamfqHhIX ycJIOBHM Heo6xo,nMMO yqMThIBaTh 

ypaBHeHM51 IIOJI.SI, KOTOpbie BbIITOJIHeHhl TaK)Ke H B nepexo,nHOH o6JiaCTM Me:lK,ny 

.l(BYMH cpe,naMH. 

IloBepXHOCTH pa3,neJia MaTepHMbHbIX cpe,n, Boo6m:e fOBOpH, He HBJIHIOTC.SI M,ne

aJibHOH rpaHHIJ;eM, a IlOJie B OKpeCTHOCTM rpaHMIJ;bl He .HBmieTCH HenpepbIBHbIM 

M qacTo xapaKTepH3yeTcH 6oJibIIIMMH rpa,nMeHTaMM noJIH. HecMoTpH Ha aTo, HHTe

rpMbHhie xapaKTepMCTMKH IIOJI51 coxpaHHIOT CBOM 3HaqeHH.SI no o6e CTOpOHbI OT 

norpaHMqHOfO TOHKoro CJIOH, qTO Il03BOJI.HeT npM MaTeMaTifqecKOM MO,l(eJIHpoBaHHH 

3aMeHHTb npHrpaHifqHyIO o6JiaCTb H,l(eaJibHOM IlOBepxHOCTbIO pa3pbIBa cpe,n. Ilptt 

3TOM IlOJie B rrepexo,nHOM o6JiaCTH HCKJIIOqaeTCH M3 paCCMOTpeHMH, a H3 3aKOHOB 

cpopMMpoBaHHH IIOJIH B OKpeCTHOCTH rpaHHIJ;bl ycTaHaBJIHBaIOTCH rpaHifqHbie ycJIO

BH51 ,l(JIH rrpe,neJibHbIX 3HaqeHHM BeKTOpOB IIOJI.SI Ha H,l(eaJibHOM IIOBepXHOCTH pa3pbI

Ba cpe,n. Ilo cym:ecrny, MHoroo6pa3Me 3a,naq no pacqeTy IIOJIH B MHOfOCBH3HbIX 06-

JiaCTHX 011pe,neJIHeTCH MHoroo6pa3HeM ycJIOBHM Ha rpaHMIJ;ax pa3,neJia MaTepMaJib

HbIX cpe,n. B qacTHOCTM, ,nJIH aJieKTpoMarnMTHoro noJIH (3MII) pa3pa6oTaHbI KJiac

CbI nptt6JIJf)KeHHbIX rpaHHqHbIX ycJIOBHM Ha rpaHifqHhlX IIOBepXHOCTHX (CM., HanpM

Mep, [2.5]). 
Buow zpa11uttHblX (KpaeBbtX) ycJ10Buii. KaK yKa3hIBaJIOCb paHee, ypaBHeHMe 

c qacTHbIMH npOH3BO,l(HblMH HMeeT, Boo6m:e rOBOp.H, 6ecqHcJieHHoe MHO)KeCTBO pe

rneHMM, 3aBHC.SIID:HX OT npOH3BOJibHhIX <l>YHKIJ;MM. 

IlpM paccMoTpeHHH KOHKpeTHOro cpH3HqecKoro npo1.1;ecca Heo6xo,nMMo H3 6ec

qifcJieHHoro MHOJKecrna perneHHM ypaBHeHM.H, 011ttchrnarom:ero ero o6m:yro cptt3Hqe

CKYIO Mo,neJib, Bh1,neJIMTb e,nHHCTBeHHoe. )lJIH aToro Ha.no no,nqHHHTb perneHHe .no

noJIHHTeJibHhIM ycJIOBHHM, HJIH, KaK roBOp.SIT, IIOCTaBHTb 3a,naqy MaTeMaTHqecKOM 

cptt3HKH. )loIIOJIHHTeJibHbie ycJIOBHH B 3aBMCHMOCTH OT HX cptt3HqecKoro CMblCJia 

pa3,neJIHIOT Ha HaqaJibHbie H rpaHHqHhie ( KpaeBbie ). 
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Ha1:1aJibHb1e ycJIOBIHI B cJiyqae HecTa11woHapHbIX ITpo11eccoB 3a,n;a10T 3Ha1:1eHH5I 

HCKOMOH <l>YHKllHH HJIH ee ITpOH3BO.l(HbIX BO BCeH paccMaTpHBaeMOH o6JiaCTH B Ha

'laJibHbIH MOMeHT BpeMeHH. TaK, B 3a,n;a1:1e o pacITpocTpaHeHHH TeITJia MOJKeT 6hlTb 

3a,n;aHo pacITpe.z:r;eJieHHe TeMITepaTyp u(M, t) B o6JiacTH D c R" ( c - 3HaK ITpH

Ha,ZJ;JieJKHOCTH ITpoCTpaHCTBY R" ) B Ha'laJibHbIH MOMeHT BpeMeHH t = t0 

u(M,t0 ) = q>(M)VM ED, 

r.z:r;e Rn - n -MepHoe ITpoCTpaHCTBo; V - KBaHTOp 06111HoCTH, 3HaK BKJIIO'leHH51 

TO'IKH M, HaXOA5III1eil:c51 BHYTPH o6JiaCTH D (3HaK E ). 

B 3a,n;a1:1e o MaJihlX ITOITepe1:1HbIX KOJie6aHH51X MeM6paHbI MoryT 6bITb H3BeCTHbI 

OTKJIOHeHH51 u(M,t) TO'leK M MeM6paHbl OT ITOJIOJKeHH51 paBHOBeCH51 B Ha'laJibHblH 

MOMeHT BpeMeHH H HX Ha'laJibHM CKOpOCTb 

u(M,t0 ) = q>(M), u(M,t0 ) = 'Jf(M)VM EE c R2
• (2.24) 

B 3a,n;a1:1ax o ITpo11eccax B orpaHH'leHHbIX o6JiaCT51X MoryT 6b1Tb H3BeCTHbI, 3Ha1:1e

HH5I HCKOMOH <l>YHKllHH, ee ITpOH3BO.l(HbIX HJIH COOTHOIIIeHH51 MeJKAY HHMH Ha rpa

HHI1e o6JiaCTH B Jiro6oil: MOMeHT BpeMeHH. TaKHe ycJIOBH51 Ha3bIBaIOTC51 rpaHH'IHbI

MH, HJIH KpaeBbIMH. KpaeBoe ycJIOBHe JIHHeHHOe, eCJIH HCKOMM <l>YHKllH51 H ee ITpo

H3BO,ZJ;Hbie BXOMT B Hero JIHHeHHO. 

IlycTb r - rpaHHIIa OOJiacTH D c R" ' s = { (M, t) jM Er, t 2 0} . Ha IIpaKTHKe qac

TO ITpwxo,n;51T K cJie.l(yIOIIIHM TpeM BH,n;aM JIHHeHHbIX KpaeBbIX ycJIOBHH Ha S: 
o 1-ro po.l(a (ycJIOBH51 .ll:wpwxJie): 

(2.25) 

o 2-ro po.z:r;a (ycJIOBH51 Heil:MaHa): 

~:Is=µ, (2.26) 

51BJI51eTrn ITpOH3BO,ZJ;HOH ITO HaITpaBJieHHIO; 

o 3-ro po.z:r;a (cMemaHHbie): 

(~:+crul =µ,cr>O, (2.27) 

r.z:r;e ii - HOpMaJib K ITOBepXHOCTH s ' CJ - Koa<t><t>m1HeHT CTeHKH. 

B 3a,n;a1:1e o pacITpocTpaHeHHH TeITJia B orpaHH'leHHOM TeJie D K KpaeBOMY ycJio

BHIO 1-ro po.z:r;a ITpHXO,ZJ;51T, KOf,ZJ;a B KaJK.l(OH T01:1Ke rpaHHllbl TeJia I' B JII060H MOMeHT 

BpeMeHH H3BeCTHa Te:r,mepaTypa; K KpaeBOMY ycJIOBHIO 2-ro po.z:r;a - KOf,l(a H3BeCTHO 

3Ha1:1eHHe TeITJIOBOfO ITOTOKa; K KpaeBOMY ycJIOBHIO 3-ro po.l(a - Kor.z:r;a Ha rpaHHIIe 

TeJia ITpOHCXO,ZJ;HT TeITJI006MeH c BHemHeH cpe.z:r;oil: ITO 3aKOHY HbIOTOHa: TeITJIOBOH 

ITOTOK qepe3 ITJIOIIla,ZJ;KY e.l(HHH'IHOH ITJIOIIla,Zl;H ITpOITOPIIHOHaJieH pa3HOCTH TeMITepa-

TYP TeJia H BHemHeli cpe.z:r;b1: 

au Is= -a(u - ucpeilbt)ls. an 
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3.n;ecb cr > 0 - Koacpqnm;tteHT Tern10rrepe.n;a1m mrn TeIIJiooT.n;a1m, H3BeCTHOH Be-

1rnq11:Hoi1 .sIBJI.sieTC.sI crucpei!t,, Is=µ. 
B sa.n;aqe o MaJibIX rrorrepeqHbIX KOJie6aHH.sIX MeM6paHbI ycJIOBHe saKperrJiemrn 

Kpa.sI, Kor.n;a OTKJIOHeHH.sI ToqeK Kpa.sI OT IIOJIOJKeHH 0 CH.sI B mo6o:H MOMeHT 

BpeMeHH paBHhI HY JIIO u I 5 = 0 , .sIBJI.sieTc.sI qacTHb cJiyqaeM KpaeBoro ycJIOBH.sI 1-ro 

po.n;a. 

y CJIOBHe yrrpyroro 3aKpeIIJieHH.sI Kpa.sI eM6paHbI, Kor.n;a rrpH CMeIIIeHHH Kpa.sI 

B.ZJ;OJib OCH 0 u B03HHKaIOT CHJibI yrrpyroc H, no BeJI11:q11:He rrporroputtoHaJibHbie OT

KJIOHeHH.sIM u(M,t) rnqeK rpaHHUbI OT Ha aJibHOro IIOJIOJKeHH.sI Uo(M,O): 

I'oauls=an 
r.n;e cr > 0 - KOHCTaHTa, 3aBHC.sIIIIa.sI OT CBOHC MaTepttaJia, rrpHBO.ZJ;HT K KpaeBOMY 

ycJIOBHIO 3-ro po.n;a. 

CJiyqa:H KOJie6aHHH MeM6paHhl 

YCJIOBHIO 

co CB06o.n;H~IM KpaeM rrpHBO.ZJ;HT K KpaeBOMY 

aul =0 an s ' 

qTo .sIBJI.sieTC.sI qacTHbIM cJiyqaeM KpaeBoro ycJioBH.sI 2-ro po.n;a. 

IlpH paCCMOTpeHHH KOHKpeTHbIX rrpoueccoB MOJKeT B03HHKaTb sa.n;aqa co CMe

maHHbIMH KpaeBbIMH ycJIOBH.sIMH, Kor.n;a Ha qacTH rpaHHUbI sa.n;aeTC.sI O.ZJ;HO KpaeBoe 

ycJIOBHe, a Ha OCTaJibHOH qacTH - .n;pyroe KpaeBoe ycJIOBHe. 

PaccMoTpHM rrocTaHOBKY sa.n;aq .ZJ;JI.sI ypaBHeHH.sI TerrJiorrpoBo.n;HoCTH, BOJIHOBoro 

ypaBHeHH.sI, ypaBHeiJHH JiarrJiaca H IIyaccoHa. 

Ha11.a.nb11ble ycJlOBUR u ycJlOBUR B 6ecK011e11.11ocmu. MaTeMaT11:qecKtte ypaBHe

HH.sI II03BOJI.sIIOT O.ZJ;H03HaqHo orrpe.n;eJI.sITb IIOJie B orpaH11:qeHHOM rrpoCTpaHCTBe rrpH 

3a.ZJ;aHHH HeKOTOpbIX .ZJ;OIIOJIHHTeJibHbIX ycJIOBHH B HaqaJie CHCTeMbI KOOp.ZJ;HHaT 

H B 6ecKOHeqHOCTH. 

HaqaJibHhle ycJIOBH.sI CBH.n;eTeJihCTBYIOT o xapaKTepttcTHKax rroJI.sI B ttcToqHHKe. 

0HH CB.sI3bIBaIOT cpyHKUHH IIOJl.sI H HX rrpOH3BO.ZJ;Hbie rrpH r --> 0 : 

(2.28) 

YcJIOBH.sI B 6ecKoHeqHocTH TpaKTYIOTC.sI cJie.n;yIOIIIHM o6pasoM. EcJIH cpe.n;a o6Jia

.n;aeT XOT.sI 6bI MHHHMaJibHOH rrpOBO.ZJ;HMOCTbIO, ycJIOBH.sI COCTO.sIT B Tpe6oBaHHH 06-

paIIIeHH.sI rroJI.sI B HYJib B 6ecKoHeqHoCTH OT JII06o:H cttcTeMbI HCToqHHKOB, JieJKaIIIHX 

BHYTPH KOHeqHo:H o6JiacTtt: 

(2.29) 

3a.n;aq11: .ZJ;JI.sI HeCTaUHOHapHbIX rrpoueccoB B orpaH11:qeHJ~IX o6JiaCT.sIX, B KOTOpbIX 

.ZJ;OIIOJIHHTeJibHO K ypaBHeHHIO 3a.ZJ;aIOTC.sI HaqaJibHbie ycJIOBH.sI H KpaeBbie ycJIOBH.sI, 

Ha3hlBaIOTC.sI HaqaJibHO-KpaeBbIMH sa.n;aqaMH .ZJ;JI.sI .n;aHHoro ypaBHeHH.sI. B CJiyqae He

cTauttoHapHbIX rrpoueccoB BO BCeM rrpocTpattcTBe Rn sa.n;aIOT HaqaJibHbie ycJIOBH.sI, 
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H 3a,n:aqy TOr,ZJ;a Ha3bIBaIOT Ha'Ia.JibHOH 3aJ(a'IeH. ,Z:(Jrn CTaU:HOHapHbIX rrpou:eccoB HMe-

eT CMblC HTb JIHIIlb KpaeBbie 3a,ZJ;a'IH. 

pn pemeHHH 3a,11;aq MaTeMaTH'IeCKOH cptt3HKH B pH,Zl;e CJiyqaeB rrpnxo,ZJ;HTCH, 

OMe Ha'Ia.JibHbIX H KpaeBbIX ycJIOBHH, HaKJia,ZJ;hIBaTb ,11;pyrne ,Zl;OIIOJIHHTeJibHbie or

paHH'IeHHH, HarrpnMep ycJIOBHH Ha IIOBe,ZJ;eHne pememrn B OKpeCTHOCTH oco6oil: TO'I

KH HJIH B 6ecKOHe'IHOCTH. 

2.1.5. EAMHCTBeHHOCTb peweHMJI KpaeBblX 3aAa"I 

,llttcpcpepeHU:Ha.JlbHbie ypaBHeHHH, OIIHCbIBaIOID:He TO HJIH HHOe cpH3H'IeCKOe IIOJie, 

COBMeCTHO c rpaHH'IHbIMH H Ha'Ia.JlbHbIMH ycJIOBHHMH orrpe,11;eJIHIOT KpaeByIO 3a,11;a

qy - MaTeMaTH'IecKyIO Mo,ZJ;eJih nccJie,11;yeMoro cpn3H'IecKoro rrpou:ecca. IIpe,11;cTaBJIH

eTcH Heo6xo,ZJ;HMbIM rrpn HaxmK,ZJ;eHHH pemeHHH :HOH MaTeMaTn'IeCKOH 3a,n:aqn ycTa

HOBHTb, HBJIHeTCH Jill HaH,ZJ;eHHOe pemeHne e,ZJ;HHCTBeHHbIM. ,llJIH KaJK,Zl;OH cpn3nqe

CKOH 3a,n:aqn Tpe6yeTCH ,11;0KaJaTb TeopeMy cymecTBOBaHHH n e,11;nHcTBeHHOCTH pe

meHHH. KaK rrpaBHJio, ,ZJ;JIH 6oJihIIIHHCTBa H3 3a,n:aq, BCTpe'IaIOID:HXCH B HH:>KeHepHoH 

rrpaKTHKe H OIIHCbIBaeMbIX paCCMOTpeHHbIMH ,Zl;HcpcpepeHU:Ha.JibHblMH ypaBHeHHHMH, 

,11;0Ka3aTeJibCTBa TaKnx TeopeM y:>Ke co,11;ep:>KaTCH B MaTeMaTn'IeCKOH JIHTepaType. Ec

JIH CTaBHTCH HOBM KpaeBM 3a,n:aqa, paHee He paCCMOTpeHHM, Tpe6yeTCH ,Zl;OKa3bI

BaTb TeopeMy cyiu:ecTBOBaHHH n e,11;nHCTBeHHOCTH ee pemeHHH. B rrocJie,11;yIOID:HX 

rJiaBax MO:>KHO II03HaKOMHTbCH c ,Zl;OKa3aTeJibCTBaMH TaKHX TeopeM ,Zl;JIH OT,ZJ;eJibHbIX 

THIIOB KpaeBblX 3aJ(a'I. 

2.2. BMAbl rpaHM'IHblX ycnoBMM 

2.2.1. 3aAa"IM c Ha"lanbHblMM ycnoBMJIMM 

3a,n:aqa Komn MH ypaBHeHHH TerrJiorrpoBo,11;HocTH 

OU 
-=Lu+/, at (2.30) 

r,11;e Lu= a2 du HJIH Lu=__!_ div(k grad u) .!.. , cocTOHT B Haxo:>K,11;eHHH pemeHHH 
cp n 

ypaBHeHHH (2.30), HerrpepbIBHoro B R" n y,11;0BJiernopHIOID:ero Ha'Ia.JihHOMY ycJio

BHIO Komn 

u(M, 0) = cp(M) VM E R". (2.31) 

(3,11;ecb H BCIO,ZJ;Y ,11;arree paccMaTpHBaIOTCH KJiaCCH'IeCKHe pemeHHH ypaBHeHHH, T. e. 

HMeIOin:ne HerrpepbIBHbie rrpOH3BO,Zl;Hbie Bcex Tex rropH,Zl;KOB, KOTOpbie BXO,Zl;HT B ypaB

HeHne, H o6pain:aIOID:He ypaBHeHne B TOJK,ZJ;eCTBO.) 

3a,n:aqa Komn ,ZJ;JIH BOJIHOBoro ypaBHeHnH: 

82u 
8t2 =Lu+ f' (2.32) 
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r.n;e Lu= a2 ~ u mm: Lu= _!_div(T grad u), cocTOHT B Haxo:>K.n;eHHH pemeHH.H ypaB
p 

HeHH.H (2.32), HerrpepbIBHO .n;mp<PepeHU:HpyeMoro B Rn H y.n;oBJiernop.s:110iuero Ha
qaJibHbIM ycJIOBH.HM KomH 

u(M,O) = cp(M), au<:,O) = 'l'(M) \/ME w. (2.33) 

IlepBa.H (coorneTCTBeHHO BTOpa.H HJIH TpeTb.H) HaqaJibHO-KpaeBa.H 3a.n;aqa ,ll;JI.H ypaB
HeHH.H TeIIJIOIIpOBO,ll;HOCTH (2.30) B o6JiaCTH .Q COCTOHT B HaxO:>K,D;eHHH pemeHH.H 
3TOfO ypaBHeHH.H, HerrpepbIBHOfO ( COOTBeTCTBeHHO HerrpepbIBHO .n;H<P<PepeHUHPYe
MOfO) B 3aMKHYTOH o6JiaCTH Q H y.n;oBJieTBOp.HIOIUero HaqaJibHOMY ycJIOBHIO 

u(M,O) = cp(M) \/MED (2.34) 

H KpaeBOMY ycJIOBHIO 1-ro po.n;a (2.25) ( COOTBeTCTBeHHO 2-ro po.n;a (2.26) HJIH 3-ro 
po.n;a (2.27) ). 

IlepBa.H (BTOpa.H HJIH TpeTb.H) HaqaJibHO-KpaeBa.H 3a.n;aqa ,ll;JI.H BOJIHOBOfO ypaBHe
HH.H (2.32) B o6JiaCTH .Q COCTOHT B HaxO:>K,D;eHHH pemeHH.H 3TOfO ypaBHeHH.H, He
rrpepbIBHO .n;H<P<PepeHU:HpyeMoro B Q H y.n;oBJiernop.s:110iuero HaqaJibHbIM ycJIOBH.HM 

u(M,O) = cp(M), au(M,O) = 'lf(M) \/MED 
at (2.35) 

H KpaeBbIM ycJIOBH.HM 1-ro po.n;a (2.25) ( COOTBeTCTBeHHO 2-ro po.n;a (2.26) HJIH 3-ro 
po.n;a (2.27) ). 

2.2.3. Kpaeab1e 3aAa"IM 
BHyTpeHHH.H 3a.n;aqa )lHpHXJie (HJIH rrepBa.H KpaeBa.H 3a.n;aqa) ,D;JI.H o.n;Hopo.n;Horo HJIH 
Heo.n;Hopo.n;Horo ypaBIIeHH.H JiarrJiaca: 

(2.36) 

B o6JiaCTH D COCTOHT B HaXO:>K,D;eHHH pemeHH.H 3TOfO ypaBHeHH.H, HerrpepbIBHOfO 
B D H y.n;oBJiernop.s:110iuero Ha rpaHHU:e o6JiaCTH KpaeBoMy ycJIOBHIO 1-ro po.n;a 

(2.37) 

BHyTpeHH.H.H 3a.n;aqa Heil:MaHa ( coorneTCTBeHHO TpeTh.H KpaeBa.H 3a.n;aqa) cocTOHT 
B HaxO:>K,D;eHHH pemeHHH ypaBHeHHH (2.36), HerrpepbIBHO .n;H<P<l>epeHU:MpyeMbIX 
B 3aMKHyToil: o6JiaCTH D H y.n;oBJiernop.HIOIUHX Ha rpaHHU:e o6JiaCTH KpaeBoMy yc
JIOBHIO 2-ro po.n;a (coorneTCTBeHHO 3-ro po.n;a) 

~ ~ \r - µ ( COOTBeTCTBeHHO ( ~ ~ + (Jul = µ, (J > 0 . (2.38) 
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IIycTh G E Rn - o6JrncTh, co;i;ep:>KamM BHemHOCTh mapa ;i;ocTaTOqHo 6oJihmoro 

pami:yca. 

BHemmrn 3~a'la L{npmrne (cooTBeTCTBeHHO HeifMaHa HJIH TPeTh.sJ KpaeBM 3a

;i;aqa) cocTOHT B Haxo:>K;i;eHHM pemeHn.si: ypaBHeHM.sJ (2.36) B o6JiaCTH G, HerrpephIB

Horo B 3aMKHYTOH o6JiaCTH G ( coorneTcTBeHHO nerrpephIBHO ;i;mp<Pepem~npyeMoro 
G) M YAOBJieTBop.si:10mero rra rpaHnn:e r o6JiaCTH G KpaeBOMY ycJIOBHIO 1-ro po;i;a 

(2.37) (coorneTcTBeHHO 2-ro HJIM 3-ro poJia (2.38)). 

B TeITJIOBhIX TepMHHaX BHyTpeHH.sl.sl 3~aqa L{HpMXJie COCTOHT B OThlCKaHHH CTa

U:MOHapHOfO noJI.si: TeMnepaTyphI u B o6JiaCTH D no 3a;i;aHHOHY pacrrpe;i;eJieHMIO 

TeMnepaTyphI U Ha rpaHHU:e I' 9TOH o6JiaCTM. 

2.3. 0 KOppeKTHOCTM noCTaHOBKM 3a,:ia1.1 
MaTeMaTMLleCKOM <l>M3MKM 
foBop.si:T, qTo 3a;i;aqa MaTeMaTH'leCKOH <i>H3HKH IIOCTaBJieHa KOppeKTHO, eCJIM Ha

'laJihHhie M KpaeBhie ycJIOBM.si: o6ecrre'lMBaIOT: 

1) cymecTBOBaHHe pemeHH.sl B paccMaTpMBaeMOH o6JiaCTM; 

2) e;i;nHCTBeHHOCTh pemeHM.sJ (;i;Ba pemeHn.si:, y;i;oBJiernop.si:10mMe OAHHM n TeM :>Ke 

Ha'laJihHhIM H KpaeBhlM ycJIOBM.sJM, COBII~aIOT B o6JiaCTM); 

3) HerrpephIBHYIO 3aBMCHMOCTh pemeHM.si: OT Ha'laJihHhIX n KpaeBhIX ycJIOBMH (Ma

Jihie H3MeHeHM.sl Ha'laJihHblX H rpaHH'lHhIX <i>YHKU:HH Bhl3hIBaIOT MaJibie H3MeHe

HM.sl pemeHM.sl B o6JiaCTM). 

Ilo'leMy Ba:>KHO Bhl.sJCHMTh, rrpe:>K;i;e 'leM pemaTh 3~aqy MaTeMaTH'leCKOH <i>H3M

KH, KoppeKTHO JIM oHa nocTaBJieHa? IIccJie;i;y.si: Bonpoc o cymecTBOBaHHH pemeHn.si:, 

BhI.sJCH.sJIOT, He rrepeorrpe;i;eJiena JIM 3~aqa, He .sJBJl.sJIOTc.si: JIM HaJIOJKeHHhie Ha peme

HHe ycJIOBM.sJ npoTMBope'IHBhIMH. IIccJie;i;y.si: Bonpoc o e;i;MHCTBeHHOCTM pemeHn.si: 

paccMaTpMBaeMOH 3~a'IM, Bhl.sJCH.sJIOT, He .slBJI.sJeTC.sl JIM 3~aqa Heorrpe;i;eJieHHOH, KO

r;i;a HaJIO:>KeHHble ycJIOBM.sl OKa3hIBaIOTC.sl He;i;ocTaTO'lHhIMH ;i;mr o6ecrre'leHH.sl e;i;HH

CTBeHHOCTM pemeHM.si:. HaKonen:, ycTaHoBJienne HenpephIBHOH 3aBHCHMOCTH peme

HH.si: OT Ha'laJihHhIX H KpaeBbIX ycJIOBMH Ba:>KHO no CJie;i;y10meii: npH'lHHe. ECJIH KO

a<P<Pnn:MeHThl ypaBHeHM.sJ, KOTopoe, KaK npaBMJIO, BhIBOAMTC.sl Ha OCHOBe <i>H3H'le

CKMX 3aKOHOB, .slBJI.sJIOTC.sl TO'lHhIMH KOHCTaHTaMM MJIM <i>YHKU:H.sJMM, TO <i>YHKU:HH, 

BXOA.si:mne B Ha'laJihHbie HJIH KpaeBbie ycJIOBH.sJ, HaxOA.sJTC.sl rrpM6JIM:>KeHHO H3 9KCIIe

pnMeHTa. IIoaToMy 3~aqa, B KOTopoii: MaJIM omn6Ka B aKcrrepnMeHTaJihHhIX ;i;aH

HhlX Bhl3bIBaeT 6oJibillMe M3MeHeHH.sl pemeHH.sJ, rrpaKTM'leCKH 6ecnoJie3Ha. 

PemeHMe, HenpephrnHo 3aBMc.si:mee OT Ha'laJihHhIX n KpaeBhIX ycJioBnii:, Ha3hIBa- ' 

eTc.si: TaKJKe ycmoii.11.uBbl.M, a 3~aqa - ycmoii.11.uBou. 
He BC.si:Ka.si: 3~aqa KoppeKTHO rrocTaBJieHa. IIpnMepoM HeKoppeKTHO rrocTaBJieH

Hoii: 3~aqn .si:BJI.si:eTc.H- 3~aqa Kornn AJI.sJ ypaBHeHn.si: JlanJiaca oTHOCMTeJihHO u( x, y) 
B IIOJIYIIJIOCKOCTM y > 0 . 

Y6e;i;MMC.si:, 'ITO am 3a;i;aqa HeycTOH'lMBa . .lJ:eii:cTBHTeJihHO, paccMoTpMM pemeHM.sJ 

ABYX 3a;i;aq: 

1) A 0 ( 0) 0 OU(X, 0) = 0 • L.l u = , u x, = , ay , 
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1 L &ui.(x,O) 
2) liu,_=0, Ui_(x,0)=-COS/\.:.t, =0. 

'A ay 
Ilpn .n;ocrnToqtto 6oJihIIIHX rro Mo.n;yJIIO 'A HaqaJihHbie cpyHKQHH y HHX MaJio oT

JIH'IaIOTC5I: 

c .n;pyroii: CTOpOHbl, HX peIIIeHH.H U=O 
1 

u,_ = Iexp('Ay)cosA.x 

x = 0, y = Yo > 0 OTJIHqa10Tc.H Ha BeJinqnHy 

1 
lu(x,y0 )-u,_(O,y0 )j =\'Al exp('Ay0 ), 

II pH 

rrpeBocxo.n;.HmYIO JI106oe Harrepe.n; 3a.n;aHHoe qncJio M > 0 rrpH coorneTCTBYIOmHM 
o6pa30M Bb16paHHOM A , TaK KaK 

lim[(1/'A)exp('Ay0 )]-+ oo. 
'/..~oo 

IlpHBe.n;eHHblH rrpHMep HeKoppeKTHO IIOCTaBJieHHOH 3a.n;aqH Ha3hIBaeTC$1 rrpHMe
poM A.n;aMapa [2.14]. 

HeKoppeKTHa TaK)Ke 3a.n;aqa KomM .n;JI.H rHrrep6oJrnqecKoro ypaBHeHH.H c HaqaJih
HhIMH .n;aHHblMH Ha xapaKTepHCTHKe, TaK KaK B aTOM CJiyqae HapymaeTC.H e.n;HHCT
BeHHOCTb peIIIeHH.H. 

2.4. MeTOAbl peweHMR 
AM<l><l>epeH"'ManbHblX ypaaHeHMM 
2.4.1. 06111Me ceeaeHMJI 
OcHoBHhIMH ypaBHeHH.HMH MaTeMaTHqecKOH cpH3HKH, HCIIOJih3yeMbIMH B npHKJia.n;
HhIX HH)KeHepHblX 3a.n;aqax, MO)KHO cqHTaTb: 

H3 zunep60J1u'lec1eux: 
1) ypaBHeHH.a CB06o.n;HhIX H BbIHY)KJ.(eHHbIX KOJie6aHHH; 
2) BOJIHOBOe ypaBHeHHe. 

H3 napa60J1U'lec1CUX: 
1) ypaBHeHHe .n;Hcpcpy3HH; 
2) ypaBHeHHe pacrrpocTpaHemrn TerrJia. 

H3 aJ1J1.unmu'lec1eux: 
1) o.n;Hopo.n;ttoe H Heo.n;Hopoii:Hoe ypaBHeHH.H JiarrJiaca. IIocJie.n;Hee qacrn Ha3bIBaIOT 

ypaBHeHHeM IIyaccoHa; 
2) Oi'J;HOpOi'l;HOe H HeO.n;Hopoi'l;HOe ypaBHeHH.H feJibMfOJibQa. 

CymecrnyeT 6oJibIIIoe qncJio MeTo.n;oB, c rroMombIO KOTOphlx MoryT 6b1Tb pa3pe
IIIeHbI KpaeBbie 3a.n;aqH, OIIHChIBaeMbie c IIOMOmbIO ,l.l:HcpcpepeHQHaJibHbIX ypaBHeHHH 
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B 'laCTHbIX rrpOH3BO,D;HblX MaTeMaTH'leCKOH cpH3HKH. lfa HaH6oJiee HCIIOJlh3yeMbIX, 

c u;eJibIO IIOJiyqeHH.sJ 3cpcpeKTHBHbIX perneHHH, MOJKHO peKOMeH,D;OBaTb MeTO,D;bI: Teo

PHH rroTeHIJ;HaJia; pa3JIOJKeHH.sJ no co6cTBeHHhIM cpyHKIJ;H.sJM; pa3,n;eJieHH.sJ rrepeMeH

Hh1x; HHTerpaJibHblX rrpeo6pa30BaHHH; ,D;HCKpeTH3aIJ;HH 3a,n;aq; pac111errJieHH.sJ; KOH

cpopMHbIX orn6pa:lKeHHH H .n;p. 

PaccMoTpHM KpaTKO yrroM.sJHYTbie 3,n;ecb MeTO.D;hI. 

Memoobl meopuu nomeuu,uaJta. TeopH.sI rroTeHu;HaJia, KaK rrpaBHJio, HCIIOJih3Y

eTC.sJ rrpH perneHHH 3JIJIHIITH'leCKHX ypaBHeHHH. qa111e Bcero 3TOT MeTo,n; HCIIOJib3y

eTC.sJ rrpH perneHHH ypaBHeHHH JiarrJiaca. EcJIH HCKaTb perneHHe KpaeBOH 3a,n;a'IH 

B BH.n;e IIOTeHIJ;HaJia, TO ,D;JI,SJ ero IIJIOTHOCTH B03HHKaeT HHTerpaJibHOe ypaBHeHHe 

<I>pe,n;roJibMa, a HHTerpHpOBaHHe Be.n;eTC.sJ no rpaHHIJ;e paccMaTpHBaeMOH o6JiaCTH. 

Memoobl pa3.llO:J1Ceuua no co6cm6euHbLM t/Jymcu,URM. Mern.n; OThICKaHH.sJ perne

HHH B BH.n;e p.s1,n;oB no HeKOTOpbIM cpyHKIJ;H.sJM - O,D;HH H3 HaH60J1ee 'laCTO rrpHMe

H.sJeMbIX MeTo,n;oB MaTeMaTH'leCKOH cpH3HKH. MHorHe 3a,D;a'IH rrpHBO.D;.sJT K TaK Ha3bI

BaeMbIM 3a,D;a'laM Ha co6CTBeHHhie 3Ha'leHH.sJ, KOTOpbie rrpe,n;CTaBJI.sJIOT co6oii: O,D;HO

po,n;Hble ypaBHeHH.sJ c rrapaMeTpOM. 3Ha'leHH.sJ rrapaMeTpOB, rrpH KOTOpbIX ypaBHeHHe 

HMeeT HeHyJieBble perneHH.sJ, Ha3bIBaIOTC.sJ co6cm6eHHbLMU 3HQ'lfeHURMU, a co-

OTBeTCTBYIOIIJHe perneHH.sJ co6cm6eHHbLMU t/JYHKU,URMU. • 
Mern,n;hI pa3JIOJKeHH.sJ no co6cTBeHHhIM cpyHKIJ;H.sJM rrpHMeH.sJIOTC.sJ rrpH perneHHH 

rHrrep60JIH'leCKHX, rrapa6oJIH'leCKHX H 3JIJIHIITH'leCKHX ypaBHeHHH. 

Memoobt pa3oeJ1eHUR nepeMeHHblX. llIHpoKo HCIIOJih3YIOTC.sJ rrpH perneHHH 3a

,n;aq MaTeMaTH'lecKo:ii: cpH3HKH. TaK JKe KaK H MeTO.D;hI pa3JIOJKeHH51 no co6cTBeHHhIM 

cpyHKIJ;H.sJM, rrpe,n;Ha3Ha'leHbl ,i'l;JI.sJ OTbICKaHH.sJ 'laCTHbIX perneHHH .n;HcpcpepeHIJ;HaJib

HbIX ypaBHeHHH. MeTO.D;hI pa3,n;eJieHH.sJ rrepeMeHHhIX qacrn rrpHBO.D;51T K crreu;HaJib

HhIM cpyttKIJ;H.sJM (JleJKaH,n;pa, BecceJI.sJ, faHKeJI51, MaThe H .n;p.), KOTOpbie 51BJI.sJIOTC51 

perneHH51MH 3a,n;a'I Ha co6cTBeHHble 3Ha'leHH.sJ. 

Memoobl uumezpaJtbHblX npeo6pa3o6auuii - ::icpcpeKTHBHbie MeTo,n;hI perneHH51 

H HCCJie,n;oBaHH51 ,n;HcpcpepeHIJ;HaJibHbIX H HHTerpaJibHbIX ypaBHeHHH MaTeMaTH'leCKOH 

cpH3HKH, 3aKJIIO'laIOIIJHeC.sJ B HHTerpHpOBaHHH ypaBHeHH.sJ c HeKOTOpo:ii: BeCOBOH 

cpyHKIJ;He:ii:, 3aBHC.sJIIJeii: OT ,n;Byx apryMeHTOB, 'ITO qacTO rrpHBO,D;HT K yrrpo111eHHIO 

Hcxo.n;tto:ii: 3a,n;a'IH. OcttoBHhIM ycJIOBHeM .n;JI.sJ rrpHMetteHH.sJ HHTerpaJibHbIX rrpeo6pa-

30BaHHH .sJBJI.sJeTC.sJ HaJIH'IHe TeopeMbl 06pa111eHH.sJ, II03BOJI.sJIOIIJeH HaHTH HCXO.D;HYIO 

cpyHKIJ;HIO, 3Ha.sJ ee o6pa3. B 3aBHCHMOCTH oT BecoBo:ii: cpyHKIJ;HH H o6JiaCTH HHTer

pHpoBaHH.sJ paccMaTpHBaIOTC51 npeo6pa3oBaHH51 <I>yphe, JianJiaca, MeJIJIHHa, fattKe

JI.sJ, Meii:epa, fHJib6epTa H .n;p. C noMOIIJbIO 3THX rrpeo6pa3oBaHHH MoryT 6b1Tb pe

rneHbI MHOrHe 3a,D;a'IH TeopHH KOJie6aHHH, TeIIJIOIIpOBO,D;HOCTH, ,n;Hcpcpy3HH, rn.n;po

,D;HHaMHKH, TeopHH yrrpyrocTH H .n;p. 

Memoobt oucKpemU3au,uu 3aoa'lf. Pa3JIH'IHbie pa3,n;eJibI BhI'IHCJIHTeJihtto:ii: MaTe

MaTHKH IIOCB51IIJeHbl kOHCTpyHpOBaHHIO H HCCJie.n;oBaHHIO MeTO,D;OB perneHH.H 3a,n;aq 

MaTeMaTH'leCKOH cpH3HKH. 0.n;HOH H3 qepT 3THX MeTO,D;OB .sJBJI51eTC.H TO, 'ITO HCXO,D;Ha.sJ 

3a,n;aqa rrpH6JIHJKeHHO 3aMeH.HeTC.H perneHHeM HOBOH 3a,D;a'IH, B KOTOpoii: HeH3BeCT

HbIMH .sJBJI51IOTC.sJ KOHe'IHOe 'IHCJIO rrapaMeTpOB, 3HaHHe KOTOpbIX II03BOJI.sJeT rrpH6JIH

JKeHHO Bbl'IHCJIHTb HCKOMOe pernem1e. TaKOH rrpou;ecc 3aMeHbl perneHH51 HCXO,D;HOH 

3a,D;a'IH HOBOH 3a,n;aqe:ii: c KoHe'IHhIM 'IHCJIOM HeH3BecTHhIX rrapaMeTpoB Ha3hIBaIOT 

OUC1CpemU3aU,UeU ITOCTaBJieHHOH 3a,D;a'IH MaTeMaTH'leCKOH cpH3HKH. ):J:HCKpeTH3aIJ;HIO 



2.4. MeTOAbl peweH1r15! t:11r1cj>cj>epeHu1r1a11bHblX ypasHeH1r1i:.1 61 

3a,naqn MO)l(HO ocymecTBHTh MHOfHMH MeTO)l;aMH, KOTOphle qacTo Ha3hIBaIOT TaK)l(e 

COOTBeTCTBYIOII(HMH MeTO)l;aMH rrpn6JIH)l(eHHOro perneHHH HCXO)l;HOH 3a,naqn. 

OnttHM H3 Tpe6oBaHHH, KOTOphie rrpenbHBJI.HIOTCH K MeTonaM nncKpeTH3a1IHH 

(rrpH6JIH)l(eHHhIM MeTO)l;aM BhlqHCJIHTeJihHOH MaTeMaTHKH) c TOqKH 3peHHH Bhiqnc

JieHHH, HBJIHeTC.H Tpe6oBaHHe anrrpoKCHMallHH HccJienoBattne rrpo6JieMhl anrrpoK

CHMa1IHH B MeTonax )l;HCKpeTH3a1IHH TeCHO CBH3aHO c oco6bIM pa3)l;eJIOM MaTeMaTH

KH, HOCHII(HM Ha3BaHHe TeopHH rrpH6JIH)l(eHHH cpyHKllHH. 

l{pymM cpenn OCHOBHhIX Tpe6oBaHHH K MeTony )l;HCKpeTH3allHH HBJI.HeTCH Tpe-

6oBaHHe B03MO)l(HOCTH HaHTH HCKOMhie BeJIHqHHhl c BhI6paHHOH CTerreHhIO TOqHo

CTH. Oco6oe 3HaqeHHe )l;JIH Bh1qncJieHHH HMeIOT rronoMY TaKHe rrpn6JIH)l(eHHhie 

MeTO)l;hl H npo11ecch1, KOTOpbie Il03BOJIHIOT HaXO)l;HTh pe3yJihTaThl co CKOJlh yronHo 

6oJihIIIOH CTeneHhIO TOqHOCTH. TaKHe MeTO)l;hl Ha3hIBaIOT CXO)l;HlllHMHCH. 

Bh1qncJieHHH rrpenbHBJIHIOT K Teopnn rrpn6JIH)l(eHHhIX MeTonoB eme ontto Tpe6o

Battne - Tpe6oBaHHe ycrn:HqHBOCTH BhlqHCJIHTeJihHOro npo11ecca. 

MeTOAhI Bh1qncJIHTeJihHOH MaTeMaTHKH - KOHeqHo-pa3HOCTHhie, Bapna11HoH

Hhle, npoeKllHOHHhie, MeTO)l;hl KBa,npaTyp, npoeKI1HOHHO-CeToqHhie MeTO)l;hl, MeTO)l;hl 

HHTerpaJihHhIX TO)l()l;eCTB H np. - HaIIIJIH IIIHpOKOe npHMeHeHHe npM perneHHH ca

MhIX pa3Hoo6pa3HhIX 3a,naq MaTeMaTHqecKOH cpH3HKH H npHKJia,l(HhIX npo6JieM. 

Memoobl pacw,e11J1e11usi. Mernnh1 pacmerrJieHHH ( MeTOAhI npo6HhIX rnaroB) oc

HoBaHhI Ha nnee rrpH6JIH)l(eHHOro CBeneHHH HCXO)l;HhIX 3BOJIIOllHOHHhlX 3a,naq co 

CJIO)l(HhIMH orrepaTopaMH K perneHHIO IIOCJie)l;OBaTeJihHOCTH 3a,naq c orreparnpaMH 

6oJiee rrpocrn:H CTPYKTYPhI, KOTOphie MoryT 6b1Th acpcpeKTHBHO perneHhI, ttarrpMMep, 

MeTonaMH KOHeqHhIX pa3HOCTeH, KOHeqHhIX aJieMeHTOB, npoeKllHOHHhIMH MeTO)l;aMH. 

OcttoBa p.Hna MeTonoB pacmerrJieHHH co3natta rrpn pa3pa6oTKe onHoMepHhIX 3a

naq MeTO)l;aMH KOHeqHhIX pa3HOCTeH c rrpHMeHeHHeM MeTO)l;OB cpaKTOpH3allHH (rrpo

fOHKH). K rrocJienoBaTeJihHOCTH nono6HhIX 3anaq H CBOAHTCH CJIO)l(Hhie 3anaqn 

MaTeMaTnqecKOH cpH3HKH c IlOMOIIIhIO MeTO)l;OB pacmerrJieHHH. KJiacc MeTO)l;OB pac

merrJieHHH (MeTO)l;OB npo6HhIX rnaroB) IIIHpOK: MeTO)l;hl IIOKOMITOHeHTHOro pacmen

JieHHH, ABYllHKJIHqecKHe MeTO)l;hI MHOroKoMnotteHTHoro pacmenJieHHH, MeTon rrpe

AHKTop-KoppeKrnp, MeTO)l;hl nepeMeHHhIX HarrpaBJieHHH H np. 

MeTO)l;hI pacmenJieHHH rnnpoKo ncrroJih3YIOTCH AJIH npH6JIH)l(eHHOro perneHHH 

MHOrHX npHKJia)l;HhIX 3a,naq mnponHHaMHKH, oxpaHhl OKpy)l(aIOme:H cpenhl, MeTeo

poJiomqecKOH TeopHH KJIHMaTa, HrpaIOII(HX Ba)l(HYIO pOJih B ycrn:HqHBOM pa3BHTHH 

o6meCTBa. qaCTO 3TO enHHCTBeHHhie MeTO)l;hl, c IIOMOII(hIO KOTOphIX ynaeTCH peIIIHTh 

)l;aHHhie 3a,l(aqH. 

Memoobt Ko11<}JopM11ow omo6pa31CeHusi. KottcpopMttoe orn6pa)l(ettne OTHOCHTCH 

K O)l;HOMY H3 OCHOBHhIX IIOHHTHH TeopHH cpyHKllHH KOMIIJieKCHOfO rrepeMeHHOfO 

H HrpaeT Ba)l(HYIO poJih rrpn perneHHH 3anaq aapo- H rnnpoMexaHHKH, Teopnn yrrpy

rocTH, aJieKTpo- H pa,nnoTexHHKH, Teopnn cpHJihTpa11nn H np. K CO)l(aJieHHIO, nc

ITOJih3oBattne 3TOf0 MeTona orpaHnqHBaeTCH nByMepHhIMH 3a,naqaMH (cM., HarrpH

Mep, [2.13, 2.14]). 
Ilonpo6ttee o Mernnax perneHHH rrpHKJia)l;HhIX 3a,naq MaTeMaTnqecKOH cpH3HKH 

MO)l(HO Y3HaTh H3 orry6JIHKOBaHHOH MaTeMaTnqecKo:H JIHTepaTyphI (CM., ttarrpnMep, 

[2.1 ]). 
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BI>I6op MeTo,ll,a perneHHH ypaBHeHHH MaTeMaTnqecKoii ¢n3HKH BO MHoroM orrpe

,ll,eJrneTcH ¢opMoii o6JiaCTH 3aJJ;aHHH ¢n3nqecKoii 3aJJ;aqn. EcJIH o6JiaCTb 6JIH3Ka 

K aHaJIHTHqecKOH, TO HaH60Jiee rrpoCTI>Ie pe3yJibTaTbl IIOJiyqaIOTCH npH HCnOJib30Ba

HHH MeTO,ll,OB pa3JIOJKeHHH no co6cTBeHHbIM <l>YHKQJUIM, MeTO,ll,OB pa3,l],eJieHHH nepe

MeHHblX (MeTO,ll, <l>ypbe); MeTO,ll,OB Teopnn noTem:i;naJia. EcJIH o6JiaCTb 3aJJ;aHHH ¢n-

3nqecKoii 3aJ];aqn ,ll,aJieKa OT aHaJIHTHqecKOH, TO perneHHe c 6oJibIIIeH a¢¢eKTHBHO

CTbIO MOJKeT 6bITb IIOJiyqeHO c IIOMOII(bIO MeTO,ll,OB HHTerpaJibHbIX rrpeo6pa30BaHHH, 

,ll,HCKpeTH3aIJ;HH 3aJJ;aq, pacll(eIIJieHHH, KOH¢opMHbIX orn6pa:>KeHHH. 

B npe,ll,JiaraeMoM yqe6HoM rroco6nn rrpn pernemm KOHKpeTHbIX rrpHK.71aJJ:HbIX 3a

,ll,aq MaTeMaTnqecKOH ¢H3HKH HCIIOJlb30BaHbl, B OCHOBHOM, MeTO,ll,bl pa3JIOJKeHHH no 

co6cTBeHHbIM <l>YHKIJ;HHM H pa3,ll,eJieHHH nepeMeHHbIX. DOJiee IIO,ll,po6Ho 06 HCIIOJib-

3yeMblX MeTO,ll,aX perneHHH 3aJ];aq MaTeMaTnqecKOH <PH3HKH 6y,ll,eT H3JIOJKeHO B COOT

BeTCTBYIOII(HX pa3,ll,eJiax rroco6HJI. 

2.4.2. MeTOA pa3AeneHM.H nepeMeHHblX 
KJiaccnqecKHH MeTO,ll, pa3,ll,eJieHHH nepeMeHHbIX - O,ll,HH H3 BaJKHeiirnnx MeTo,ll,oB 

perneHHH KpaeBbIX 3a,ll,aq ,ll,JIH JIHHeHHblX ,ll,H¢¢epeHIJ;HaJibHbIX ypaBHeHHH c qacT

HbIMH rrpOH3BO,ll,HbIMH. ::ho CBH3aHO c TeM, qTo MeTO,ll, pa3,ll,eJieHHH rrepeMeHHI>IX 

B KpHBOJIHHeHHbIX KOOp,ll,HHaTax II03BOJIHeT CBeCTH rrpo11;ecc IIOCTpoeHHH aHaJIHTH

qecKHX perneHHH ypaBHeHHH c qacTHblMH npOH3BO,ll,HblMH K HCCJie,ll,OBaHHIO 6oJiee 

rrpocrnro o6neKTa - o6bIKHOBeHHbIX ,ll,n¢¢epeHIJ;HaJibHbIX ypaBHeHHH. B cJiyqae 

OCHOBHblX ypaBHeHMH MaTeMaTnqecKOH ¢M3MKH 2-ro rropH,ll,Ka COOTBeTCTBYIOII(He 

06b1KHOBeHHbie ,ll,H¢¢epeHIJ;MaJibHbie ypaBHeHMH ITO KaJK,ll,OH KpHBOJIHHeHHOH KOOp

,ll,MHaTe HBJIHIOTCH ypaBHeHMHMH 2-ro rropH,ll,Ka, CO,ll,ep:>Kall(MMM crreKTpaJibHbie rrapa

MeTpbI (noCTOHHHbie pa3,ll,eJieHMH). IlpH HaJIOJKeHHM rpaHHqHbIX ycJIOBMH B03HMKa

IOT 3a,ll,aqn Ha co6cTBeHHbie <l>YHKIJ;MH, qTo II03BOJIHeT rrpMMeHHTb o61I(MH npHHIJ;HII 

cyrrepII03MIJ;MM ,ll,JIH JIHHeHHbIX KpaeBbIX 3aJ];aq. Ilpn 3TOM, KaK rrpaBH.710, IIOHBJIHIOT

CH crre11;HaJibHb1e ¢yHKIJ;MH. K HaCTOHII(eMy BpeMeHH B JIHTepaType no crreIJ;MaJibHbIM 

<l>YHKIJ;MHM HaKOIIJieHO 6oJiee ,ll,BYXCOT o6merrpH3HaHHbIX crreIJ;MaJibHbIX <l>YHKIJ;HH, 

6oJibIIIaH qacTb KOTOpbIX B03HMKaeT B pe3yJibTaTe rrpMMeHeHMH MeTO,ll,a pa3,ll,eJieHMH 

rrepeMeHHbIX ,ll,JIH perneHMH 3TaJIOHHbIX KpaeBbIX 3aJJ;aq. HeJib3H C,ll,eJiaTb BbIBO,ll,, qTo 

MeTO,ll, pa3,ll,eJieHMSI rrepeMeHHbIX Jl.cqeprra.71 CBOH npHK.71aJJ;Hbie H TeopeTnqecKHe B03-

MOJKHOCTH. B pH,ll,e pa6oT orrpe,ll,eJieHbI HOBbie acrreKTbI rrpnMeHeHHSI MeTO,ll,a pa3,ll,e

JieHHH rrepeMeHHbIX ,ll,JIH perneHHH aKTyaJibHbIX 3aJ];aq MaTeMaTnqecKOH ¢H3HKH H 

TeopeTnqecKHX HCCJie,ll,OBaHHH. B qacTHOCTH, B CBSI3H c MeTO,ll,OM pa3,ll,eJieHHH rrepe

MeHHblX B03HHKaeT O,ll,Ha H3 OCHOBHblX rrpo6JieM ypaBHeHHH c qacTHblMH npOH3BO,ll,

HbIMH - OIIHCaHHe Bcex KpHBOJIHHeHHbIX CHCTeM KOOp,ll,HHaT, B KOTOpbIX HCXO,ll,HOe 

ypaBHeHHe HJIH CHCTeMa ypaBHeHHH ,ll,OnycKaIOT IIOJIHOe HJIH qaCTffqHOe pa3,ll,eJieHHe 

rrepeMeHHbIX. Han6oJiee IIOJIHO aTa rrpo6JieMa perneHa ,ll,JIH ypaBHeHHH THIIOB Jiarr

Jiaca H feJibMroJibIJ;a B TpexMepHOM rrpocTpaHCTBe. lfaBeCTHO, qTo ypaBHeHHe THIIa 

JiarrJiaca ,ll,OIIYCKaeT IIOJIHOe pa3,ll,eJieHHe rrepeMeHHI>IX B O,ll,HHHaJ];IJ;aTH KPHBOJIHHeii

HbIX opTOroHaJibHbIX CMCTeMax KOOp,ll,HHaT H pa3,ll,eJieHHe rrepeMeHHI>IX B BOCbMH 

CHCTeMaX KOOp,ll,HHaT, a ypaBHeHHe THIIa feJibMroJibIJ;a ,ll,OIIYCKaeT TOJibKO IIOJIHoe 

pa3,ll,eJieHne rrepeMeHHbIX B O,ll,HHHaJJ;IJ;aTH cncTeMax Koop,ll,HHaT. OcHOBHbie MeTO,ll,bI, 
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rrpHMeH.SieMbie ,l(JUI IIOCTpoeHmI KpHBOJIHHeHHblX CHCTeM KOOp,Zl;HHaT c pa.3,Zl;e.IDUO

IIIHMHCH rrepeMeHHbIMH, 6a311py10Trn Ha TeopeTHKo-rpyrrrroBOM aHaJIH3e ypaBHeHHH 

c qacTHbIMH rrpoH3BO,Zl;HhlMH. 

MeTOi'l rrpHMeHHeTCH o6brqHo B CJiyqaHX, KOf,ZJ;a IIOBepXHOCTH, Ha KOTOpbIX 3a,ZJ;a

Hbl rpaHHqHbie ycJIOBHH, HBJIHIOTCH KOOp,Zl;HHaTHbIMH IIOBepXHOCTHMH B opToro

HaJibHbIX KpHBOJIHHeHHblX CHCTeMax KOOp,Zl;HHaT q1'q2,q3. 
CyIIIHOCTb MeTO,ZJ;a COCTOHT B TOM, qTQ IIO,ZJ;JieJKarrree HHTerp11poBaHHIO .nmp¢e

peHI~HaJibHOe ypaBHeHHe 3aIIHCbIBaIOT B COOTBeTCTBYIOIIIHX KOOPi'lHHaTax qi' q2' q3 
H IIbITaIOTCH HaxO,ZJ;HTb qacTHbie penreHHH 3TOfO ypaBHeHHH B ¢opMe rrpOH3Be,ZJ;eHHH 

<l>YHKnHil:, 3aBHC.sIIIIHX KaJK,ZJ;aH TOJibKO OT O,Zl;HOH 113 rrepeMeHHbIX. TaK KaK HCXO,Zl;HOe 

.n;11¢¢epeHI~HaJibHOe ypaBHeHHe JIHHeHHO OTHOCHTeJibHO HCKOMOH <l>YHKnHH H ee 

rrpOH3BO/lHbIX, TO cyMMa IIpOH3BOJibHOro q11cJia Hail:.n;eHHbIX TaKHM crroco6oM qacT

HbIX penreHHH ero eCTb OII.sITb penreHHe. IloJiyqaeM, TaKHM o6pa30M, B03MOJKHOCTb 

COCTaBHTb HeKoe BeCbMa o6rrree penreHHe rrpe.n;JIOJKeHHOfO ypaBHeHHH. 

EcJIH COOTBeTCTBYIOIIIHM Bb16opoM 3HaqeHHH, BXOi'l.sIIIIHX B CYMMHpyeMbie penre

HH.sI rrapaMeTpOB H IIOCTOHHHbIX, MOJKHO .n;o6HTbCH Toro, qTo6bI BCe penreHHe B ne

JIOM y.n;oBJieTBopHJIO BceM rpaHHqHhlM 11 HaqaJibHhlM ycJIOBHHM 11 rrpe.n;cTaBJIHJIOCb 

6bI rrpH 3TOM CXO,ZJ;HIIIHMCH PHllOM, H eCJIH CBepx Toro ycTaHOBJieHO, qTo rrpH 3THX 

ycJIOBHHX rrpe.n;JIOJKeHHOe ypaBHeHHe HMeeT O,ZJ;HO-e,Zl;HHCTBeHHOe penreHHe, TO Hail:

.n;eHHOe penreHHe H 6y.n;eT rrpaBHJibHbIM penreHHeM 3a,ZJ;aq11. 

B rnaBax 3-5 IIOHCHHIOTCH oco6eHHOCTH HCIIOJib30BaHHH MeTo.n;a pa.3,ZJ;eJieHHbIX 

rrepeMeHHbIX ,ZJ;JIH KOHKpeTHbIX ypaBHeHHH. 

2.5. TeopeMbl cno>KeHMJI 
TeopeMbI cJioJKeHHH rrpe.ncTaBJIHIOT co6oil: ¢opMYJibI 

us(~)= l:Cskuk (~), (2.39) 
k 

BbipaJKa10rrr11e B BH,Zl;e pH,Zl;OB ( HHTerpaJIOB) penreHHH us c pa.3,neJieHHbIMH rrepeMeH

HbIMH HCXO,ZJ;HOrO ypaBHeHHH B O,Zl;HOH KpHBOJIHHeHHOH CHCTeMe KOOp,Zl;HHaT qepe3 

penreHHH Uk c pa3.n;eJieHHbIMH rrepeMeHHbIMH B .npyroil: KpHBOJIHHeHHOH CHCTeMe 

KOOp,Zl;HHaT. 

Bo3HHKHOBeHHe IIOHHTHH TeopeM CJIOJKeHHH B TaKOH o6o6rrreHHOH ¢opMyJIHpOB

Ke CBH3aHO c i'lBYMH MOMeHTaMH. )lJIH 3JieMeHTapHhlX ¢YHKn11il: xoponro H3BeCTHbl 

rrpocTbre ¢opMYJibI MH Bbrq11cJieHHH 3HaqeHHH <l>YHKnHH OT CyMMbI, rrpOH3Be.n;eHHH 

11 .npymx coqern1rnil: .ZJ;Byx apryMeHTOB. B qacTHOCTH, 

sin(x + y) = sinxcosy + cosxsiny, ln(.xy) = lnx + lny. 

AHanor11qHhle ¢opMyJihI ,ZJ;JIH crrenHaJibHbIX ¢YHKn11il:, KOTOpbre rroJiyqHJIH Ha-

3BaHHe TeopeM cJioJKeHHH (TeopeMbI CJioJKeHHH fereH6ay3pa, fpa¢a, Heil:MaHa 

11 .np.), paccMaTpHBaJIHCb B pH.ne pa6oT. )lJIH rrpHMepa rrp11Be.neM rrpocTeil:nryro Teo

peMy cJioJKeHHH ,ZJ;JIH ¢YHKn11il: EecceJIH [2.4]: 

ln(x +a)= f ln=k(a)jk(x) · 
k=-oo 
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c .n;pyroif CTOpOHhl, npH paCCMOTpeHHH <l>H3HqecKHX 3a.n;aq B03HHKaeT IlOTpe6-

HOCTh B npe.n;cTaBJieHHH 9JieMeHTapHhlX HCToqHHKOB c<t>epH'IeCKHX, IJ;HJIHH.n;p~e

CKHX H ITJIOCKHX noJieH B BH.n;e pa3JIO)l(eHHH no CIIeUHaJihHhlM <l>YHKUHHM, onpe.n;e

m1eMhIX reoMeTpHe:H 3a.n;aqH. DOJihIIIHHCTBo yKa3aHHhIX <PopMyJI o6o6maeTcH B Tep

MHHax TeopeM CJIO)l(eHHH (<l:>opMyJI nepepa3JIO)l(eHH51) (2.39) ,ll;JIH ypaBHeHHH c pa3-

.n;eJI51IOIIJ;HMHC51 KpHBOJIHHeHHhlMH KOOp,ll;HHaTaMH. 

IlpHBe.n;eM npHMep TeopeMhl CJIO)KeHHH BH,ll;a (2.39) ,ll;JIH IlJIOCKOro ypaBHeHHH 

JianJiaca B .ZJ;eKapTOBhlX KOOp.ZJ;HHaTaX X, y H ITOJIHpHhIX Koop.n;HHaTaX p, <p. Pa3JiaraH 

9KCITOHeHTY B pH.n;, JierKo IlOJIY'fHTh cJie.n;yromyro <PopMyJiy nepepa3JIO)KeHH51: 

exp (A.(x + iy)) = ~ ~~ pk (cos k<p + i sin kcp), A. - canst , 

r.n;e exp (A.( x + iy)) - peIIIeHHe ypaBHemrn JianJiaca B .n;eKapTOBhIX Koop.n;ttaarnx; 

pk cos k<p' pk sin kcp - peIIIeHHH ypaBHemrn JianJiaca B IlOJIHpHhIX KOOp,ll;HHarnx; 

Koa<t><l:>H:a;HeHT pa3JIO)KeHH51 c,_ k = A. k I k ! . 
IlpH pa3pa6oTKe TeopeM c.n'o)Kettmf OCHOBHaH 3a.n;aqa COCTOHT B BhlqHcJieHHH KO

a<P<Ptt:u;HeHTOB csk B <l>OPMYJiax nepepa3JIO)KeHH51 (2.39). B 6oJihlllHHCTBe CJiyqaeB 

Koa<P<Ptt:u;HeHThl pa3JIO)l(eHH51 MoryT 6bITh npe.n;CTaBJieHhl B HHTerpaJihHOH <PopMe H 

BhJqHCJieHhl Ha OCHOBaHHH HMeIOIIJ;HXCH Ta6JIHIJ;. IlpH 9TOM Heo6xo.n;HMO H,ll;eHTH<l:>H

:a;HpoBaTh noJiyqeHHhie HHTerpaJihl B TepMHHax xopoIIIO H3y'IeHHhIX cne:a;HaJihHhlX 

<l>YHKIJ;HH. B oT.n;eJihHhIX cJiyqaHx .n;JIH Koa<l:><l:>H:a;HeHTOB y.n;aeTcH ITOJIY'fHTh JIHIIIh 

peKyppeHTHhle COOTHOIIIeHHH. Pa3pa6aTh1BaIOTCH TaK)Ke TeopeTHKO-rpynnoBhle Me

TO,ll;hl .ZJ;JIH BhiqHcJieHHH Koa<P<Ptt:a;HeHTOB Csk , Ha3hIBaeMhIX MaTpHqHhIMH 9JieMeHTa

MH cMemanHoro 6a3Hca. B npHKJia,ll;HhlX :u;eJIHX MeTo.n; pa3.n;eJieHHH nepeMeHHhIX 

npHMeHHeTCH ,ll;JIH aHaJIHTHqecKoro peIIIeHHH KpaeBhIX 3a.n;aq B cJiyqae 9.IIJIHITTHqe

CKHX ypaBHeHHH B o6JiaCT51X, orpaHHqeHHhIX IlOJIHhIMH HJIH HeITOJIHhlMH KOop.n;H

HaTHhIMH IIOBepxHOCTHMH, KpaH KOTOphIX COBna.n;aIOT c KOOp,ll;HHaTHhIMH JIHHHHMH 

HCXO,ll;HOH CHCTeMhl KpHBOJIHHeHHhIX KOOp,ll;HHaT. IlpH 9TOM ,ll;JIH IlOBepXHOCTeH 

c KpaeM ,ll;OITOJIHHTeJihHO HCITOJlh3YeTCH TeopHH napHbIX cyMMaTOpHhIX HJIH HHTe

rpaJihHhIX ypaBHeHHH c H.n;paMH B BH,ll;e crre:a;HaJihHhIX <l>YHKIJ;HH [2.15]. L{JIH peme

HHH BHeIIIHHX KpaeBhIX 3a.n;aq B MHOrDCB513HhIX o6JiaCT51X, orpanHqeHHhlX ,ll;BYMH HJIH 

6oJihllIHM qHCJIOM KOop.n;HHaTHhIX ITOBepXHOCTeH, a<t><t>eKTHBHO HCITOJih3yeTC51 MeTO,ll; 

TeopeM cJIO)KeHHH. BnepBbie MeTO.n; TeopeM cJio)KeHHH cttcTeMaT~ecKH 6hIJI npHMe

HeH K peIIIeHHIO KpaeBhIX 3a.n;aq .n;tt<PpaKIJ;HH 9JieKTpoMarHHTHhIX BOJIH B MOHorpa

<l>HH [2.16]. B nocJie.n;yromeM MHorne aBrnphI HCITOJih30BaJIH era .n;JIH qHcJieHHOH 

peaJIH3aIJ;HH .n;tt<l:>paKIJ;HOHHhIX 3a.n;aq, 3a.n;aq 9JieKTpocTaTHKH, BOJIHOBO.ZJ;HhIX 3a.n;aq, 

3a.n;aq TeOpHH ynpyrocTH H pacnpocTpaHeHHH aKyCTHqeCKHX BOJIH [2.3], B TeOpHH 

9KpaHHpOBaHHH [2.17, 2.18]. 
HaMH peKoMett.n;yeTcH HCITOJih30BaTh TeopeMbI cJio)KeHHH rrpH Heo6xo.n;HMOCTH 

npeo6pa30BhIBaTh peIIIeHHH ypaBHeHHH MaTeMaTHqecKOH <l>H3HKH H3 O,ll;HOH CHCTe

Mhl KOOp,ll;HHaT, qTo Tpe6yeTC51 npH cyMMHpOBaHHH IlOJieH OT,ll;eJihHhlX HCTOqHHKOB, 

OTHOCHTeJihHO 6a30BOH CHCTeMhl KOOp,ll;HHaT. 

TeopeMoH CJIO)KeHHH Ha3oBeM <PopMyJiy, npe.n;cTaBJIHIOmyro peIIIeHHe 

( 
(1) (1) (!)) v ( (2) (2) (2)) 

Uvµ q1 , q2 , q3 B BH.ZJ;e cyrrepll03HIJ;HH peIIIeHHH Va~ q1 , q2 , q3 : 
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(2.40) 

rl{e (qlj),q~j),q~)) (J E [1,2]) - opTOfOHaJibHble KpHBOJIHHeMHbie KOOpl{HHaThl TeKy

:rn:eii ToqKH (AJISI HerrpepblBHbIX rrapaMeTpOB 3HaKH cyMM: 3aMeHSIIOTCSI Ha HHTerpa-

) . ( (1) (!) (!)) ( (2) (2) (2)) 6 v v Jlbl , Uvµ Q1 , Q2 , q3 , Vu~ q1 , q2 , q3 - Ha Opbl qaCTHbfX peIIIeHHH ypaBHeHHH 

MaTeMaTHqeCKOH cpH3HKH; v' µ,a,, 13 - rrapaMeTpbI, rrpo6eraro:rn:He HeKOTOpbie Herrpe

pbIBHbie HJIH l{HCKpeTHbie MHO:>KeCTBa qJiCJIOBbIX 3HaqeHHM. 

qa::rn:e Bcero TeopeMbl CJIO:>KeHHSI HCIIOJib3YIOTCSI l{JISI CJiyqaeB, KOfl{a ypaBHeHHSI 

MaTeMaTHqecKOH cpH3HKH l{OIIYCKaIOT pa3l{eJieHHe rrepeMeHHbIX B KOOpl{HHaTaX 

( qlj), q;j), q1j) ) . B aTOM cJiyqae perneHHSI 

Uvµ ( qj1l, q;i), q~!)) = ftvµ ( qj1l) · Vvµ ( q~!), q11l), (2.41) 

vu~ ( ql2
)' q~21)' q12l) = vu~ ( q)2l). vvµ ( q~2l' q12l) 

H KOacpcpHIJ;HeHTbl C~~ Bbipa:>KaIOTCSI qepe3 CIIeIJ;HaJibHbie cpyHKIJ;HH. 

CJiel{yeT oTMeTHTh, qTQ rrpH perneHHH BHernHeii KpaeBoii 3al{aqH l{JISI HecKOJih

KHX TeJI, orpaHHqeHHblX KOOpl{HHaTHbIMH IIOBepXHOCTSIMH, IIOCTOSIHHbie pa3l{eJieHHSI 

l{OJI:>KHbl 6bITb IIOJ:{06paHbl TaKHM o6pa30M, qT06bI cpyHKU:HH o6pa30BaJIH IIOJIHbie 

opTOrOHaJlbHbie CHCTeMbl cpyHKU:HH HJIH SIBJISIJIHCb Sll{paMH HHTerpaJibHbIX rrpeo6pa-

3'JB< , 'HM 

2.6. Cne1.&ManbHb1e <l>YHKL&MM, Mcnonb3yeMb1e 
npM peweHMM .RM<l><t>epeH1.&ManbHblX 
ypaeHeHMM MaTeMaTM'leCKOM <l>M3MKM 

B CJiyqae OCHOBHbIX ypaBHeHHM MaTeMaTHqeCKOH cpH3HKH 2-ro rropSIJ:{Ka COOTBeTCT

BYIO:W:He o6bIKHOBeHHbie AHcpcpepeHu;HaJihHbie ypaBHeHHSI no 1<a:>Kl{oii KpHBOJIHHeii

Hoii KOOpl{HHaTe SIBJISIIOTCSI ypaBHeHHSIMH 2-ro rropSIJ:{Ka, COJ:{ep:>Ka:W:HMH crre1<Tpa.7Ib

Hble napaMeTpbI (rrocTOSIHHbie pa3l{eJieHHSI). IlpH HaJIOJKeHHH rpaHHqHblX ycJIOBHH 

B03HHKaIOT 3al{aqH Ha co6cTBeHHble cpyHKU:HH, qTQ II03BOJISieT rrpHMeHHTb o6:rn:Hii 

rrpHHU:HII cyrrepII03HU:HH l{JISI JIHHeHHblX KpaeBbIX 3al{aq, IlpH 3TOM, KaK npaBHJIO, 

rroSIBJISIIOTCSI cneu;HaJihHhie cpyHKU:HH. K HaCTOSI:W:eMy BpeMeHH B JIHTepaType no 

crreu;HaJihHhlM cpyHKU:HSIM HaKorrJieHo 6oJiee AByxcoT o6:rn:errpH3HaHHhIX crreu;HaJih

HhIX cpyHKU:HM, 6oJibIIlaSI qaCTb KOTOpbIX B03HHKaeT B pe3yJibTaTe rrpHMeHeHHSI Me

TOJ:{a pa3l{eJieHHSI rrepeMeHHblX l{JISI perneHHSI 3TaJIOHHbIX KpaeBbIX 3al{aq, 

B TeXHHqecKHX 3al{aqax rrpHXOAHTCSI cTaJIKHBaThCSI c 6oJibIIIHM KOJIHqecTBOM 

crreu;HaJihHhIX cpyHKU:Hii: Jle:>KaHApa, EecceJISI, faHKeJISI, MaTbe, rnrrep6oJIHqecKHX 

H MHorHx AP· qaCTh H3 HHX paccMoTpeHa B rnaBe 15 HacToSI:rn:ero rroco6HSI. IioJiee 

IIOJ:{po6Hble CBel{eHHSI 0 crreIJ;HaJibHbIX cpyHKU:HSIX MO:>KHO rroqepIIHYTb H3 rrpHBel{eH

HOM JIHTepaTypbl [2.7-2.11], a TaK)Ke H3 HCTOqHHKOB, yrroMSIHYTbIX B [2.1-2.3]. 

3 NQ 6063 
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KOHTponbHble eonpocb1 K rnaee 2 
2.1. KaK KJiaccn:qnrn:n:pyroTrn ,i:i:mf>¢epem~n:aJibHbie ypaBHerrmr MaTeMaTn:qecKo:H 

¢H3HKH? 

2.2. KaKn:e ypaBrrerrmr OTHOCJITCJI K KBaJHJIHHeHHbIM? 

2.3. KaK ¢opMyJin:pyeTcJI KpaeBaJI 3a,i:i:aqa? 

2.4. HaJOBHTe BHi'J:bI rpaHJ1:qHbIX ycJioBn::H. Ilpn:Be,i:i:n:Te ITPHMepbI. 

2.5. KaK ¢opMyJin:pyroTcJI HaqaJibHbie ycJioBn:JI? 
2.6. HaJoBHTe BHi'J:bI rpaHn:qHhlX 3a,i:i:aq. 

2.7. KaK ycTaHaBJIHBaeTcJI KoppeKTHOCTb ITOCTaHOBKH Ja,i:i:aqn: MaTeMaTn:qecKo:H 

¢H3HKH? 

2.8. KaKHMH Mern,i:i:aMn: pa3pemaroTcJI KpaeBhle 3a,i:i:aqn: MaTeMaTn:qecKo:H ¢n:3HKH? 

2.9. B qeM ITpen:MY~ecTBa pemeHHJI KpaeBbIX Ja,i:i:aq MeTo,i:i:oM pa3,i:i:eJieHHJI ITepe
MeHHb1x? 

2.10. l.JTO ITpe,i:i:CTaBJIJIIOT co6o:H TeopeMbl CJIOJKeHHJI? B KaKHX C~aJIX OHH HCITOJib-

3YIOTCJI? 
2.11. l.J TO ITpe,i:i:CTaBJIJIIOT co6o:H CITeD;HaJibHhle <i>YHKD;HH? 
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rnasa 3 

AM<l><l>epeH'-'ManbHble ypaaHeHMJI 
rMnep6onM'lecKoro TMna 
3.1. npoCTeMWMe 3aAa'IM1 MOAenMpyeMble 
ypaeHeHMSIMM rMnep6onM'leCKOrO TMna 
YpaBHemrn: c qacTHhIMH rrpOH3BO,ll;HhlMH 2-ro rropH,zi;Ka mrrep6oJrnqecKoro THrra 

HaH6oJiee qacTo BCTpeqaIOTCH B <PH3MqecKHX 3a.zi;aqax, CBH3aHHhIX c rrpoueccaMH 

KoJie6aHHH. IlpoCTe:ti:mee ypaBHeHHe mrrep6oJIMqecKoro THrra 

82 A 82A 
---=0 
8x2 8y2 

06b1qHo Ha3hIBaIOT ypaBHeHHeM KOJie6aHHH cTpyHhl. 

KaK H paHee, orpaHHqMMCH paccMoTpeHHeM KJiacca JIHHeHHhIX ypaBHeHHH. 

3.1.1. YpaaHeHMJI ManblX KOne6aHMM CTpyHbl 
Ka:>KJJ:yIO ToqKy CTPYHhI ,ll;JIHHhl l MO)KHO oxapaKTepH3oBaTh 3HaqeHHeM ee a6cuHc

ChI x . OrrHcaHHe rrpouecca KOJie6aHHH CTPYHhr MO)KeT 6h1Th rrpoBe,zi;eno rrpH noMo

IUH 3a,zi;aHHH noJio)KeHHH ToqeK cTpyHhl B pa3JIMqHhie MoMeHThI BpeMeHM. ,llJIH onpe

,zi;eJieHHH IIOJIO)KeHHH CTPYHhI B MOMeHT BpeMeHH t ,ll;OCTaToqno 3a,zi;aTh KOMIIOHeHThl 

BeKTOpa CMerueHHH {Ai(x,t),~(x,t),~(x,t)} TQqKH x B MOMeHT t. Ilpe.zi;noJIO

)KHM, qTo cMerueHHH CTPYHhI Jie)KaT B o.zi;no:ti: IIJIOCKocTM x , A H qTo BeKTop cMerue

HHH A nepnen,zi;HKYJIHpeH B JII06o:ti: MoMeHT K ocH x. Ilpouecc KOJie6aHHH MO)KHO 

onHcaTh o.zi;no:ti: <PYHKn;He:ti: A(x, t), xapaKTepH3yrorue:ti: BepTHKaJihHOe nepeMerue

HHe CTpytthI. CqHTaeM cTpytty m6Ko:ti: ynpyro:ti: HHThIO. MaTeMaTHqecKoe Bhlpa)Ke

HHe IlOHHTHH rH6KOCTH 3aKJIIoqaeTCH B TOM, qTO HaIIpH)KeHHH, B03HHKaIOruHe 

B CTpyHe, BCer,zi;a HanpaBJieHbl no KacaTeJihHhIM K ee MfHOBeHHOMy npo<PHJIIO 

(pHC. 3.1 ). 3TO ycJIOBHe BhipaJKaeT co6o:ti: TO, qTQ CTpytta He conpOTHBJIHeTCH H3-

m6y. 

PaccMoTpHM MaJihie KOJie6aHHH CTPYHhI H npene6peJKeM KBa,zi;paTOM aA /ox no 

cpaBHeHHIO c e,zi;HHHD;e:ti:. IlOJih3YHCh :'ffHM ycJIOBHeM, rro.zi;cqHTaeM y.zi;JIHHeHHe, HC

IlhIThIBaeMOe yqacTKOM CTPYHhI ( x1' x 2 ) • ,llJIHHa .zi;yrH 3Toro yqacTKa paBHa 

x, 
[' = J ~1 + (aA/ ax)dx ~ X 2 - X 1 = l. 
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T 

A 

O~~~~-x-;7--~~~~~~~~~--x o xi 
PHc. 3.1. Ilpo11ecc KoJie6amrn CTPYHbI 

TaKHM o6pa30M, B rrpe,n;eJiax rrpHH.sITOH HaMH TO'IHOCTH y,n;JIHHeHH.sI yqacTKOB 

CTPYHhl B rrpou;ecce KOJie6aHH.sI He rrpoHCXO,Zl;HT; OTCIO,ZJ;a B CHJIY 3aKOHa fyKa CJie,n;y

eT, 'ITO BeJIH'mHa HaT.sI)KeHH.sI T B Ka)K,ll;OH TO'IKe He Mem1eTc.s1 co BpeMeHeM. Mo)K

HO IIOKa3aTb TaKlKe, 'ITO HaT.sI)KeHHe He 3aBHCHT II OT x ' TO eCTb 

T(x) = T0 = const . 

Ha:H,n;eM rrpoeKD;HH HaT.sI)KeHH.sI Ha OCH x II A ( o6o3Ha'IHM HX ar I ax 
11 ar; aA ): 

8T T 
-(x) = T(x)cosa = ---.==== ~ T(x), 

ax 1+(~~r 
ar . aA aA (x) = T(x)sma ~ T(x)tga ~ T(x) Bx, 

r,n;e a - yroJI KacaTeJihHOH K KpHBOH A(x,t) c ocbIO x. Ha yqacTOK (xpxJ ,n;eil:

CTBYIOT CHJihl HaT.sI)KeHmI, BHeIIIHHe CHJihI II CHJihI HHepu;HH. CyMMa rrpoeKD;HH Bcex 

CHJI Ha OCh x ,ZJ;OJI)J<Ha 6b1Th paBHa HYJIIO (Mbl paccMaTpHBaeM TOJihKO rrorrepe'IHbie 

KOJie6aHH.sI). TaK KaK CHJihl HHepu;Hlf II BHeIIIHHe CHJihl no rrpe,n;rroJimKeHHIO Ha

rrpaBJieHbl B,ZJ;OJih oc11 A , TO 

(3.1) 

0TCIO,ZJ;a B CHJIY rrpOH3BOJibHOCTH X1 II Xz CJie,n;yeT, 'ITO HaT.sJ:)KeHHe He 3aBHCHT 

OT x ' T. e. ,Zl;JI.sI Bcex 3Ha'IeHHH x II t 
T(x) = T0 • (3.2) 

IlocJie c.n;eJiaHHhlX rrpe,n;BapHTeJihHbIX 3aMelJaHHH rrepe:H.n;eM K BhIBO,ZJ;Y ypaBHeHH.sI 

rrorrepe'IHhIX KOJie6aHHH CTPYHhI. BocrroJih3yeMc.H BTOphIM 3aKOHOM HhIOTOHa. Co

CTaBJI.sIIOIIla.sI KOJIH'IecTBa ,n;BH)KeHH.sI yqacTKa CTPYHhI (xpx2) no oc11 A paBHa 

x, 
f .\(~.t)p(~)d~. 

r,n;e p - JIHHeHHa.sI ITJIOTHOCTh cTpyHhI. 

Ilp11paBH.sieM H3MeHeHHe KOJIH'IeCTBa ,Zl;BH)KeHH.sI 3a npoMe)KyTOK BpeMeHH 

l::!..t = t2 - ti 
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x, 
J p(~)[~(~,t2)- ~(~,t1)]d~ 

HMIIYJibCY .n;eii:cTBYIOIIJ;HX CRJI, CKJia,ZJ;bIBa10ru;wxc.H H3 HaT.H:>KeHH.H T0Ax I x=x, -
- To Ax I x=x, B ToqKax X2 H X1 H BHerrrneii: CHJlbI, KOTopyIO 6y,n;eM cqwTaTb Herrpe
pbIBHO pacrrpe,n;eJieHHoii: c IIJIOTHOCTbIO (Harpy3Koii:) F(x,t), paccqwTaHHoii: Ha e,n;H
HHil:Y ,ZJ;JIHHbI. B pe3yJibTaTe rroJiyqHM ypaBHeHHe rrorrepeqHbrx KOJie6aHHM aJieMeHTa 

CTPYHbI B HHTerpaJihHoii: <PopMe 

Ix, (~)[aA(~,t2 ) _ aA(~,t1 )1d~ = 
P at at x, 

(3.3) 

.ll:JIH rrepexo.n;a K .n;tt<P<PepeHIJ;HaJibHOMY ypaBHeHHIO rrpe,n;IIOJIO:>KHM cymecTBOBa
HHe w HerrpepbIBHOCTb BTOpbrx rrpoH3BO,ZJ;HbIX OT A(x, t) 1

• Tor.n;a <PopMyJia (3.3) rro
cJie .ZJ;ByKpaTHOro rrpHMeHeHH.H TeopeMbI 0 cpe,n;HeM rrpHMeT BH,ZJ; 

CoKpaTHB Ha !tt11t H rrepexo,n;.H K rrpe,n;eJiy rrpw x2 -Y x 1 , t2 -Y t1 , rroJiyqHM 
.n;tt<P<Pepemi;HaJibHOe ypaBHeHHe rrorrepeqHhIX KOJie6aHHii: cTpyHhr: 

a2 A a2A Y'o-2 =p-2 -F(x,t). 
ax at 

(3.4) 

B cJiyqae rrocTo.HHHoii: IIJIOTHOCTH p = const ypaBHeHwIO (3.4) o6brqHo rrpw,n;aIOT 
BH,ZJ;: 

(3.5) 

1 
,lleJirui: rrpe,11;rroJIOJI<emre o i'J:ByKpaTHOH i'J:H<l><t>epeHI(HpyeMocTH <PYHKUHH, Mhl <t>aKTnqecKw 

ycJiaBJIHBaeMC.H 0 TOM, qTo 6yi'J;eM paccMaTpHBaTb JIHllib <t>YHKI(HH, o6Jiai'(aIOII(He ::JTHM 

CBOHCTBOM. TaKHM o6pa.30M, II0i'J;06Horo THIIa rrpei'l;IIOJIOJI<eHHe CBH3aHO c orpaHnqeHHeM 

Kpyra H3yqaeMblX <t>n3nqecKHX HBJieHHH H He COi'l;epJI<HT B ce6e yTBep)Ki'J:eHHH, qTo He cy

mecTByeT <l>YHKI(HH, Yi'J:OBJieTBOpHIOII(HX HHTerpaJibHOMY ypaBHeHHIO KOJie6aHHH H He HMe

IOII(HX BTOpbrx rrpoH3BOi'J:HbIX. TaKne <PYHKUHH cymecTBYIOT n rrpei'l;CTaBJIHIOT 3HaqnTeJib

HhlH rrpaKTnqecKHH HHTepec. 
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r.n:e 
1 

f(x,t) = -F(x,t) 
p 

(3.6) 

eCTb IIJIOTHOCTb CHJihl, OTHeceHHaJI K e,n:HHHlle MaCCbl. Ilpn OTC)'TCTBHH BHenrneM: 

CHJihl IIOJIJ'IHM o,n:Hopo,n:Hoe ypaBHeHne 

HJIH 

a2A 2 a2A --=a --
at2 ax2 

a2A a2A 
---=0 (y=at), 
ax2 ay2 

orrHchrnarom:ee cBo6o,n:Hbie KOJie6attm1 CTPYHbI. 3To ypaBHeHHe .HBJI.HeTc.H rrpocTeli

mnM rrpHMepoM ypaBHeHH.H rnrrep6oJIH'!ecKoro THrra. 

EcJIH B rnqKe x0 (x1 < x0 < x 2) rrpHJIO)KeHa cocpe,n:ornqeHHaJI CHJia fo(t) (cM. 

pHC. 3.1), TO ypaBHeHHe (3.3) 3aIIHmeTC.H TaK: 

J p(~)[aA~~t2 ) _ aA~:t1 )ld~- J J f(~,'C)d~d'C= 
X1 Xt t1 

= fTa[aA(x2,'C) - aA(Xp'C)ld'C+ J fo('C)d'C. 
t, ax ax t, 

IIocKOJibKY CKopocTH ToqeK CTPYHbI orpattnqeHbI, TO rrpH x1 -+ x0 H x2 -+ x0 

HHTerpaJibl B JieBOH qacTH 3TOfO paBeHCTBa CTpeM.HTC.H K HYJIIO, H paBeHCTBO (3.3) 
rrpHHHMaeT BH,n: 

Jro [aA(x0 + 0,'C) _ aA(x0 -0,'C)ld'C = -J fo('C)d'C. 
t, ax ax t, 

(3.7) 

IloJib3Y.HCb TeopeMOH o cpe,n:HeM, coKpam:aJ1 o6e qacTH paBeHcrna Ha M H rrepe

xo,n:.H K rrpe,n:eJiy rrpH t2 -+ t1 , IIOJiyqHM: 

aA(x,t) lxo+O = _ _.!._ + (t). 
ax Xo-0 Ta JO 

0TCIO,n:a BH.ZJ:HO, qTo B TOqKe rrpHJIO)KeHH.H cocpe,n:ornqeHHOH CHJibl rrepBbie rrpo

H3BO.ZJ:Hbie rrpeTeprreBaIOT pa3pbIB H .n:mp<t>epeHllHaJibHOe ypaBHeHHe Tep.HeT CMbICJI. 

B 3TOH ToqKe ,n:OJI)l(Hhl BbIIIOJIH.HTbC.H ,n:Ba ycJIOBH.H corrp.H)KeHH.H: 

A(x0 + 0, t) = A(x0 - 0, t), l 
aA(x0 + O,t) _ aA(x0 - 0,t) = _ _.!._ fo(t), 

ax ax T0 

(3.8) 

rrepBoe H3 KOTOpbIX Bbipa)KaeT HerrpepbIBHOCTb CTPYHbI, Brnpoe orrpe,n:eJI.HeT BeJIH

qHHY H3JIOMa CTPYHhl B ToqKe x0 , 3aBHC.Hlr(YIO OT fo(t) n HaT.H)KeHH.H T0 • 
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3.1.2. 3neKTPM'leCKMe Kone6aHMfl B npOBOAaX 
IlpoXO)KtJ:em1e ::meKTpHqecKoro TOKa no npoBotJ:y c pacnpetJ:eJieHHbIMH napaMeTpaMH 

xapaKTepH3yeTC.sI TOKOM i Ii Hanp.sr:JKeHHeM u ' KOTOpbie .sIBJI.sIIOTC.sI cpyHKI(H.sIMH no

JIO:JKeHH.sI rnqKH x II BpeMeHH t. IlpHMeHHM BTopoii: 3aKoH KHpxrocpa K yqacTKy 

npoBo):(a MHHOH dx : 

_au dx=iRdx+L 8i dx, 
ax at 

(3.9) 

r):(e R II L - corrpoTHBJieHHe II HHtJ:YKTHBHOCTb, paccqHTaHHbie Ha e):(HHHey MHHbI. 

OcHOBHbie ypaBHeHH.sI, CB.sI3bIBaIOI11He KOJIHqecTBO 3JieKTpHqecTBa, npHTeKa10111ee 

Ha 3JieMeHT npoBo):(a dx 3a BpeM.sI dt ' a TaK:JKe TOKH yTeqKif H3-3a HeCOBepmeHCTBa 

H30JI.sII(HH, 3anHCb1BaIOTC.sI B BH.n;e [3.3, c. 253]: 

[i(x,t)- i(x + dx,t)]dt = - ai dxdt. 
ax 

C[u(x,t + dt)- u(x,t)]dx + Gdx· udt = (c ~~ + Gu)dxdt, 

(3.10) 

(3.11) 

r):(e C II G - K03cpcpHI(HeHTbI eMKOCTH II yTeqKH, paccqHTaHHhle Ha e):(HHHI(Y tJ:JIH

HhI, npHqeM BeJIIfqHHa noTepb cqHTaeTC.sI nponopl(HOHaJibHOH Hanp.sr:JKeHHIO B pac

CMaTpHBaeMOH TQqKe npoBo.n;a. 

}fa cpopMyJI (3.9), (3.10) Ii (3.11) noJiyqaeM CHCTeMy: 

ai au 
-+C-+Gu=O, 
ax at 

(3.12) 

au Lai R. O -+ -+ l= ' 
ax at 

Ha3bIBaeMyIO CHCTeMOH TeJierpacpHbIX ypaBHeHHH. 3TH ypaBHeHH.sI .sIBJI.sIIOTC.sI npH-

6JIH:JKeHHblMH B paMKax TeOpHH 3JieKTpoMarHHTHOfO nOJI.sI, noCKOJibKY OHH He yqH

TbIBaIOT 3JieKTpOMarHHTHbIX KOJie6aHHH B cpe):(e, OKpy:>Ka10111eil npOBO):(. 

qT06bI noJiyqHTb O):(HO ypaBHeHHe, onpe):(eJI.sIIOI11ee cpyHKI(HIO i, npOtJ:Hcpcpe

peHI(HpyeM nepBoe paBeHCTBO (3.12) no x, BTOpoe - no t, YMHO:JKHB ero Ha c. 
IIpoH3BOtJ:.sI BhlqHTaHHe B npetJ:nOJIO)l(eHHH nocTO.sIHCTBa K03cpcpHI(HeHTOB, HaiitJ:eM: 

a2i a a2i ai - + G __.!!. - CL- - CR-= 0. 
ax2 ax at2 at 

3aMeH.sI.sI au I ax era 3HaqeHHeM H3 BTOporo ypaBHeHH.sI (3.12), noJiyqHM ypaB

HeHHe ):(JI.sI TOKa 

• a
2

i =CL a
2

i +(CR+GL)Oi +GRi. 
ax2 at2 at 

(3.13) 

AHaJiorHqHo BblfJI.sI):(HT ypaBHeHHe MH Hanp.sr:JKeHH.sI: 

a2u a2u au 
ax2 =CL at2 +(CR+GL) at +GRu. (3.14) 
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YpaBHemi:e (3.13) mrn: (3.14) tta3hIBaeTCH TenerpacpHbIM ypaBHemieM. EcnH 

MO)J(HO npette6peqb noTepHMH qepe3 H30JI.Hl(HIO H ecJIH conpoTHBJieHHe oqeHb MaJIO 

( G ~ R ~ 0 ), TO MO)J(HO npHHTH K mBeCTHOMY ypaBHeHHIO KoJie6attHii:: 

fiu 2 fiu [ 11) 
at2 = a ax2 a = ~LC . (3.15) 

3.1.3. YpaeHeHMH rMAPOAMHaMMKM 

.lJ:JIH xapaKTepHCTHKH ,ll;BH)J(eHHH )J(lfll;KOCTH Il0Jlb3YIOTCH cpyHKl(HHMH V;(X, y, Z, t)' 
i E [1, 3] ' npe.n;cTaBJIHIOll(HMH KOMilOHeHTbl BeKTOpa CKOpOCTH v B TOqKe (x, y, z) 

B MOMeHT t (aii:JiepOBbI nepeMeHHbre). BeJIHqHHaMH, xapaKTepH3YIOll(HMH .n;BH)J(eHHe 

)J(H,ll;KOCTH, HBJIHIOTCH TaK)J(e IlJIOTHOCTb p (x, y, z, t), .n;aBJieHHe p (x, y, z, t) H IlJIOT

HOCTb BHemHHX .n;eii:cTBYIOll(HX CHJI F (x, y, z, /) (ecJIH OHM HMeIOTCH), paccqHTaH

Ha.H Ha e,n;HHHl(Y Macchi. 

PaccMoTpHM HeK0Topb1ii: o6neM )Klfi'J:KOCTH T H no.zi;cqHTaeM .n;eii:cTBYIOll(He Ha He

ro CHJibl. IlpeHe6pera.H CHJiaMH TpeHHH, o6ycJIOBJieHHblMH BH3KOCTbIO, T. e. paccMaT

pHBa.H HAeaJibHYIO )J(Hi'J:KOCTb, IlOJiyqHM AJIH pe3yJihTHpy10meH. CHJI AaBJieHHH Bbipa

)J(eHHe B BH,n;e IlOBepxHOCTHOro HHTerpaJia 

-ff piidS, (3.16) 
s 

r.n;e S - noBepxHOCTh o6neMa T, ii - e.n;HHHqHhIH BeKTop BHemtteii: ttopMaJIH. 

Ilpeo6pasyeM IlOBepXHOCTHbIH HHTerpaJI (3.16) B o6neMHbIH, TOrAa 

-ff piidS = - ff f gradpd't. (3.17) 
S T 

IlpH BbiqHCJieHHH ycKopeHHH KaKOH-JIH6o ToqKH )Klfi'J:KOCTH Heo6xo,n;HMO yqecTb 

nepeMememi:e caMoii: ToqKH. IlycTh x = x(t), y = y (t), z = z (t) - ypaBHettHe Tpa

eKTOpHH aToii: rnqKH. Bb1qHcJIHM npoH3BOAHYIO cKopocTH no BpeMeHH 

dv av av . av . av . av av av av av 
-=-+-x+-y+-z=-+-v +-v +-v =-+(vV')v 
dt at ax ay az at ax 1 ay 2 az 3 at ' 

"'a --:a -a V'=i-+;-+k-. 
ax &y az 

YpaBHeHHe ,n;BH)J(eHHH )J(H,ll;KOCTH Bbipa)J(aeT 06b1qHy10 CBH3b Me)J(AY ycKopettHeM 

qacTHl( H .n;eii:CTBYIOll(HMH Ha HHX CHJiaMH 

ff f p ddv d't =-ff f gradpd't+ f ff pFd't, 
T t T T 

(3.18) 

r.n;e IlOCJie,n;HHH HHTerpaJI npe.n;cTaBJIHeT co6oii: paBHO.n;eii:cTByromyro BHeIDHHX CHJI, 

npHJIO)J(eHHhIX K o6neMy T. 0Tcro.n;a B CHJIY npoH3BOJihHOCTH o6neMa T noJiyqaeM 

ypaBHeHHe ,ll;BH)J(eHHH HAeaJihHOH )J(H,ll;KOCTH B cpopMe 3ii:Jiepa 
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8v 1 --+ (v\7)v = --gradp + F. 
8t p 

(3.19) 

Ilepeli.ZJ;eM K BhIBO.ZJ;Y ypaBHeHmI HerrpepbIBHOCTH. EcJm BHYTPH T HeT HHKaKHX 

HCToqHHKOB HJIH CTOKOB, TO H3MCHCHHe B C,l(HHHI:(y BpeMCHH KOJIJiqCCTBa JKH,l(KOCTH, 

3aKJIIOqeHHOH BHYTPH T, paBHO rroToKy qepe3 rpaHHUY S: 

d
d fff pdt =-ff pvftds. 
t T S 

(3.20) 

Ilpeo6pa30BaHHe IlOBepXHOCTHOfO HHTerpaJia B o6'beMHblH ,ZJ;aeT 

f ff (8P + divpvlit = o. 
T 8t r 

TaK KaK STO paBeHCTBO crrpaBe,l(JIHBO ,l(Jl.Sl CKOJlb yro,l(HO MaJihIX o6neMOB, TO OT

CIO,l(a CJie,l(yeT ypaBHCHHe HerrpephIBHOCTH 

HJIH 

ap + div(pv) = o 
8t 

op + v grad p + p div v = 0 . at (3.21) 

K ypaBHeHHHM (3.19) H (3.21) cJie.ZJ;yeT rrpHcoe,ZJ;HHHTb TepMO,l(MHaMHqecKoe 

ypaBHCHHe COCTOHHHH B BH,l(e: 

p=f(p). 

CJie,l(oBaTCJlbHO, rroJiyqaeM CHCTeMy ITHTH ypaBHCHHH c IIHTblO HC3BCCTHbIMH 

<l>YHKUHHMH Vx,Vy,v,,p,p: 

av ( -) - 1 -+ v\7 v = F--gradp, 
8t p 

op+ div(pv) = o, at 
p = /(p) 

(3.22) 

KOTOpaH rrpe.ZJ;CTaBJIHeT 3aMKHYTYIO cHcTeMy ypaBHeHHH rH.ZJ;pO.ZJ;HHaMHKH. EcJIH 6b1 

ypaBHCHHe COCTOHHHH CO,l(CpJKaJIO TeMrrepaTypy, TO HYJKHO 6hIJIO 6bl ,l(o6aBHTb eiue 

ypaBHCHHe TerrJiorrepeHoca (CM. rJiaBy 9). 

3.1.4. YpaaHeHM.R aKyCTMKM 

IlpHMCHHM ypaBHCHHH rni:i;poll;HHaMHKH pa3ll;CJla 3.1.3 K npoueccy pacrrpoCTpaHeHHH 

3ByKa B ra3e. BBe,n;eM ,l(OIIYIUCHHH: 1) BHeillHHC CHJlhI OTCJTCTBYIOT; 2) rrpouecc pac

rrpocTpaHeHHH 3ByKa a,l(Ha6aTHqeCKHH, ITOSTOMY ypaBHCHHCM COCTOHHHH CJiyiKHT 

a,n;ii:a6aTa Ilyaccotta: 
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r,ne Po n Po - HaqaJibHa.H ITJIOTHOCTb n HaqaJibHoe ,ll;aBJiettne, cP H c,1 - Te1rnoeM

KOCTH rrpH IIOCTO.HHHOM .n:aBJieHHH H IIOCTO.HHHOM o6'beMe; 3) KOJie6aHH.H ra.3a MaJibl, 

qTQ II03BOJI.HeT rrpeHe6peqb BbICIDHMH CTerreH.HMH CKOpoCTeH, rpa,nneHTOB CKOpOCTeH 

H H3MeHeHH.H IIJIOTHOCTH. 

Ha.30BeM KOH,ll;ettcau;neli ra3a Bem1qnHy s( x, y' z, t) ' paBHYIO OTHOCHTeJibHOMY 

H3MeHeHHIOIIJIOTHOCTH 

OTKy,na 

p-p 
s(x,y,z,t) = --0 

, 

Po 

p=po(1+s). 

(3.23) 

(3.24) 

YpaBHeHHH rn.n:po.n:nHaMHKH rrpn c.n:eJiaHHhIX rrpe,nrroJioJKeHHHX rrpnHHMaIOT Bn,n: 

TaK KaK 

av 1 
-=--gradp, 
at Po 

ap + p0 div(v) = 0, 
at 

P = p0(1 + s)Y ~ p0(1 + ys), 

1 1 1 
-gradp = -(1-s + ... )gradp = -gradp + ... , 
P Po Po 

div pv = v grad p + p div v = p0 div v + ... , 
r,ne ToqKaMH o6o3HaqeHbl qJieHbl BTOporo H BbICillHX rrop.H,Zl;KOB MaJIOCTH. 

(3.25) 

BBO,ll;.H o603HaqeHHe a
2 = 'YPo ' rreperrHmeM CHCTeMy (3.25) B CJie.n:yro:w;eM BH,ll;e: 

Po 

av 2 d 1 -=-a gra s, 
at 

as d' - 0 -+ lVV= . 
at 

(3.26) 

IlpHMCH.HSI K nepBOMy ypaBHCHHIO (3.26) onepaTOp ,ll;HBepreHD;HH H MeHH.H nop.H

,ll;OK .n:n<P<PepeHI~HpOBaHH.H, 6y.n:eM HMeTb: 

div av =.!!__div v = -a2div(grad s) = -a2\12 s = -a2 l!.s' at at 
a2 a2 a2 

r,ne \12 = A = - 2 + - 2 + - 2 - onepaTOp JlaIIJiaca. 
ax ay az 
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HcrroJih3Y.SI srnpoe ypasttemre (3.26), noJiyqHM ypastteHHe KOJie6aHHH 

Af = __!_ <Ys 
a2 at2 

HJIH 

a2 ( a2 

s + a2 

s + a2 s) = a2 

s . 
ax2 ay2 az2 at2 

0TCIO,Zl;a H H3 (3.23) IIOJiyqaeM ypaBHeHHe l(JI.SI IIJIOTHOCTH 

a2 (a2p + a2p + a2p) = a2p. 
ax2 ay2 az2 at2 

(3.27) 

(3.28) 

YpaBHeHH.SI (3.27) H (3.28) .SIBJI.SIIOTC.SI ypaBHeHH.SIMH KoJie6aHHM. Bse.n;eM Teneph 

IIOTeHIJ;HaJI CKOpOCTeH H IIOKaJKeM, qTo OH y.n;oBJieTBOp.SieT TOMY JKe ypaBHeHHIO KO

Jie6aHHM (3.27), qTQ H KOH,Zl;eHcau;H.SI. 

JI3 ypaBHeHH.SI 

av 2 d -=-a gra s at 

v(x, y, z, t) = v(x, y, z, 0) - a 2grad [ f sdt l · (3.29) 

r.n;e v ( x, y, z, 0) - HaqaJihHoe pacrrpe.n;eJieHne cKopocTeil:. EcJIH rroJie cKopocTeli 

B HaqaJihHhIH MOMeHT HMeeT IIOTeHIJ;HaJI 

vlt=O= -grad/(x,y,z), (3.30) 

TO HMeeT MeCTO COOTHOIIIeHHe 

v = -gradk(x,y,z) + a2 f sdtl = -gradU, (3.31) 

KOTOpoe 03HaqaeT' qTo cymecTByeT IIOTeHIJ;HaJI CKOpOCTeH u ( x, y' Z, t) . 3HaHH.SI rro

TeHIJ;HaJia CKOpOCTeH l(OCTaTOqHo ,Zl;JI.SI OIIHcaHH.SI Bcero rrpou;ecca ,Zl;BHJKeHH.SI: 

v = -gradU,) 
1 au 

S=-
a2 at . 

Ilo.n;cTaBJI.Sl.sI 3TH 3HaqeHH.sI B ypaBHeHHe HerrpephlBHOCTH 

as d' - 0 -+ lVV = , at 
IIOJIY'!HM ypaBHeHHe KOJie6aHHM l(JI.SI IIOTeHIJ;HaJia 

(3.32) 



3.2. fpaHH4Hble 111 Ha4allbHble yC11oe111s:i 77 

mm: 

(3.33) 

.llm1 .n;aBJieHJUI p H CKOpOCTH v TaK>Ke MOXHO ITOJl)"IHTb ypaBHeHHe KOJie6aHHH 

BH,ll;a (3.33), Ha3hIBaeMoe qacTO ypaBHeHHeM aKyCTHKH. 

IlpH perneHHH 3a.n;aq ,ll;Jl51 .n;ByMepHoro H O,ll;HOMepHoro cJiyqaeB Ha,ll;O B ypaBHe

HHH (3.33) onepaTOp JlanJiaca 3aMeHHTb onepaTOpoM 82 
/ 8x2 + 82 

/ &y2 
H, cooTBeT

CTBeHHO, 82 
/ 8x2 

• IlocT05IHHM 

a= lYPo 
Po 

HMeeT pa3MepHOCTb CKOpOCTH H 5IBJI5IeTC51 CKOpOCTbIO pacnpocTpaHeHH51 3ByKa. 

Bb1qHCJIHM cKopocTh 3ByKa B Bo3.n;yxe npH HopMaJibHOM aTMoc<PepHoM .n;aBJie

HHH. B 3TOM cJiyqae "(= 1,4, p 0 = 0,001293 f/cM
3

, p0 =1,033Kf/cM
2

, CJie.n;oBa

TeJibHO, 

a= ~'YPo = 336 M/c. 
Po 

B cJiyqae KOJie6aHHH ra3a B orpaHHqeHHOH o6JiaCTH Ha ee rpaHm.i;e .n;oJIXHhI 

6bITb 3a.n;aHbI onpe.n;eJieHHbie rpaHHqHbie ycJIOBH51. EcJIH rpaHHI(a npe.n;cTaBJI5IeT co-

6o:H rnep.n;y10 HenpoHHI(aeMyIO CTeHKy, TO HOpMaJibHM COCTaBJI5IIOII(M CKOpOCTH 

paBHa HYJIIO, qTo npHBO.D;HT K ycJioBH5IM 

au =O HJIH ~=O. 
&n &n 

(3.34) 

3.2. rpaHM'IHble M Ha'lanbHble ycnOBMH 

IlpH MaTeMaTHqecKOM OITHCaHHH <l>H3HqecKoro npol(ecca Ha,ll;O npex.n;e BCero ITOCTa

BHTb 3a.n;aqy, T. e. c<POPMYJIHpOBaTb ycJIOBH51, ,ll;OCTaToqHbie ,ll;JI51 O,ll;H03HaqHoro on

pe.n;eJieHH51 npol(ecca . 

.llH<l><l>epeHI(HaJibHbie ypaBHeHH51 c o6hlKHOBeHHblMH H TeM 6oJiee c qacTHbIMH 

npOH3BO,ll;HbIMH HMeIOT, B0061I(e fOBOp51, 6ecqHcJieHHOe MHOXeCTBO perneHHH. Ilo-

3TOMY B TOM CJiyqae, Kor.n;a <l>H3HqecKM 3a.n;aqa npHBO,ll;HTC51 K ypaBHeHHIO c qacT

HbIMH npOH3BO,ll;HblMH, ,ll;Jl51 O,ll;H03HaqHoH xapaKTepHCTHKH npol(ecca Heo6xo.n;HMO 

K ypaBHeHHIO npHcoe.n;HHHTb HeKOTOpbie ,ll;OITOJIHHTeJibHbie ycJIOBH51. 

B CJiyqae o6hIKHoBeHHoro .n;H<l><i>epeHI(HaJihHoro ypaBHeHH51 2-ro nop5I.n;Ka perne

HHe MOXeT 6hITb onpe.n;eJieHO HaqaJibHbIMH ycJIOBH5IMH, T. e. 3a.D;aHHeM 3HaqeHHH 

<i>YHKI(HH Hee nepBOH npoH3BO,ll;HOH npH «HaqaJibHOM» 3HaqeHHH apryMeHTa (3a.n;aqa 
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Kourn). BcTpeqaroTC.H M .n;pyrne <f>opMbI .n;onoJIHMTeJibHhIX ycJIOBMH, Kor.n;a, Hanpn

Mep, 3a,ll;aIOTCH 3Haqemrn <f>yHKIJ;I1M B ,ll;Byx ToqKax (3a.n;aqa 0 u:e1rno:H JIHHHH). ,ll,AA 

ypaBHeHMH c qacTHbIMM npoH3BO,ll;HbIMM B03M0)1(Hbl TaK)Ke pa3JIMqffbie <f>opMbl .n;o

ITOJIHHTeJibHblX ycJIOBMH. 

PaccMoTpHM cnepBa npocTe:iimyro 3a.n;aqy o nonepeqHbIX KOJie6amrnx cTpyHhI, 

3aKpenJieHHo:ii Ha KOHn;ax. B aTo:H 3a.n;aqe A(x, t) .n;aeT oTKJioHeHne CTPYHhI OT 

OCHX. 

EcJIH KOHU:hI crpyHhI 0 ~ x ~ l 3aKpem1eHhl, To .U.OJI)l(HhI BbIIIOJIHHThCH «rpaHM'I

Hhie ycJIOBMH~ 

A(O,t) = 0, A(l,t) = 0. (3.35) 

TaK KaK npon;ecc KOJie6aHMH CTpyHhl 3aBHCMT OT ee HaqaJibHOH <f>opMbl H pac

rrpe.n;eJieHMH CKOpOCTeH, TO CJie.n;yeT 3a,ll;aTb «HaqaJibHbie YCJIOBHH~: 

A(x,t0 ) = <p(x),) 

8A(x,t0 ) = cj>(x). 
at 

(3.36) 

TaKMM o6pa30M, .n;onoJIHHTeJihHbie ycJIOBIDI cocTOHT H3 rpaHHqHhIX M HaqaJihHhIX 

ycJioBHH, r.n;e <p(x) M cj>(x) - 3a,ll;aHHbie <f>YHKIJ;MM TOqKM. B ,ll;aJihHe:iirneM noKa)KeM, 

qTo aTM ycJIOBMH BUOJIHe orrpe.n.eJIHIOT pernettne ypaBHeHMH KOJie6attn:H CTPYHhI 

82A 2 8
2A 

--=a --at2 ax2 . 
(3.37) 

EcJIM KOHIJ;hl CTPYHhI ,ll;BM)KYTCH no 3a,ll;aHHOMY 3aKoHy, To rpaHHqHbie ycJIOBMH 

(3.35) npHHHMaIOT .n;pyro:H BH,11;: 

A(O,t) = µ1(t),} 
A(l,t) = µ2(t), 

(3.38) 

r.n;e µ1 (t) H µ2 ( t) - 3a,ll;aHHble <l>YHKIJ;HH BpeMeHH t . AHaJiornqHo cTaBMTCH 3a,11;aqa 

,ll;JIH npo.n;oJibHhIX KOJie6aHHH cTpyHhI MJIH rrpy)KHHhI. 

Bo3MOJKHhl n )l.pyrne THIThl rpaHnqHhlX ycJIOBHH. PaccMoTpHM, ttanpnMep, 3a,ll;a

qy 0 npo,ll;OJibHbIX KOJie6aHHHX rrpy)KMHbl, O,ll;MH KOHen; KOTopo:H 3aKpenJieH (roqKa 

IIO,ll;Beca), a .n;pyroii KOHen; CB060.n;e1t 3aKOH ,ll;BH)KeHJrn CBo6o.n;Horo KOHIJ;a He 3a,ll;aH 

H 3a'J.aCTyIO HBJIHeTCH HCKOMOH <PYHKIJ;Me:it 

B roqKe rro.n;Beca x = 0 OTKJIOHeHHe 

A(O,t) = O; 

Ha CB060,11;HOM KOHIJ;e ~ = l HaTJI)KeHHe npy)KHHbl 

T(l,t) = k oul 
OX X=/ 

(3.39) 

paBHO HYJIIO (HeT BHeIIIHHX CHJI), TaK qTo MaTeMaTM'IeCKaH <f>opMyJmpoBKa ycJIOBHH 

CBo6o.n.Horo KOHIJ;a MMeeT BH,11;: 
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aA (l,t) = 0. 
ax 
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EcJIH KOHeu: x = 0 ABHJKeTrn no orrpe.n;eJieHHOMY 3aKOHy µ ( t) , a rrpH x = l 3a

.n;aHa cHJia f (t), To 

A(O,t)=µ(t), aA~;t) =f(t) (J(t)=-1-/(t)). 

THIIH'IHbIM HBJIHeTCH TaKJKe ycJIOBHe yrrpyroro 3aKperrJieHHH, cKaJKeM, ,ll;JIH 

X=[, 

HJIH 

aA~; t) = -hA(l,t) ( h = ~), (3.40) 

rrpH KOTOpOM KOHeu: x = l MOJKeT rrepeMeru:aTbCH, HO yrrpyra.H CHJia 3aKpenJieHHH 

Bbl3bIBaeT Ha 3TOM KOHU:e HaTHJKeHHe, CTpeMHru:eecH BepHyTb CMeCTHBillHHCH KOHeu: 

B npexrnee noJio:JKeHHe. ::ha cHJia, cornacHo 3aKoHy fyKa, nponopu:HoHaJibHa cMe

ru:eHmo A(l, t); KoacpcpHU:HeHT nponopu:HoHaJibHOCTH a Ha3bIBaeTrn KoacpcpHU:HeH

TOM JKeCTKOCTH 3aKpenJieHHH. 

EcJIR TO'IKa (CRCTeMa), OTHOCHTeJibHO KOTOpoii HMeeT MeCTO ynpyroe 3aKperme

HHe, nepeMeru:aeTrn H ee OTKJIOHeHHe OT Ha'laJibHoro TIOJIOJKeHHH .n;aeTCH cpyHK1IHeH 

0(t)' TO rpaHH'IHOe ycJIOBHe rrpHHHMaeT BH.n;: 

oA~;t) = -h[A(/,t)-0(t)], (h = ~ > o) 
y CJIOBHe ynpyroro 3aKpenJieHHH Ha JieBOM KOHU:e x = 0 RMeeT BH]J;: 

aA(O,t) = -h[A(O,t)- 0(t)], (h > 0) 
ax 

(3.41) 

(cpopMaJibHO MOJKHO C'IRTaTb, 'ITO (3.41) HMeeT MeCTO H npH x = 0' HO h < 0 ). 

CJie.n;yeT OTMeTHTb, 'ITO B cJiyqae iKeCTKoro 3aKpenJiemrn (a BeJIHKO ), Kor.n;a .n;a

JKe He6oJibmHe C.ll;BHrH KOH1Ia BbI3bIBaIOT 60JibIIIHe HaTHJKeHHH, rpamrirnoe ycJIOBHe 

(3.41) nepexo.n;HT B ycJIOBRe A(l,t) = µ(t) (a= oo) npH µ(t) = 0(t). B CJiyqae 

MHrKOro 3aKperrJieHRH ( a MaJIO ), npH KOTOpOM 6oJibillHe C,ll;BHIB KOHU:a Bbl3bIBaIOT 

CJia6bre HaTHJKeHRH, rpaHH'IHOe ycJIOBHe nepeXO,l);HT B ycJIOBHe CB06o.n;Horo KOH1Ia: 

8A(l,t) = O (a= O). 
ax 

B .n;aJibHeiimeM MbI 6y.n;eM roBopHTb o Tpex ocHoBHbIX THrrax rpaHH'IHbIX ycJio

BHii: 

o rpaHH'IHoe ycJIOBHe 1-ro po.n;a: A(O,t) = µ(t) - 3a.n;aHHbIH peJKHM, 
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0 rpamprnoe ycJIOBHe 2-ro po.l(a: aA(O,t) = f(t) - 3a.l(aHHaJI CHJia, 
ox 

0 rpaHHqHoe ycJIOBHe 3-ro po.l(a: oA(O, t) = h[ A(O, t) - 0(t)] - ynpyroe 3aKpenJie
OX 

HHe. 

AHaJiornqHo 3a.l(aIOTc.si: rpaHHqHhre ycJIOBH.si: n Ha BTopoM KoHrre x = I. EcJIM 

<l>YHKIIHM, 3a.l(aBaeMhie B npaBOH qacTH ( µ(t)' f (t) HJIH 0(t) ), paBHhI HYJIIO, TO 

rpaHHqHhle ycJIOBH.sl Ha3bIBaIOTC.sl O.l(HOpO.l(HbIMH. 

KoM6MHMpy.si: pa3JIMqHhre nepeqncJieHHhie THIIhI rpaHHqHhIX ycJIOBMH, rroJiyqHM 

rneCTb TMIIOB rrpocTeHIIIMX KpaeBhIX 3a.l(aq. 

IioJiee cJio:>r<Hoe rpaHMqHoe ycJioBne HMeeT MeCTo, HarrpnMep, rrpH yrrpyroM 3a

KperrJieHHH, He IIO.l(qHH.slIOIIIeMC.sl 3aKOHy fyKa, KOr.l(a HaT.si::>r<eHMe Ha KOHIIe .slBJI.HeTC.sl 

HeJIHHeii:Hoii: <l>YHKIIHeii: cMerrreHH.si: A(l,t), TaK qTO 

oA(l,t) = .!_F[A(l,t)j. 
ax k 

(3.42) 

3To rpaHHqHoe ycJIOBHe, B OTJIHqHe OT pacCMOTpeHHbIX BbIIIIe, .slBJI.sleTC.sl HeJIM

HeHHbIM. Bo3MO:>KHhI, .l(aJiee, COOTHOIIIeHM.sl Me:>r<.l(y CMerrreHH.slMH M HaT.si::>r<eHM.slMH Ha 

pa3HbIX KOHIIax CMCTeMhI. HarrpHMep, B 3a.l(aqax 0 KOJie6aHMM KOJibIIa, KOr.l(a x = 0 
H x =I rrpe.l(cTaBJI.HIOT O.l(Hy H TY :>r<e ¢>n3HqecKyro ToqKy, rpaHHqHhre ycJIOBH.si: 

rrpHHMMaIOT BH.l( 

A(l ) = A(O )· oA(O,t) = aA(l,t) 
,t ,t ' OX ox ' (3.43) 

TO eCTb CBO.l(.HTC.sl K Tpe6oBaHH.slM HenpepbIBHOCTH A H oAj OX. IlpOH3BO.l(Hhle ITO t 
MOryT TaK:>r<e BXO.l(HTb B rpaHnqHbie ycJIOBM.sl. EcJIH KOHeII npy:>r<HHhI HCTihlThlBaeT 

corrpoTHBJieHHe cpe.l(bI, rrponoprrHoHaJibHOe cKopocTH ero .l(BM:>r<eHH.si: (K KOHIIY rrpy

:>r<MHhI rrpnKpenJieHa TIJiaCTHHKa, TIJIOCKOCTb KOTopoii: nepneH.l(HKyJI.si:pHa OCH npy

:>KMHbI), TO rpaHHqHoe ycJIOBMe rrpMHMMaeT BM.I(: 

k oA(l,t) =-a oA(l,t). 
ox ot 

(3.44) 

EcJIM K KOHIIY x = I rrpy:>r<MHbr rrpM~perrJieH rpy3 Maccoii: m , TO npH x = l 
.l(OJI:>KHO BbIIIOJIH.slTbC.sl ycJIOBMe: 

m 8
2 A(~,t) = -k oA(l,t) +mg. 
ot ox 

(3.45) 

.l{JI.si: nonepeqHbIX KOJie6aHMH CTPYHhI Bee rpaHHqHhre ycJIOBM.si: 3anttcbrnaroTc.si: 

B TOH :>r<e ¢>opMe c 3aMeimii: k Ha Ta . 
B .l(aJibHeii:rneM orpaHnqHMC.H paccMoTpeHMeM Tpex npocTeii:rnHx TMTIOB rpaHMq

HhIX ycJIOBMH, npoBO.l(.sl OCHOBHOe M3JIO:>KeHHe Ha npHMepe nepBoro THTia rpaHMqHo

ro YCJIOBH.sl H OTMeqa.si: JIHillb rrorryTHO oco6eHHOCTH, CB.sl3aHHbie co BTOpbIM M TpeTb

HM YCJIOBM.HMH. 
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C<popM)'.TIHpyeM nepByro KpaeByro 3~aqy AID! ypaimeHIDI (3.5): HaHTH <PYHKU:HIO 

A(x,t), onpel!;eJieHHYIO B 06.TiacTH 0 S: x S: /, t?: 0, YAOBJieTBop.snouzyro ypaBHeHHIO 

o2A o2A 
- 2 =a

2
- 2 +f(x,t) AJIH O<x<l, t>O, 

ot ox 

A(O,t) = µ1(t), A(l,t) = µ2(t), t > 0 

H Ha'la.TihHhIM ycJIOBHHM: 

A(x, 0) = <p(x), oA(x, O) = <j>(x), 0 < x < l. 
at 

Ecmr Ha o6oHx KOHu;ax 6epyTcH rpaHH'IHhie ycJIOBHH 2-ro mm 3-ro poAa, TO co

OTBeTcTByromHe 3al(a'IH Ha3hIBaIOTCH KpaeBhIMH 3al(a'!aMH 2-ro H 3-ro poAa. EcJIH 

rpaHH'!Hbie YCJIOBHH npH x = 0 H x = l HMeIOT pa3JIH'IHbie THilhI, TO TaKHe Kpae

Bbie 3al(a'IH Ha3bIBaIOT cMemaHHhIMH, He npOBOl(H 6oJiee Il0l(po6HOH HX KJiaccH<PH

KaU:HH. 

06paTHMCH Tenepb K pacCMOTpeHHIO npel(eJibHhIX CJiyqaeB IlOCTaBJieHHOH 3al(a

'IH. BJIHHHHe rpaHH'IHhIX ycJIOBHH B TO'!Ke M0 , l(OCTaTO'IHO YAa.TieHHOH OT rpaHH

U:hI, Ha KOTOpo:H OHH 3al(aHbI, CKa3bIBaeTCH qepe3 l(OCTaTO'IHO 6oJibillOH npoMeJKYTOK 

BpeMeHH. EcJIH HHTepecyeT HBJieHHe B Te'leHHe Ma.Tioro npoMeJKYTKa BpeMeHH, KO

rl(a BJIHHHHe rpamru; eme HecymecTBeHHO, TO BMeCTO IlOJIHOH 3~a'IH MOJKHO pac

CMaTpHBaTh rrpel(eJihHYIO 3al(a'ly c Ha'la.TihHhIMH ycJIOBHHMH l(JIH HeorpaHH'leHHOH 

o6JiaCTH. 

Haumu pe111.euue ypaBueuusi 

o2A 2 o2A 
--2 =a --2 + f(x,t) MH -oo < x < oo, t > 0, 
ot OX 

c Ha'la.TihHhIMH ycJIOBHHMH 

A(x,O) = <p(x),l 
oA(x,O) = <j>(x) npH -oo < x < oo. 

ot 

:=hy 3al(a'ly qacTO Ha3hIBaIOT 3al(aqeii: KomH. 

EcJIH JKe H3yqaeTcH HBJieHHe B6JIH3H OAHOH rpaHHU:hI H BJIHHHHe rpaHH'!Horo 

peJKHMa Ha BTOpo:H rpaHHU:e He HMeeT cymecTBeHHOro 3Ha'!eHHH Ha rrpOTHJKeHHH 

H3yqaeMoro rrpoMeJKyTKa BpeMeHH, TO npHXOl(HM K IIOCTaHOBKe 3al(a'IH Ha rroJiy

orpaHH'leHHOH rrpHMOH 0 s: x < 00 ' c l(OITOJIHHTeJibHhIMH ycJIOBHHMH: 

A(O,t) = µ(t),t?: 0, I 
A(x,O) = <p(x),) 
oA(x, 0) = <j>(x) 0 S: x < oo. 

ot 

(3.46) 
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XapaKTep 5IBJiemu1 ,n;JISI MOMeHTOB BpeMemr, .n;ocTaTOlJHO y,n;aJieHHhIX OT Ha'laJih

Horo MOMeHTa t = 0 ' BIIOJIHe orrpe.n;eJISJ:eTCS! rpaHHlJHbIMH 3HalJeHHHMH, TaK KaK 

BJIHHHHe HalJaJibHbIX ycJIOBHH 6Jiaro.n;apg TpeHHIO, rrpHcymeMy BCSIKOH peaJibHOR 

CHCTeMe, c Te'leHHeM BpeMeHH OCJia6eBaeT. 3a.n;alJH 9TOro THna BCTpeqaIOTCSI oco-

6eHHO qacTO B CJIYlJMX, KOr.n;a CHCTeMa B036y)K.n;aeTC5I rrepHO,ll;HlJeCKHM rpaHHlJHbIM 

pe)KHMOM, .n;eiicTByroru;HM ,D;JIHTeJibHOe BpeMH. TaKHe Ja,naqH «6e3 HalJaJihHbIX ycJio

BHH>.> (Ha ycrnttoBHBIIIHRC5I pe)KHM) <PopMyJinpyroTcH cJie,n;yroru;HM o6paJOM: 

Haumu peiueuue U3!rf.ae.Mow ypa8ueuua .n;JIH 0 s; x s; l H rrpH rpaHH'IHhIX yc

JIOBH5IX 

A(O,t) = µ1(t), A(l,t) = µ2 (t). 

Ana;iornqno CTaBHTCH 3a,naqa 6e3 naqaJihHhIX ycJIOBHH ,Zl;JI5I noJiyorpaHHlJeHno:H 

npHMOH. 

B ,ll;aJibHe:ihueM MO)KHO paccMaTpMBaTb, IlOMHMO OCHOBHbIX KpaeBbIX 3a,ll;alJ, TaK

)Ke npe,n;eJibHbre 3a,naqn: 

1. 3a.n;a1IM B 6eCKOHelJHOH o6JiaCTH, KOf,D;a O,D;Ha HJIH o6e rpaHMUbI HaXO,Zl;HTCH 

B 6ecKOHelJHOCTH. 

2. 3a.n;aqn 6e3 HalJaJibHbIX ycJIOBHH (na ycTaHOBHBIIIHHCH pe:>KMM), Kor.n;a paccMa

TpMBaeTCH pemeHMe, onpe,n;eJieHHOe B TelJeHHe 6ecKOHelJHOfO rrpoMe)KyTKa Bpe

MeHM. 

IlpM pemeHMH CJIO:>KHOR 3a,ll;alJH ecTeCTBeHHO CTpeMHTbCH CBeCTM ee perneHMe K pe

IIIeHMIO 6oJiee npocTbIX 3a,naq. C aTon ueJibIO rrpe,n;cTaBHM perneHMe o6me:H KpaeBoii: 

3a,naq1f B BM,ne cyMMbl perneHMH pH,n;a qaCTHbIX KpaeBbIX 3a,naq. 

IlycTb A;(x,t) (i = 1,2, ... ,n) - <PYHKUHM, y.n;oBJieTBop.~IIOmne ypaBHeHMHM 

824 2 a2A .r 
- 2- =a --2' + J;(x,t) at ax 

rrpH 0 < x < I , t > 0 M .n;onoJIHHTeJibHhIM ycJIOBHHM 

A;(O,t) = µ\;l(t), 

4(1,t) = µ~\t), 
A;(x,O) = cp(i)(x) 

84 (x,O) = q>(i)(x). ' 
8t 

QqeBH,ll;HO, lJTO HMeeT MeCTO cyrrepn03MUH5I perneHMH, T. e. <PYHKUHSI 

A(0)(x,t) = tA;(x,t) 
i=1 

y.n;oBJieTBOp5IeT aHaJIOfHlJHOMY ypaBHeHHIO c rrpaBOH qacTbIO 

(3.47) 

(3.48) 

(3.49) 
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(3.50) 
i=I 

H ,IJ;OilOJIHHTeJihHbIM ycJIOBHHM, rrpaBhie qaCTH KOTOphIX cyTb cpyHKI(HH 

n 

µ1°l(t) = Lµ~l(t) (k = 1,2), 
i=1 

n 

q>(o)(x) = Lci>(i)(x), (3.51) 
i=1 

i=! 

Y1<a.3aHHhIH rrpnmi;mr cyneprro3Hl(HH OTHOCHTOI, oqeBH.n;tto, He TOJihKO K .n;attHoiI 

3a,a:aqe, HO H K mo6oMy JIHHeHHOMY ypaBHemuo c JIHHeHHhIMH ,IJ;OIIOJIHHTeJibHbIMH 

ycJIOBHHMH. PemeHHe o6me:H KpaeBo:H 3a,a:aqH 

a2 A 2 a2A 
-2 =a -2 +f(x,t), 
at ax 

(0 < x < l, t > 0), 

A(O, t) =µI (t), 

A(l,t) = µ2 (t), 

A(x, 0) = <p(x), 

_aA_(x_, O_) = 'Jf(X) 
at 

MO:>KeT 6bITb npe.n;CTaBJieHO B BH.n;e cyMMbl 

A(x, t) =Ai (x, t) + A/x, t) + A:i(x, t) + A4 (x, t), 

r.a;e Ai.Ai,A3,A4 - peUieHHH qaCTHbIX KpaeBbIX 3a,a:aq: 

a2 A; 2 a2 A; ( . 1 2 3) a2 A4 2 a2 A4 f I 
- 2-=a --2 z= , , , - 2-=a --2 + (x,t), (O<x< ,t>O), 
&t ax at ax 

Ai(O,t) = 0, Ai(O,t) = µ1(t), A:i(O,t) = 0, A (O,t) = O, 

Ai(l,t)=O, Ai(l,t) = 0, ~(l,t) = µ2(t), A4 (l,t)=0, 

Ai(x,O) = <p(x), Ai(x,O) = 0, A:i(x,O) = 0, A4 (x,O) = 0, 

aAi(x,O) = (x) aAi(x,O) 
=0, aAs(x,0) = 0 aA4 (x,O) = O. 

at 'V ' at at ' at 

(3.52) 

(3.53) 

(3.54) 

3.n;ecb orpamfqHMCH JIHlllb cpopMaJibHOH pe.n;yKu;HeH ,IJ;JISI Toro, qT06bI xapaKTepH-

30BaTb qacTHhie KpaeBbie 3a,a:aqn, COCTaBJISIIOll(He OCHOBHbie aTaITbI npn peIIIeHHH 

o6me:H 3a,a:aqn, AttaJiorttqnasi pe,n;yKUHH MO)KeT 6hITh npoll3Be.n;eHa u AJUI rrpe.n;eJib

HbIX cJiyqaeB o6meii: KpaeBoii: 3a,n;aqn, 
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3.4. nocraHoaKa Kpaeab1x 3aAa'I 
AIHI cny'laSI MHOrMX nepeMeHHblX 

B rrpe,n;I>1,n;y:rn;Hx pa3,n;eJiax paccMoTpeHI>I rrocTaHOBKH KpaeBI>IX 3a,n;aq ,n;JIH CJiyqM 

o,n;noil: He3aBHCHMOH reoMeTpHqecKoil: rrepeMennoil: x (H BpeMeHH t). KaK npaBHJIO, 

rrpHXO,Zl;HTCH pemaTI> 3a,n;aqH c 6oJibillHM qffCJIOM He3aBHCHMhIX nepeMeHHhlX n > 1 
(narrpHMep, n = 3 ). B 9TOM cJiyqae KpaeBM 3a,n;aqa MOJKeT 6I>ITI> rrocTaBJiena cxo,n;

HI>IM o6pa30M: 

Tpe6yemcR uaiimu <l>YHKu;mo A(M,t) = A(x,y,z,t), onpe,n;eJieHHYIO npH t ::'.'. 0 
BHYTPH 3a,n;annoil: o6JiaCTH T c rpaHHIJ;eil: S , y,n;oBJiernopH10:rn;y10 rrpH t > 0 BHYT

pH T ypaBHeHHIO 

a2A 
- 2 =a2M+f(M,t) (M(x,y,z)ET,t>O), 
at 

(3.55) 

rpanHqnoMy ycJIOBHIO Ha s 
Als= µ(P,t) (P(x,y,z) ES, t ::'.'. 0), 

(µ(x,y,z,t) eCTb <l>YHKIJ;HH, 3a;:J;aHHM Ha s) H HaqaJIJ>HblM ycJIOBHHM 

(3.56) 

A(M,O) = <p(M),) 
aA(M 0) (M(x,y,z) ET). 

at, = w(M) 
(3.57) 

Pa3JloJKeHHe o6:rn;eil: KPaeBoil: 3a,n;aqH Ha PM 6oJiee rrpocTI>IX rrpoHcxo,n;HT anaJiornq -

HO rrpe,Zl;bI,n;y:rn;eMy CJiyqaIO. OTMeTHM, ~o B03MOJKHa TaKJKe nocTaHOBKa rrpe,n;eJII>HI>IX 

KpaeBI>IX 3a,n;aq ,n;JIH HeorpaHffqeHHOH o6JiaCTH, IlOJIYilPOCTpaHcTBa HT. ,n;. 

3.5. 0 eAMHCTBeHHOCTM peweHMSI KpaeBblX 
3aAa'I, onMCblBaeMblX rMnep6onM'leCKMMM 
ypaaHeHMSIMM 

IlpH pemeHHH KPaeBI>IX 3a,n;aq Ha,n;o y6e,n;HTI>CH B TOM, qrn ,n;orroJIHHTeJII>HI>Ie ycJIOBHH: 

o ,n;ocTaToqHJ>I ,Zl;JIH Bhl,n;eJieHHH o,n;H03HaqHoro pemeHHH; 

0 He nepeorrpe,n;eJIHIOT 3a,n;aqy (T. e. cpe,n;H HHX HeT HeCOBMeCTHhIX ycJIOBHH). 

3To ,Zl;OCTHraeTCH ,Zl;OKa3aTeJibCTBOM TeopeMI>I e,n;HHCTBeHHOCTH pemeHHH . .lI:oKa3a

TeJII>CTBO cy:rn;ecTBOBaHHH pemeHHH 06J>1qHo TeCHO CBH3aHO c MeTO,Zl;OM HaXOJK,n;eHHH 

pemeHHH . 

.lI:oKa3aTeJII>CTBO TeopeM cy:rn;ecTBOBaHHH H e,n;HHCTBeHHOCTH pemeHHH ,Zl;JIH COOT

BeTCTByIO:rn;eil: MaTeMaTffqeCKOH 3a,n;aqH HBJIHeTCH O,Zl;HHM H3 BaJKHeHillHX 9TaIIOB pe

meHHH 3a,n;aqH. IlpH 9TOM Heo6xo,n;HMO He yrrycKaTb H3 BH,n;y, qTo ,Zl;JIH illHpOKOfO 

KJiacca 3a,n;aq 9TH TeopeMbl ,Zl;OKa3aHhl B COOTBeTCTByIO:rn;eil: MaTeMaTHqecKOH JIHTepa

Type. MoJKHO noHCHHTI>, KaK ,n;oKa3I>IBaeTcH TeopeMa o cy:rn;ecTBOBaHHH H e,n;HHCT

BeHHOCTH pemeHHH COOTBeTCTByIO:rn;ero ypaBHeHHH, Ha O,Zl;HOM H3 rrpHMepoB. 
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)loKa)J(eM [3.1, c. 45) cJieeyrom;yro TeopeMy: B03MO)J(HO cym;ecTBOBamre TOJibKO 

OAHOH cPYHKIJ;MM A(x,t), orrpeAeJieHHoil: B o6Jiacnr 0 S x S l, t ~ 0 H YAOBJieTBO

p51rom;eil: ypaBHCHHIO 

8
2
A 8 ( 8A) p(x)-
2 

= - k(x)- + F(x,t) (p(x) > O,k(x) > 0), 
8t ax ax 

0 < x < l, t > 0' 

HaqaJibHbIM H rpaHlfqHblM ycJIOBll51M 

A(x,O) = <p(x), 8A(x,O) = cj>(x),l 
8t 

A(O,t) = µ1(t), A(l,t) = µ2 (t), 

ecJIH BhlilOJIHeHhI ycJioBn51: 

1) cPYHKIJ;ll51 A(x, t) H rrpoll3BOAHhie, BXOA51lll;He B ypaBHCHHe (3.58), a 

rrpoH3BOAHM 82 A/ 8x8t HenpephIBHhI Ha oTpe3Ke 0 S x S l rrpn t ~ 0 ; 
2) Krn~<P<PnuHeHThI p(x) H k(x) HerrpepbIBHbI Ha oTpe3Ke 0 S x S l. 

)lorrycTHM, qTo cym;ecTBYIOT ti;Ba perneHH51 paccMaTpHBaeMoil: 3ati;aqn: 

Ai(x,t), ~(x,t) 

H paccMoTpHM pa3HOCTb B(x,t) = Ai(x,t) -~(x,t). 
<DyttKIJ;H51 B(x,t), oqeBHAHO, YAOBJieTBOp51eT Oti;Hopoti;HOMY ypaBtteHHIO 

82B 8 (k 8B) 
p 8t2 =ax 8x 

H OAHOpOAHbIM AOITOJIHHTCJibHblM ycJIOBHHM 

B(x,O) = 0, 8B(x,O) = 0,1 
&t ' 

B(O,t) = 0, B(l,t) = 0, 

a TaK)J(e ycJIOBHIO 1 TeopeMhl. 

)loKa:>KeM, qrn <PYttKu;mr B(x,t) TO)J(ti;ecTBetttto paBHa ttyJiro. 

PaccMOTPHM cPYHKu;mo 

1 1 ! (aB)
2 

(aB)2

] E ( t) = 2 { k ax + P 8t dx 

(3.58) 

(3.59) 

(3.60) 

(3.61) 

(3.62) 

H IIOKa:>KeM, qTo Otta He 3aBHCHT OT t. <DH3HqecKHll CMbICJI cPYHKIJ;HH E(t) oqeBHACH: 

3To ITOJIHM 3HeprnH cTpyHhI B MOMeHT speMeHH t. Ilpoti:n<P<Pepettu;npyeM E(t) not, 

BblilOJIHHH rrpH 3TOM AH<Pcl>epeHu;HpoBaHHe ITOA 3HaKOM HHTerpaJia:
1 

I )lmI AHcpcpepeHu;HpOBaHHSI IIOA 3HaKOM HHTerpaJia AOCTaTOqHo, qT06hl rroJiyqaeMoe rrpH 
3TOM IIOAhlHTerpaJibHOe Bhlpa:>KeHHe 6bIJio HerrpepbIBHO Ha 0Tpe3Ke 0 :::; x :::; l rrpH t 2'. 0 . 
3To Tpe6oBaHHe B paccMaTpHBaeMOM cJiyqae BhlIIOJIHeHo, TaK KaK cpyHKUHH B(x,t) y.l{oB
JieTBopSieT ycJIOBHIO 1 TeopeMbI, a p(x) H k(x) - ycJIOBHIO 2, T. e. E(t) = const. 
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dE(t) =JI !k(aB a
2
B) + aB a

2
Bldx. 

dt 0 ax axot p ot ot2 

I1HTerpupy51 no qacT51M nepBoe cJiaraeMoe npaBo:H qacTM, MMe51 B Bu,n:y 

u=k(x)-, du=- k(x)- dx, v=-, dv=--, o B o ( o B) o B o
2 
B 

ax ox ax ot oxat 

ITOJIY<JMM 

J
1 k(x) oB a2 B dx = k(x) 8 Ba B,1 -J1 aB [_q_(k(x) a B))dx. 
0 ax oxat ax 8 t 0 0 at ox ax 

(3.63) 

Ilo,n:cTaHOBKa o6pamaeTc51 B HYJII> B CMJIY rpaHM'!HhlX ycJioBMH (u3 B(O,t) = 0 
CJie,n:yeT aB ( 0, t) I at = 0 M aHaJIOfM'IHO ,n:JI51 x = I . 0TCIO,n:a CJie,n:yeT, 'ITO 

dE(t) =f1 l [oB o
2
B)- 8B ~(k(x)oB)ldx= 

dt 
0 

P at at2 at ax ax 

I 8B { a
2 
B a ( a B)} =f- p--- k(x)- dx=O, 

0 {)t at2 ax ax 
(3.64) 

B CMJIY ypaBHeHM51 (3.40). 
Y'IHTI>IBM na'!aJII>Hhle ycJIOBM.R:, noJiyqaeM: 

1 
1 ! (aB)

2 

(aB)
2

] E(t) = canst = E(O) = 2 ~ k ax + p at t=o dx = 0. (3.65) 

TaK KaK MHTerpaJI paBeH nyJiro, a no,n:ornTerpaJII>HM cpyHKlJ;M51 6oJioIIIe MJIM paB

na HYJIIO (cyMMa KBa,n:paTOB c IlOJIOJKMTeJibHbIMM KOocpcpHIJ;MeHTaMH), TO ITO,ll;bIHTe

rpaJibHM ¢YHKIJ;M51 paBHa HyJIIO, TO eCTb 

8B(x,t) = O aB(x,t) = O 
ax - ' {)t - ' 

B(x, t) =canst = C0 • 

IloJib3Y51Cb Ha'!aJibHbIM ycJIOBMeM, Haxo,n:MM: 

B(x,O) = C0 = O; 

TeM CaMbIM ,ll;OKa3aHo, 'ITO 

B(x,t) = 0. 

(3.66) 

(3.67) 

CJie,n:oBaTeJII>HO, ecJIM cymecTByror ,n:Be cpyHKIJ;MM B1 ( x, t) M B2 ( x, t) , y,n:oBJie

TBop51romue BCeM ycJIOBM51M TeopeMI>I, TO B1 ( x, t) = B2 ( x, t) . 
,l(JI51 BTOpo:H KpaeBOH 3a,n:aqu cpyHKIJ;M51 B( X, t) = Ai ( x, t) - ~ ( x, t) y.n:oBJieTBO

p51eT rpaHM'!HbIM ycJIOBH51M 
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aB(O, t) = 0, aB(l, t) = 0, (3.68) 
ax ax 

H no.n;cTaHOBKa B <t>opMyJie (3.64) TaK:>Ke o6pamaeTrn B HYJih. )laJihHeihmui: qacTh 

.ZJ:OKa3aTeJibCTBa TeopeMbl OCTaeTC.H 6e3 H3MeHeHHH. 

)J:JI.H TpeTbeH KpaeBOH 3al];aqn ,11;0Ka3aTeJibCTBO Tpe6yeT HeKornporo BH,'J;OH3MeHe

mrn. PaccMaTpHBa.H no-npeJKHeMy ,11;Ba perneHHH Ai(x,t) H -~(x,t), noJiyqaeM .n;JIH 

nx pa3HOCTH B(x,t) = Ai(x,t)- ~(x,t) ypaBHeHne (3.61) H rpaHnqHhie ycJioBHJI: 

aB(O,t) -h B(O t) = 0 (h > 0) 1 ax 1 , 1- , 

(3.69) 
an~;t) + ~B(l,t) = O(h2 2 O). 

Ilpe.n;cTaBHM IlO.l(CTaHOBKY B (3.63) B BH,'J;e 

{k an an}' = _!:._~{~B2(l,t) + h1B2(0,t)}. 
ax at 0 2 at 

lIHTerpnpySI dE / dt B npe,11;eJiax OT HYJIH ,ll;O t , noJiyqHM: 

1 1 

an! a
2
B (a [a(kB))]) E(t)-E(O)=ff- p-- - -- dxdt-

o 0 at at2 ax ax 

-~{~ [B2(/,t)- B2(/,0)j + h1 [B2(0,t)- B2(0,0)J}, 

OTKy.n;a B CHJIY ypaBHeHH.H H HaqaJibHblX ycJIOBHH CJie,11;yeT: 

(3.70) 

TaK KaK B CHJIY HeoTpnu;aTeJihHOCTH no.n;HHTerpaJihHOH <l>YHKU:HH E(t) 2 0, TO 

E(t) = 0, (3.71) 

a CJie.n;oBaTeJihHO, H 

B(x,t) = 0. (3.72) 

lI3JIO:>KeHHbIH 3.n;ecb MeTo.n; ,11;0Ka3aTeJibCTBa TeopeMbl cymecTBOBaHHSI H e,11;HHCT

BeHHOCTH, OCHOBaHHbIH Ha HCITOJlb30BaHHH Bbipa:>KeHH.H ITOJIHOH 3HeprHH, IllHpOKO 

npHMeH.SieTCJI npn .n;oKa3aTeJibCTBe TaKHX TeopeM B pa3JIHqHbIX o6JiaCTSIX MaTeMaTH

qeCKOH tPH3HKH, HanpHMep B TeOpHH 9MI1, TeOpHH ynpyroCTH H rn.n;po.n;HHaMHKe. 

3.6. MeTOA pa3AeneHMJI nepeMeHHblX 
npM peweHMM 3aAa'I rMnep6onM'lecKoro TMna 
PaccMoTpHM npnMetteHne 3Toro MeTo,n;a K 3al);aqe o KOJie6aHH.HX CTPYHhI, 3aKperr

JieHHOH Ha KOHD;ax. Ey.n;eM ncKaTh perneHHe ypaBHeHH.H 
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a2A 2 a2A --=a --
ot2 ox2 ' 

y.n;oBJieTBop.lIKHI(ee O,Zl;HOpO.D;HhIM rpaHlflIHhIM ycJIOBH.lIM 

A(O,t) = 0, A(l,t) = 0 

H HaqaJihHhlM ycJIOBH.lIM 

A(x, 0) = cp(x), oA(x, O) = <j>(x). 
at 

(3.73) 

(3.74) 

(3.75) 

YpaBHeHHe (3.73) mrnelitto H o.n;ttopo.n;tto, noaToMy cyMMa qacTHhIX pemettHH 

TaK)l(e .lIBJI.lleTC.lI pemeHHeM ::noro ypaBHeHH.lI. lIMe.sI ,Zl;OCTaTOqHo 6oJihmOe qHCJIO 

qacTHhIX pemeHHH, MO)l(HO IIOIIhlTaThC.lI rrpH IIOMOII(H cyMMHpOBaHH.lI HX c HeKOTO

pbIMH Koaq>qmu;HeHTaMH HaHTH HCKOMoe pemeHHe. 

IlocTaBHM OCHOBHYIO BCIIOMOraTeJibHYIO 3a.n;aqy: Haumu pew.eHue ypaBHeHHH 

a2A 2 a2A --=a --
ot2 ox2 ' 

He paBHOe TO)l(,Zl;eCTBeHHO ffYJIIO, y.n;oBJieTBOpHIOII(ee o.n;Hopo.n;HhIM rpaHHqHblM ycJIO

BH.lIM 

A(O,t) = 0, A(l,t) = 0 

H rrpe.n;CTaBHMOe B BH.n;e rrpOH3Be.n;eHH51 

A(x,t) = X(x)T(t), (3.76) 

r.n;e X(x) - <i>YffKU:H.lI TOJihKo rrepeMettHoro x; T(t) - <i>YffKU:H.lI rniihKo rrepeMeH

Horo t. 
Ilo.n;crnBJIH.sI rrpe.n;rroJiaraeMyIO q>opMy pemeHH.sI (3.76) B ypaBHettHe (3.73), rro

JiyqHM: 

X"T =(a~ )r" x. 
lIJIH, rrocJie .n;eJieHHH tta XT: 

X" (x) ( 1 ) T"(t) 
X(x) = -;! T(t) . 

(3.77) 

qT06hI <i>YHKI(HH (3.76) 6blJia pemeaHeM ypaBHeHH.lI (3.73), paBeHCTBO (3.77) 
AOJI)l(HO YAOBJieTBOpHThCH TO)l(AeCTBeHHO, T. e. .n;JIH Bcex 3HaqeHHH He3aBHCHMhIX 

rrepeMeHHhIX 0 < x <J, t > 0. IlpaBaH qacTh paBeHCTBa (3.77) HBJI.sieTC.lI <i>YHKI(HeH 

TOJihKO rrepeMeHHOfO t, a JieBaH - TOJlhKO x. Cl>HKCMpysi:, HarrpMMep, aeKOTOpoe 3Ha

qeHHe x H MeHHH t (HJIH ttao6opoT), IIOJiyqHM, qTo rrpaBaH H JieBaH qaCTH paBeHCTBa 

(3.57) rrpM H3MetteHHH CBOHX apryMeHTOB coxpaH.sIIOT IIOCTO.lIHHOe 3HaqeHHe 
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--=---=-A. X"(x) ( 1 ) T"(t) 
X(x) a2 T(t) ' 

(3.78) 

rJJ:e ')... - IIOCTOHHH<UI, B3HT<UI co 3HaKOM MHHyc. 

Ila COOTHOmemrn (3.78) IIOJiyqaeM o6blKHOBCHHhIC JJ:H<P<PepeHI(HaJibHblC ypaBHe

HHH JJ:JIH orrpeJJ:CJICHHH <PYHKI1HH X(x) H T(t): 

X"(x) + U(x) = 0, 

T"(t) + a2A.T(t) = 0 

fpaHHqHbie ycJIOBHH (3.54) JJ:aI<n: 

A(O, t) = X(O) T(t) = 0, 

A(l,t) = X(l)T(t) = 0. 

(3.79) 

(3.80) 

0TCIOJJ:a cJieJJ:yeT, qTO <PYHKIIHH X (x) JJ:OJixrna YJJ:OBJieTBOpHTh JJ:OIIOJIHHTeJihHhIM 

YCJIOBHHM 

X(O) = X(l) = 0, (3.81) 

T(t) = 0 H A(x,t) = 0, 

B TO BpeMH KaK 3aJJ:aqa COCTOHT B HaxO)l(J(CHHH HeTpHBHaJibHOro pemeHHH. ,ll.JIH 

<PYHKI1HH T(t) B ocHOBHoii BcrroMoraTeJibHOH 3aJJ:aqe HHKaKHX JJ:OIIOJIHHTCJihHhIX 

ycJIOBHH HCT. 

TaKHM o6paaoM, B CBH3H c HaxmKJJ:CHHeM <i>YHKI1HH X(x) rrpHXOJJ:HM K rrpo

cTeiiIIIeii 3aJJ:aqe o co6cTBeHHhIX 3HaqeHHHx: uaiimu 3Ha11.eHUJ1 napaMempa ')... , rrpH 

KOTOpbIX cymecTBYIOT HCTpHBHaJibHbie perneHHH 3aJJ:aqH: 

X"+U=O, } 
X(O) = X(l) = 0, (

3
.
82

) 

a TaK)l(e HaHTH aTH perneHHH. TaKHe 3HaqeHHH rrapaMeTpa ')... HaabIBaIOTCH co6cT

BCHHhIMH 3HaqeHH5IMH, a COOTBCTCTBYIOIIIHe HM HeTpHBHaJihHbie pemeHH.sl - co6cT

BCHHbIMH <PYHKIIH.SIMH 3aJJ:aqlf (3.82). CcpopMyJIHpOBaHHYIO TaKHM o6pa30M 3aJJ:aqy 

qacTO Ha3bIBaIOT 3aJJ:aqeii lllTypMa-JIHyBHJIAA. 

PaccMoTpHM OTJJ:eJibHO cJiyqaH, KOrJJ:a napaMeTp ')... oTpHIIaTeJieH, paBeH HYJIIO 

HJIH lIOJIO)l(HTeJieH. 

1. IlpH ')... < 0 3aJJ:aqa He HMeeT HeTpHBHaJihHbIX pemeHHH. ,ll.eiicTBHTCJlbHO, o6mee 

perneHHe ypaBHeHHH (3.62) HMeeT BHJJ:: 

X(x) = C1 exp( Ax) +C2 exp(-Ax). 
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X(O) = C1 +C2 =0; 

X(/) =cl exp( ex)+ c2 exp(-ex) (ex= 1A)' 
TO eCTb 

cl= -C2 H cl [exp( ex)- exp(-ex)] = 0. 

B paccMaTpHBaeMoM CJIY'Iae ex - ,ZJ;eil:cTBHTeJibHO. H noJIO)KHTeJibHO, TaK 'ITO 
[exp( ex)- exp(-ex)] 7o 0. IIoaToMy 

C1 =0, C2 = 0 

H, CJie,ZJ;OBaTeJibHO, 

X(x):=O. 

2. IlpH /.., = 0 TaK)Ke He cym:ecTByeT aeTpMBHaJibHblX perneaHH. ll:e:RcTBHTeJibHO, 
B 3TOM cJiyqae o6m:ee perneHHe ypaBHeam1 (3.59): 

X(x) = C1x+C2 • 

fpaaHqHbie ycJIOBH.H ,ZJ;aIOT 

T. e. cl = 0 M C2 = 0 M, CJie,ZJ;oBaTeJibHO, 

X(x) := 0. 

3. IlpM /.., > 0 o6m:ee perneHHe ypaBHeHM.H MO)KeT 6bITb 3aITMCaHO B BH,ZJ;e: 

X(x) = D1 cos.fi.x + D2 sin.fi.x. 

fpaHH'IHbie ycJIOBH.H ,ZJ;aIOT 

X(O) = D1 =0, X(/) = D2 sin.fi.x = 0. 

EcJIH X(x) He paBHO TO:>K,ZJ;ecrneHHo aymo, To D2 7' 0, noaToMy 

HJIH 

r,ZJ;e n - JI106oe ueJioe•11McJio. 

sin .Ji.I= 0 

.Ji,= nn, 
l 

(3.83) 

CJie,ZJ;oBaTeJibHO, HeTp~rnMaJibHbie perneHH.H 3a,ZJ;a'IH (3.62) B03MO:lKHhl JIHIIIb npH 
3Ha11emrnx 
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3nIM co6cTBeHHhIM 3Ha'IeHIUIM COOTBeTCTBYIOT co6cTBeHHble cpyHKUIUI 

Xn(x) = Dn sin 1tln x, 

r.n:e Dn - rrpoI13BOJihHM IIOCTOJIHHM. 

llTaK, TOJihKO npII 3Ha'!eHIIJIX A, , paBHhIX 

"A = (1tn)
2 

n [ ' 

cym;ecTByIOT HeTpIIBIIaJihHhie pemeHHJI 3a,n:a'IH (3.82) 

(3.84) 

(3.85) 

orrpe,n:eJIHeMbie c TO'IHOCThIO .n:o rrpOH3BOJlhHOro MHO:>KHTeJIH, KOTOphlll IIOJIO:>KeH 

paBHhIM e,n:HHHUe. 3THM :>Ke 3Ha'IemrnM 'An cooTBeTCTByroT perneHliH ypaBHeHHH 

(3.80): 

1tn . 1tn 
Tn(t) =An cos-

1 
at+ Bn sm-

1 
at, (3.86) 

r,n:e An H Bn - rrpoH3BOJihHhie IIOCTOHHHhie. 

Bo3BpaIUMCh K 3a,n:aqe (3.73)-(3.75), 3aKJIIO'IaeM, 'ITO cpyHKUIIII 

A, (x, t) = Xn (x)T,, (t) = (A, cos ~n at+ Bn sin ~n at) sin ~n x (3.87) 

HBJIHIOTCH qacTHhIMII pemeHHHMH ypaBHeHHH (3.73), y,n:oBJieTBOpHIOIUHMH rpaHII'I

HhIM ycJIOBHHM (3.74) H rrpe,n:CTaBHMhIMH B BH,n:e rrpOH3Be,n:eHHH (3.76) ,n:Byx cpyHK

UHH, o,n:Ha H3 KOTOphIX 3aBHCIIT TOJlhKO OT x, .n:pyraH - OT t. 3TH perneHHH MOfYT 

y,n:oBJieTBOpHTh Ha'IaJihHhIM ycJIOBHHM (3.75) HCXO,n:HOH 3a,n:a'IH TOJihKO .ll:JIH qacT

HhIX cJiyqaeB Ha'IaJihHhIX cpyHKUHll <p(x) II 'l'(X). 

06paTHMCH K perneHHIO 3a,n:a'IH (3.73)-(3.75) B o6m;eM cJiyqae. B cI1J1y JIHHeil

HOCTH H o,n:Hopo,n:HOCTH ypaBHeHHH (3.73) cyMMa qacTHhIX pemeHIIll 

00 00 

( 1tn 1tn ) 1tn A(x,t) = LAn(x,t) = L An cos-
1 

at+ Bn sin-at sin-
1 

x 
n=I n=l l 

(3.88) 

TaK:>Ke y,n:oBJieTBopHeT 3TOMY ypaBHeHHIO II rpaHH'IHhIM ycJioBHHM (3.74). Ha'!aJih

Hhle ycJIOBHH II03BOJIHIOT orrpe,n:eJIHTh An H Bn. IloTpe6yeM, 'IT06h1 cpyHKUHH 

(3.88) y,n:oBJieTBopHJia ycJIOBHHM (3.75): 

00 

"" 1tn 1 A(x,O) = <p(x) = ~An(x,O) =~An sin-
1 

x, 
(3.89) 

aA(x,O) = <J>(x) = f aAn(x,O) = f 1tn aBn sin 1tn x. 
at n=I at n=I l I 
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lfa CBOHCTB 3a,l(a1:1H IUrypMa-JlHyBHJIJrn: cJie,ZJ;yeT [3.3], 'ITO npoH3BOJihH<UI Ky

co1:1Ho-HenpepbIBH<UI H Kyco1:1HO-,Z1;Hcpcpepem:.(MpyeM<UI cpyHKn;m1 /(x), 3a,ZJ;aHHaH 

B npoMe)l(yTKe 0 :S: x :S: l, pa3JiaraeTCH B pH.ZJ: <l>yphe 

oo nn 
f (x) = ~?n sin-

1 
x, (3.90) 

r,ZJ;e 
I 

b. =I J /(~)sin ~n ~d~. 
0 

(3.91) 

EcJIH cpyHKU:HH <p(x) H 'lf(x) Y.ZJ:OBJieTBopHIOT ycJIOBHHM pa3JIO)l(eHHH B pH.ZJ: 

<l>ypbe, TO 

oo 2 I 

<p(x) = 8<i>n sin ~n x, q>. = l I <p(~)sin ~n ~d~, (3.92) 

oo 2 I 

'lf(x) = 2:'11. sin 1tn x, 'lfn = -
1 
J 'If(~) sin 1tln ~d~. 

n=1 [ o 
(3.93) 

CpaBHeHMe aTHX pH.ZJ;OB c cpopMyJiaMH (3.89) noKa3hlBaeT, 'ITO ,ZJ;JIH BbIIlOJIHeHHH 

Ha'laJibHbIX ycJIOBHH Ha,1(0 IlOJIO)l(HTb 

l 
A,, = <pn • Bn = --'lfn• 

7tna 
(3.94) 

1:1eM IlOJIHOCTblO onpe,ZJ;eJIHeTCH cpyHKUHH (3.88), ,ZJ;aIOin;<UI pemeHHe HCcJie,ZJ;yeMOH 

3a,l(a1:1H. TaKHM o6pa3oM, noJIY1:1eHo pemeHHe B BH,ZJ;e 6ecK0He1:1Horo pH.ZJ;a (3.88). Ec

JIH PH.ZJ: (3.88) pacxo,ZJ;HTCH HJIH cpyHKU:HH, onpe,ZJ;eJIHeM<UI aTHM pH.ZJ;OM, He HBJIHeTCH 

,Zl;HcpcpepeHn;HpyeMOH, TO OH, KOHe'IHO, He MO)l(eT npe,Zl;CTaBJIHTb pemeHHe Ramero 

mrcpcpepeHn;HaJlbHOfO ypaBHeHHH. 

KoHTponbHble aonpocb1 K rnaae 3 
3.1. KaKHe ,ZJ;McpcpepeHn;HaJihHhie ypaBHeHHH B 1:1acTHhIX npoH3BO.ZJ:HhIX Ha3hIBaIOTCH 

ypaBHeHHJIMH rHnep60J1H1:leCKOro THila? 

3.2. KaKHe npoCTe:iimHe cpH3H1:1ecKHe 3a,l(a1:1H MO)l(HO onMcaTh ypaBHeHHHMH rMnep-

60.11H1:1ecKoro THna? 

3.3. KaKHe rpaHH'IHbie ycJIOBHH HcnoJib3YIOTCH npH nocTaHOBKe KpaeBbIX 3a.l(a1:1, 

OilHChIBaeMbIX mrrep6oJIH1:1eCKHMH ypaBHeHHHMH? 

3.4. KaKHe HaqaJihHbie ycJIOBHH HCilOJih3YIOTCH npH nocTaHOBKe KpaeBbIX 3a.l(a1:1, 

OilHCbIBaeMbIX rHnep6oJIH1:1eCKHMH ypaBHeHHHMH? 

3.5. KaKHM o6pa30M ,ZJ;OKa3hIBaeTcH e,ZJ;HHCTBeHHOCTh pemeHHH 1<paeBoii 3a.l(a1:1H 

c mnep6oJIH1:1eCKHMH ypaBHeHHHMH? 

3.6. KaKHe MeTO.ZJ:hI HCilOJih3YIOTCH npH pemeHHH KpaeBhlX 3a,l(a1:1 c rHnep60JIH1:1e

CKHMH ypaBHeHHHMH? 

3.7. IlpHBe,ZJ;HTe npHMep pemeHHH KpaeBOH 3a,l(a1:1H c mnep60JIH1:1eCKHMH ypaBHe

HHHMH MeTO,ZJ;OM pa3,ZJ;eJieHHH nepeMeHHbJX. 
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rnasa 4 

AM<l><l>epeH'-'ManbHble ypaeHeHMJI 
napa6onM'lecKoro TMna 

4.1. npoCTeMWMe 3a.Qal.IM 
no TennonpOBOAHOCTM, npMBOAJl~Me 
K ypaaHeHMtO napa6onM1.1ecKoro TMna 
YpaBHemrn: c qacTHhIMM rrpoM3BOAHhIMM 2-ro rrop»AKa rrapa60JrnqecJ<oro TMna HaH-

6oJiee qacTO BCTpeqaIOTCH npn H3yqeHHH npou:eccoB TeITJIOIIpOBOAHOCTH H AH<l:><l:>y-

3HH. TI pocTeihrree ypaBHeHHe napa601mqecI<oro nrna 

tJ2A aA 2 
---=0 (y=a t) ax2 ay 

o6bl'IHO Ha3hIBaIOT ypaBHeHHeM TeIIJIOIIpOBOAflOCTH. 

4.1.1. nMHeMHaJI 3aAa'la 0 pacnpoCTpaHeHMM Tenna 
PaccMOTpHM OAHOPOAHhIM crep)l(eHh AJIHHhI l , TenJIOH30JIHpoBaHHhIM c 6oKOB 

H t(OCTaroqHo TOHKHM, qT06bI B JII06o:H MOMeHT BpeMeHM TeMnepaTypy BO Bcex Toq

Kax nonepeqHoro ceqeHHH MO/KHO 6bIJIO cqnTaTb Ot(MHaKOBOM. ECJIM KOHIJ;bl CTep)K

HH IlOMep:>KMBaTb npM IlOCTOHHHbIX TeMrrepaTypax Ai H ~ ' TO, KaK xopomo H3-

BeCTHO, Bt(OJih CTep)KHH ycTaHaBJIHBaeTCH JIHHeMHOe pacnpet(eJieHHe TeMnepaTypbr 

(pHC. 4.1) 

A(x)=Ai +~~Ai x. (4.1) 

IlpM :3TOM OT 6oJiee HarpeTOro K MeHee HarpeTOMY KOHU:Y CTep)KHH 6yAeT nepe

TeKaTh TenJio. KoJIHqecTBO TenJia, npoTeKaroru:ee qepe3 ceqeHHe cTepiKHH rrnoru:a

AhIO s 3a e,ll;HHHU:Y BpeMeHH, ,n;aeTCH :3KCnepHMeHTaJihHOM <t>opMyJio:H 

Q = -k ~ - Ai S = -k aA S 
l ox ' (4.2) 

r,n;e k - K03$$Hn;HeHT TenJionpOBO,ll;HOCTH, 3aBHCHIIJ;HH OT MaTepHaJia CTepiKHH. 

BeJIHqMHa TerrJioBoro noToKa cqHTaeTCH noJIO)KHTeJibHOH, ecmi: TenJio TeqeT 

B CTOpoHy B03pacTaHH5J x. 



4.1. npocreiiiw1-1e 3aAal.l"1 no TennonpOBOAHOCTl-1 

A 

PHc. 4.1. PacnpeAenemrn TeMnepaTyphI BAOJib cTeplKHH, ecJIH ero KOHll.bI ITOAAeplKHBaIOTCH 
npH IlOCTOJIHHh!X TeMneparypax Ai H A, 
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PaccMoTpHM rrpouecc pacrrpocTpattemui: TeMrrepaTyphI B cTep:arne. 3ToT rrpouecc 
MoJI<eT 6hITh om1caH <l>YHKUHeii A(x,t), rrpe,u;cTaB.ID110meii TeMrrepaTypy B ce'IeHHM 
x B MOMeHT BpeMem1 t. Haii.u;eM ypaBHemie, KOTopoMy ,u;oJIJI<Ha y.u;oBJieTBopHTh 
<l>YHKUJHI A(x,t). ,l{JIH noro c<l>opMyJIHpyeM <l>H3M'IeCKHe 3aKoHoMepttocTH, orrpe
,u;eJIH10m11e rrpouecChI, CBH3aHHhie c pacrrpocTpatteHMeM TeIIJia. 

1. EcJIH TeMrrepaTypa TeJia HepaBHOMepHa, TO B HeM B03HMKaIOT TeTIJIOBbie TIOTOKM, 
HarrpaBJieHHhie H3 MecT c 6oJiee BblCOKOH TeMnepaTypoii B MeCTa c 6oJiee HM3KOH 
TeMnepaTypOH (3aKOH <l>ypbe). 
KoJIH'IeCTBO TerrJia, npoTeKaromee qepe3 ceqett11e x 3a npoMeJI<yTOK BpeMeHH 
(t, t + dt), paBHO 

r.n:e 

dQ= qSdt, 

8A 
q=-k(x)-

8x 

(4.3) 

(4.4) 

- IIJIOTHOCTb TeIIJIOBoro TIOTOKa, paBHaH KOJIH'IeCTBY TerrJia, rrpoTeKTIIero B e.n;M
HHUY BpeMeHM qepe3 nJiom;a.u;h B 1 CM2. 

3ToT 3aKOH rrpe,u;cTaBJUieT 0606mett11e <l>opMyJihI ( 4.2). EMy MO)l(HO TaKJI<e rrpu
,u;aTh MHTerpaJibHYIO <l>opMy 

t, 

Q= -Sfk 8A(x,t)dt' 
ox 

t, 

(4.5) 

r.u;e Q - KOJIH'IecTBO TerrJia, npoTeKa10mee 3a npoMeJI<yTOK BpeMeHM ( t1' t2 ) qe
pe3 ceqett:tte x . EcJIM cTepJI<eHb tteo.u;ttopo.u;ett, TO k HBJIHeTCH <l>YHKu11eii x. 

2. KoJI11qecTBo TerrJia, KOTopoe tteo6xo.u;HMO coo6m:ttTh o.u;ttopo.u;ttoMy TeJiy, 'IT06h1 
noBhICMTh ero TeMnepaTypy Ha M, paBHO 

Q=cmM=cpVM, (4.6) 



96 rnaea 4. A11¢>cj>epeH1.111anbHble ypaeHeHHS'I napa6o11111.1ecKoro T11na 

rAe c - yAeJihHCUI TernmeMKOCTb, m - Macca TeJia, p - ero IIJIOTHOCTb, V -
o6neM. 

EcJIH H3MeHeHHe TeMrrepaTypbI HMeeT pa3JIH'IHYIO BeJIH'IHHY Ha pa3HbIX yqaCT

Kax CTepxrn.SI HJIH eCJIH CTep)l(eHb HeOAHOPOAeH, TO 

x, 
Q = J cpSM(x)dx. (4.7) 

3. BHyTpH CTep)l(H.SI MO)l(eT B03HHKaTb HJIH rrorno:ru;aTbC.SI TeIIJIO (HarrpHMep, rrpH 

rrpOXO)l(AeHHH TOKa, BCJieACTBHe XHMH'IeCKHX peaKI(HH H T. A.). BbI.ZJ:eJieHHe Te

IIJia MO)l(eT 6b1Tb xapaKTepH30BaHo IIJIOTHOCTbIO TeIIJIOBbIX HCTO'IHHKOB F(x, t) 
B TO'IKe x B MOMeHT t. B pe3YJibTaTe AeHCTBH.SI ::JTHX HCTO'IHHKOB Ha yqacTKe 

CTep)KH.SI ( X, x + dx) 3a npoMe)l(YTOK BpeMeHH ( t, t + dt) BbIAeJIHTC.SI KOJIH

qecTBO TeIIJia 

dQ = SF(x,t)dxdt (4.8) 

HJIH B HHTerpaJibHOH <l>opMe 

t2 X2 

Q =Sf f F(x,t)dxdt, (4.9) 

rAe Q - KOJIH'IeCTBO TerrJia, BbIAeJI.S110:ru;eroc.SI Ha yqacTKe CTep)l(H.SI ( X1' X2) 3a 

npoMe)l(yTOK BpeMeHH ( tp t2) . 

YpaBHeHHe TerrJiorrpoBOAHOCTH rroJiyqaeTC.SI rrpH IIOAC'IeTe 6aJiaHca TerrJia Ha tte

KOTopoM 0Tpe3Ke (XpX2) 3a HeKoTOpbIH rrpoMe)l(yTOK BpeMeHH (tpt2). IlpHMeH.SI.SI 

3aKOH coxpatteHH.SI aHeprnH H IIOJlb3Y.SICb <PopMyJiaMH (4.5), (4.7) H (4.9), MO)l(HO 

HaIIHCaTb paBeHCTBO 

x, 
= f cp(A(~,t2 )-A(~,t1 )jd~, (4.10) 

KOTopoe H rrpeACTaBJI.SieT ypaBHeHHe TeIIJIOIIpOBOAHOCTH B HHTerpaJibHOH <PopMe. 

qT06bI IIOJIYlfHTb ypaBHeHHe TeIIJIOIIpOBOAHOCTH B AH<l><l>epeHI(HaJibHOH <PopMe, 

rrpem10JIO)l(HM, 'ITO <l>YHKU:H.SI A( x, t) HMeeT HerrpepbIBHbie rrpoH3BOAHbie o2 A / ox2 

H oA/ ot. 
IloJib3Y.SICb TeopeMOH 0 cpeAHeM, IIOJiyqaeM paBeHCTBO 

[
k oA(x,t)I -k oA(x,t)I I M + F(x4,t4)tlxM = 

ox X=X OX X=X 
2 1 t=t3 

= {cp[A(~,t2 )-A(~,t1 )l}~=x, fix, (4.11) 
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KOTopoe rrpH IIOMOIIJ;H TeopeMhl 0 KOHe'IHhIX rrpHparn;eHH5IX MO)l(HO rrpeo6pa30BaTh 

K BH)J;y: 

(4.12) 

r,ZJ;e t3,t4,t5 H X3,X4,X5 - rrpoMe)l(yTO'IHbie TO'IKH HHTepBaJIOB (t1.t2) H (XpX2). 
0TCIO)l;a, IIOCJie COKparn;eHH5I Ha rrpOH3Be,ll;eHHe flx!it ' HaXO)l;HM: 

8 ( 8A) 8A -k- +Fxt =c - . OX OX X=X5 ( ' ) X=x, p at t=t5 

t=t3 t=t4 X=X3 

(4.13) 

Bee 3TH paccy)l(,ll;eHH5I OTHOC5ITC5I K rrpoH3BOJihHhIM rrpoMe)l(yTKaM ( x 1, x2 ) 

H (ti' t2 ). IlepeXO,ll;5I K rrpe,ll;eJiy rrpH xi' X2 ---; x H ti' t2 ---; t ' IIOJI)"IHM ypaBHeHHe 

8 ( 8A) 8A - k- +F(x,t)=cp-, (4.14) 
ax ax at 

Ha3hrnaeMoe ypaBHeHHeM menJ1onpoBoouocmu. PaccMoTpHM HeK0Topb1e qacTHhie 

CJiyqaH. 

1. EcJIH CTep)l(eHh O,ll;HOpO,ll;eH, TO k, c, p MO)l(HO C'IHTaTb IIOCT05IHHhIMH, H ypaB

HeHHe o6bI'IHO 3aIIHCbIBaIOT B BH,ll;e: 

8A 2 8
2A 8t =a ox2 + f(x,t), 

a2 = .!!_' f(x,t) = F(x,t)' 
cp cp 

r,ll;e a2 
- IIOCT05IHHa5I, Ha3bIBaeMa5I K03cPcPHIJ;HeHTOM me.Mnepamyponpo600HO

cmu. EcJIH HCTO'IHHKH oTCYTCTBYIOT (F(x, t) = 0), TO ypaBHeHHe TerrJiorrpoBo,ll;

HOCTM rrpMHMMaeT rrpocTOH BM,l{: 

8A 2 8
2A 

-=a --
at 8x2 . 

(4.15) 

2. IlJIOTHOCTh TeIIJIOBhIX MCTO'IHHKOB MO)l(eT 3aBMCeTb OT TeMrrepaTyphI. B CJiyqae 

Tem1006Metta c oKpy)l(aIOrn;eii: cpe,ll;oii:, IIO,ll;'IHHHIOrn;erocH 3aKotty HbIOTOHa, 

KOJIH'leCTBO TeIIJia, Tep5IeMOfO CTep)l(HeM, paCC'IMTaHHOe Ha e,ll;HHMIJ;Y ,ll;JIMHhl 

H BpeMeHH, paBHO 

F0 = h(A-0), 

r,ll;e h - K03cPcPHIJ;MeHT TerrJioo6Metta; 0(x, t) - TeMrrepaTypa OKpy)l(aIOrn;eii: cpe

,ll;hI. TaKMM o6pa30M, IIJIOTHOCTh TeIIJIOBhIX MCTO'IHMKOB B TO'IKe x B MOMeHT t 
paBHa 

4No 6063 
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F = F.i(x,t)-h(A-9), (4.16) 

r,'(e Fi (x, t) - IIJIOTHOCTh Apyrn:x IICTQqHIIKOB TerrJia. 

EcJIII cTep)KeHh O;'(Hopo;'(eH, To ypaBHeHIIe TeIIJiorrpoBO;'(HOCTII c 6oKOBhIM Terr-

Jioo6MeHoM IIMeeT CJie;'(yI01IIIIH BII,1(: 

aA 2 a2A 
-=a --aA+ f(x t) at ax2 ,, 

r;'(e a=!!._, f(x,t) = ae(x,t) + F.i(x,t) - II3BecTHa.SI cpyHKI!II.SI. 
cp cp 

KoacpcpIII!IIeHThI k II c, KaK rrpaBIIJio, .SIBJI.SIIOTC.SI Me;'(JieHHO MeH.SIIOIIIIIMIIC.SI cpynK

I!II.SIMII TeMrrepaTyphI. IloaTOMY C;'(eJiaHHOe BhIIIIe rrpe;'(IIOJIO)KeHIIe 0 IIOCTO.SIHCTBe 

STIIX KoacpcpIII!IIeHTOB B03MO)KH0 JIIIIIIh rrpII ycJIOBIIII paCCMOTpeHII.SI ne60JihIIIIIX 

IIHTepBaJIOB II3MeHeHII.SI TeMrrepaTYPhI. JfayqenIIe TeMrrepaTYPHhIX IIpOI!eCCOB B 6oJih

IIIOM IIHTepBaJie II3MeHeHII.SI TeMrrepaTyp rrpIIBO;'(IIT K KBa3IIJIIIHeHHOMY ypaBHeHIIIO 

TeIIJIOIIpOBO;'(HOCTII, KOTopoe ;'(JI.SI HeO;'(HOpO;'(HOH cpe;'(hl 3aIIIIIIIeTC.SI B BII,'(e: 

- k(A,x)- + F(x,t) = C(A,x)p(A,x)-. a ( aA) aA 
ax ax at 

4.1.2. YpaeHeHMe AM<l><l>Y3MM 
EcJIII cpe;'(a nepaBHOMepno 3arroJinena ra3oM, TO IIMeeT MeCTo AIIcpcpy3II.SI ero II3 

MeCT c 6oJiee BhICOKOH KOHI!eHTpa!IIIeiI B MeCTa c MeHbIIIeiI KOHI!eHTpa!IIIeH. 3TO )Ke 

.SIBJieHIIe IIMeeT MeCTO II B paCTBOpax, eCJIII KOHI!eHTpa!III.SI pacTBopeHHOro Be11IeCTBa 

B o6neMe HeIIOCTO.SIHHa. 

PaccMoTpIIM rrpo!Iecc AIIcpcpy3IIII B rroJiott Tpy6Ke HJIII B Tpy6Ke, 3a110JinennoiI 

rropIICTOH cpe;'(OH, rrpe;'(IIOJiara.SI, qTo BO BC.SIKIIH MOMeHT BpeMeHII KOHI!eHTpa!III.SI 

ra3a (pacrnopa) rro ceqenIIIO Tpy6KII OAIIHaKoBa. Tor;'(a rrpo!Iecc AIIcpcpy3IIH MO)KeT 

6bITh OIIIICaH cpyHKI!IIeH A(x, t)' rrpe;'(CTaBJI.SIIOIIIeH KOHI!eHTpa!IIIIO B ceqeHIIII x 
B MOMeHT BpeMeHH t. 

CorJiacno 3aKony HepncTa, Macca ra3a, rrpoTeKaI011Ia.SI qepe3 ceqenIIe x 3a rrpo

Me)KyToK BpeMeHII ( t, t + dt ), paBHa 

dQ = -D aA(x, t) Sdt = WSdt 
ax ' 

W=-DaA 
ax, (4.17) 

r,'(e D - KoacpcpHI!IIeHT AIIcpcpy3IIII; S - IIJIOIIIa;'(h ceqenII.SI Tpy6KII; W(x,t) -
IIJIOTHOCTh AIIcpcpy3HOHHOro IIOTOKa, paBHa.SI Macce ra3a, rrpoTeKaI011IeH B e,'(IIHIII!Y 

BpeMeHII qepe3 e,'(IIHHI!Y IIJIOIIIa;'(H. 

Ilo orrpe;'(eJieHIIIO KOHI!eHTpa!IHII, KOJIIIqecTBO ra3a B o6neMe v paBHO 

Q=AV, 
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OTCIO,Zl;a IIOJiyqaeM, 'ITO M3MeHemre MaCChl ra3a Ha yqacTKe Tpy6KM ( x,' X2 ) rrpH M3-

MeHeHMM Kottn:eHTpan;MM Ha M paBHO 

tx, 

~Q= J c(x)M·Sdx, 

r.ne c(x) - Koacpqmn:tteHT rropHCTOCTM (Ko3cpcpttn;HeHTOM rropHCTOCTM Ha3hIBaeTC.SI 

OTHOIIIeHMe o6oeMa rrop K IIOJIHOMY o6'beMy l1a ' paBHOMY B HarneM CJiyqae s dx. 
CocTaBMM ypaBHeHMe 6aJiaHca Macchi ra3a Ha yqacTKe ( x 1, x 2 ) 3a rrpoMeJKyToK 

BpeMeHM ( tj' t2 ): 

x, 

=Sf c(~)[A(~,t2 )-A(~,t2 )]d~. 
x, 

0TCIO,Zl;a IIOJiy<IHM ypaBHeHMe 

~(DaA)=caA, 
ax ax at (4.18) 

.HBJI.si:romeec.si: ypaBHeHHeM .nttcpcpy3MM. Otto BIIOJIHe aHaJiorH'IHO ypaBHeHMIO Terrno

rrpoBO,Zl;HOCTM. IlpM BhIBO,Zl;e 3TOro ypaBHeHM.SI Mhl C'IMTaJIM, 'ITO B Tpy6Ke HeT MCTO'I

HMKOB Bem;ecrna If ,Zl;Hcpcpy3M.SI qepe3 CTeHKM Tpy6KM OTCyTcrnyeT. Y'IeT 3TMX .SIBJie

HHH rrpHBO,Zl;MT K ypaBHeHM.SIM, cxo,Zl;HhlM c ypaBHeHM.HMM (4.14) H (4.16). 
EcJIH Koacpcpttn:MeHT .nttcpcpy3HM rrocTo.si:HeH, TO ypaBHeHMe .nttcpcpy3MM rrpMHMMa

eT BM,ZI; 

D 
r.ne a

2 =
c 

aA 2 a2A 
-=a --at ax2 

' 
(4.19) 

EcJIM Koacpcpttn:MeHT rropMCTOCTM c = 1, a Koacpcpttn:MeHT .nttcpcpy3MH rrocrn.si:HeH, 

TO ypaBHeHMe ,Zl;Mcpcpy3MM HMeeT BM,ZI; 

aA = Da2A 
at ax2 • 

(4.20) 

4.2. rpaHM"IHble M Ha"lanbHble ycnOBMJI 

):{JI.SI BhI,Zl;eJieHM.SI e,Zl;MHCTBeHHOro perneHM.SI ypaBHeHM.SI TelIJIOIIpOBO,Zl;HOCTM Heo6xo

,Zl;MMO K ypaBHeHHIO rrpHCOe,Zl;HHMTh Ha'IaJihHhie M rpaHM'IHbie ycJIOBH.SI. 

Ha'IaJihHoe ycJIOBMe cocTOHT JIMIIIh B 3a,Zl;aHMM 3Ha'IeHMH cpyHKU:MM A(x, t) B Ha

'IaJihHhIH MOMeHT to . 
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fpaHH'IHhie ycJIOBIUI MOryT 6bITh pa3JIH'IHhl B 3aBHCHMOCTH OT TeMITepaTypHoro 

pe)KHMa Ha rpaHmi:ax. PaccMaTpHBaIOT TpH OCHOBHhIX THITa rpaJIH'IHhIX ycJIOBHH. 

1. Ha Komi:e CTep)KHH x = 0 3MaHa TeMITepa1'pa 

U(O,t) = µ(t), 

rii:e µ(t) - <f>YHKIJ:HH, 3MaHHaH B HeKoTopoM ITpoMe)KyTKe t0 :::; t:::; T, ITPH'leM T 
ecTh ITpoMe)KyToK BpeMeHH, B Te'leHHe KOToporo H3yqaeTrn nponecc. 

2. Ha KOHIJ:e x = I 3MaHo 3Ha'leHn:e ITpOH3BOlJ.HOH 

oA(l, t) = v(t). 
ox 

K aTOMY ycJIOBHIO MhI ITpHXOlJ.HM, ecJIH 3MaHa BeJIH'IHHa TeITJioBoro ITOTOKa 

Q(/,t), ITpoTeKa10mero 'Iepe3 TopneBoe ce'leHHe cTep)KHH, 

Q(/,t) = -k oA~;t)' 

oTKy,ua oA(l, t I ox)= v(t)' r.ue v(t) - H3BeCTHaH <l>YHKUHH, Bhipa)KaIOmaHCH 

qepe3 3MaHHhlH ITOTOK Q(l,t) ITO <f>opMyJie 

v(t) = - Q(/,t). 
k 

3. Ha Konne x = I 3MaHo mrne:Hnoe cooTHornenHe Me)K,uy ITpOH3BO.UHOH 

H ¢yHKD;HeH: 

oA(l,t) = -A.[A(/,t)-0(t)]. 
ox 

3To rpaHH'IHOe ycJIOBHe cooTBeTcTByeT TeITJioo6Meny ITO 3aKony HhIOTOHa Ha 

ITOBepXHOCTH TeJia c OKpy)KaIOme:H cpe,uoil:, TeMITepaTypa KOTOpoii 0 H3BeCTHa. 

IlOJih3YHCh .UBYMH Bhipa)KeHJrnMH ,UJIH TeITJIOBOfO ITOTOKa, BhITeKaIOmero qepe3 

ce'leHHe x = l , 

Q= h(A-0) 

Q=-koA' 
OX 

ITOJiyqaeM MaTeMaTH'leCKYIO <f>opMyJIHpOBKY TpeTbero rpaHH'IHOfO ycJIOBHH 

B BH,Ue 

oA(l,t) = -A.[A(l,t)- 0(t)], 
ox 
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r,ZJ;e A,= h / k - Koacpqrn:uHeHT Tem1006MeHa qepe3 CTeHKy, 0(t) - HeKoTOpa51 

3a,ZJ;aHHa51 cpyHKUH51. ):{Jrn KOHUa x = 0 CTep)J(H.SI (0, l) TpeTbe rpaHHqHoe ycJIO

BHe HMeeT BH,ZJ;: 

aA(O,t) = A,[A(O,t)- 0(t)]. 
ax 

fpaHHqHbie ycJIOBH5I npH x = 0 H x = l MOryT 6bITb pa3HbIX THnOB, TaK qrn 

qHCJIO pa3JIHqHbIX 3a,ZJ;aq BeJIHKO. 

IlepBa51 KpaeBa51 3a,ZJ;aqa cocTOHT B OTbICKaHHH perneHH5I A = A ( x, t) ypaBHeHH5I 

TenJionpOBO,ZJ;HOCTH 

aA 2 a2A 
- = a - npH 0 < x < l, 0 < t < T , 
at ax2 

y.ZJ;oB11ernop5I10Iuero yc110BH5IM 

A(x,O) = <p(x), 0::; x S, l, 
A(O,t) = µ1(t), A(l,t) = µ2 (t), 0 :5: t S, T, 

r,ZJ;e q>(x),µ1(t),µ2(t) - 3a,ZJ;aHHhle cpyHKUHH. 

(4.21) 

(4.22) 

(4.23) 

AHaJIOrHqHo CTaB5ITC5I H .ZJ;pyrHe KpaeBbie 3a,ZJ;aqH c pa3JiffqHbIMH KOM6HHaUH5IMH 

KpaeBbIX ycJIOBHH npH x = 0 H x = l . Bo3MO)J(HbI KpaeBbie yc110BH5I 6011ee CJIO)J(

Horo THna, qeM Te, KOTOpbie 6bIJIH paCCMOTpeHbl BbIIIIe. 

IlycTb, HanpHMep, Ha KOHUe x = 0 CTep)J(H5I noMeIUeHa cocpe,Zl;OTOqeHHa5I TenJIO

eMKOCTb C1 (HanpHMep, TeJIO C 6oJiblIIOH Ten11onpOBO,ZJ;HOCTbIO, BCJie,ZJ;CTBHe qero 

TeMnepaTypy no BCeMy o6neMy 3TOro TeJia MO)J(HO cqHTaTb nOCT05IHHOH) H npoHC

XO,ZJ;HT TeIIJioo6MeH c BHernHeii cpe.ZJ;oii no 3aKoHy HbIOTOHa. Tor,ZJ;a KpaeBoe ycJIOBHe 

npH x = 0 (Bbipa)J(aIOIUee ypaBHeHHe TenJIOBOro 6aJiaHca) 6y,ZJ;eT MMeTb BM,ZJ; 

(4.24) 

r,ZJ;e 4i - TeMnepaTypa BHernHeii cpe.ZJ;hl. 

3TO ycJIOBMe CO,ZJ;ep)J(MT npOH3BO.ZJ:HYIO aA/ at (HJIM a2A/ ax2
, eCJIH yqeCTb 

ypaBHeHMe (4.19)). 
EcJIM cpe.ZJ;a Heo,ZJ;Hopo,ZJ;Ha M KmcpcpHUMeHTbI ypaBHeHM5I 5IBJI5IIOTC5I pa3pbIBHbIMH 

cpyHKUM5IMH, TO npoMe)J(yToK ( 0, T ), B KOTOpoM HIUeTC5I perneHMe 3a,ZJ;aqM, pa36MBa

eTrn ToqKaMM pa3pbrna KoacpcpttuMeHTOB Ha HeCKOJibKO qaCTeii, BHYTPM KOTOpbIX 

cpyHKUM5I A Y.ZJ:OBJieTBop5IeT ypaBHeHMIO Ten11onpoBO.ZJ:HOCTM, a Ha rpaHMuax - yc

JIOBH5IM conp5I)J(eHM5I. 

B npocTeiirneM c11yqae 3TM yc110BM5I 3aKJIIOqaIOTC5I B HenpepbIBHOCTM TeMnepa

TypbI If HenpepbIBHOCTM TenJIOBOrO noTOKa: 

A(x; -0,t) = A(x; + O,t), 

k(x; -o) aA(xa: o,t) = k(x; + o) aA(xa; o,t), 

r,ZJ;e X; - TOqKM pa3pbIBa K03cpcpMUMeHTOB. 

(4.25) 

(4.26) 
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KpoMe Ha3BaHHhIX 3Aeeh 3ap;aq qaeTo BeTpeqa10Te.si: HX rrpeAeJihHhie eJiyqaH. Pae

eMoTpHM rrp011eee TerrJiorrpoBOi'J:HOeTH B oqeHh AJIHHHOM eTep:>KHe. B TeqeHHe He-

6oJihIIIoro rrpoMeJKyTKa BpeMeHH BJIH.sIHHe TeMrrepaTypHoro pe:>KHMa, 3aAaHHoro Ha 

rpaHmi;e, B IJ;eHTpaJihHOM qaeTH eTep:>KH.sI eKa3hIBaeTe.si: BeebMa eJia6o, M TeMrrepaTypa 

Ha 3TOM yqaeTKe orrpeAeJI.sieTe.si: JIHIIIh HaqaJibHhIM paerrpeAeJieHHeM TeMrrepaTyphI. 

B 3TOM eJiyqae TOqHhIM yqeT i'l:JIHHhl eTep:>KH.sI He HMeeT 3HaqeHM.sI, TaK KaK H3MeHe

HHe i'l:JIHHhl eTep:>KH.sI He OKaJKeT eyIIIeeTBeHHOro BJIM.sIHH.sI Ha TeMrrepaTypy HHTepe

ey1011Iero Hae yqaeTKa. B 3ai'l:aqax IIOAo6Horo THna 06h1qHo eqnTaIOT, qTo eTep:>KeHh 

HMeeT 6eeK0HeqHy10 i'l:JIHHy. TaKHM o6paaoM, eTaBHTe.si: 3ap;aqa e HaqaJihHhlMH yeJio

BH.sIMH (3ap;aqa Konm) o paerrpeAeJieHHH TeMrrepaTyphI Ha 6eeKoHeqHoM rrp.si:Mo:M. 

Haiimu pemeuue ypaBueuua menJ1onpoBoouocmu B o6JiaeTM -oo < x < +oo 
H t 2:: t0 , YAOBJieTBop.si:1011Iee yeJIOBMIO 

A(x,t0 ) = q>(x) ( -oo < x < +oo ), (4.27) 

rAe q>(x) - 3a/];aHHa.sI cpyHKIJ;H.sI. 

AHaJIOrHqHo, eeJIH yqacTOK CTep:>KH.sI, TeMrrepaTypa KOToporo Hae HHTepeeyeT, 

HaXOi'J:MTC.sI B6JIM3H Oi'J:HOrO KOHIJ;a H AaJieKO OT Apyroro, TO TeMrrepaTypa rrpaKTMqe

eKH orrpeAeJI.si:eTC.sI TeMnepaTypHhIM pe:>KHMOM 6JIH3KOro KOHIJ;a M HaqaJibHhIMH yc

JIOBH.sIMH. B 3aAaqax IIOA06Horo THIIa o6hlqHo cqHTaIOT, qTo eTep:>KeHh IIOJiy6ecKO

HeqeH H KOOPi'J:HHaTa, OTCqHThIBaeMa.si: OT KOHIJ;a, MeH.si:eTC.sI B rrpeAeJiaX 0 ~ x ~ 00 . 

IlpHBeAeM B KaqeeTBe rrpHMepa cpopMyJIHpOBKY rrepBOM KpaeBOM 3ap;aqH i'l:Jl.sl IIOJiy-

6eeKOHeqHoro eTep:>KH.sI. 

Haumu pemeuue ypaBueuua menJ1onpoBoouocmu B o6JiaCTH 0 < x < oo 
H t0 ~ t , YAOBJieTBop.si:1011Iee yeJioBH.sIM 

A(x,t0 ) = q>(x) (0 < x < oo),} 

A(O,t) = µ(t) (t 2:: t0 ), 

rAe q>(x) H µ(t) - 3a/];aHHhie cpyHKIJ;Hli:. 

(4.28) 

IlpHBeAeHHhie 3aAaqH rrpeAeTaBJI.sIIOT eo6oH: rrpeAeJihHhIM CJiyqaH: (BblpO:>Ki'J:eHHe) 

oeHOBHhIX KpaeBhlX 3ap;aq, Bo3MOJKHhl rrpeAeJihHhie eJiyqaH oeHOBHOM 3aAaqH H i'l:PY

roro THrra, KOrAa rrpeHe6peraIOT ToqHhIM yqeTOM HaqaJihHhIX yeJIOBHM. BmrnHHe 

HaqaJihHhIX yeJioBHM rrpH pacrrpoeTpaHeHHH TeMnepaTyphI no cTep:>KHIO ocJia6eBaeT 

e TeqeHHeM BpeMeHH. EeJIH HHTepeeyIOIIIHM Hae MOMeHT AOeTaToqHo yAaJieH OT 

HaqaJihHOro, TO TeMrrepaTypa eTep:>KH.sI orrpeAeJI.sieTC.sI rpaHHqHhIMH yeJIOBH.sIMH, 

TaK KaK H3MeHeHHe HaqaJihHhIX yeJIOBHM He H3MeHHJIO 6bI TeMrrepaTypHoro eo

eTO.sIHH.sI eTep:>KH.sI (B rrpeAeJiax ToqHoeTH Ha6JIIOAeHH.si:). B aTOM eJiyqae MOJKHo 

eqHTaTh, qTo OIIhIT npOAOJI)KaJie.sI 6eeKOHeqHo i'J:OJiro, a HaqaJihHhle ycJIOBH.sI TeM 

eaMhIM OTIIaAaIOT. • 

TaKHM 06pa30M, rrpHXOi'J:HM K KpaeBhIM 3ap;aqaM 6e3 HaqaJihHhIX ycJIOBHM, KOrAa 

HIIIeTe.si: perneHMe ypaBHeHH.si: TerrJiorrpoBOAHOCTH AJI.sI 0 ~ x ~ l H -oo < t, Yi'l:OBJie

TBOp.sIIOIIIee yeJIOBH.sIM 

(4.29) 
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B 3aBHCHMOCTH OT xapaKTepa rpaHnqHoro pe)KnMa B03MO)KHbI n .ZJ:pyrne BH.ZJ:bI 

3a.ZJ:aq 6e3 HaqaJibHbIX ycJIOBHH. 

BecbMa Ba)KHOH .HBJI.HeTc.H 3a.ZJ:aqa 6e3 HaqaJibHbIX ycJioBnif .ZJ:JI.H IToJiy6ecKoHeqHo

ro CTep)KH.H ( l = 00 ), KOr.ZJ:a Tpe6yeTC.H HaHTH perneHHe ypaBHeHH.H TeITJIOITpOBO.ZJ:HO

CTH .ZJ:JI.H 0 < x < oo, t > -oo, y.ZJ:oBJiernopmo:rn:ee ycJIOBHIO 

A(O, t) = µ(t), (4.30) 

r.ZJ:e µ(t) - 3a.ZJ:aHHa.H <l>YHKI(H.H. 

Han6oJiee qaCTo BCTpeqaIOTC.H 3a.ZJ:aqn 6e3 HaqaJihHhIX ycJIOBHH ITpn ITepno.ZJ:nqe

CKOM rpaHnqHOM pe)KHMe 

EcTeCTBeHHO cqnTaTb, qTo ITO ITpornecTBHH 6oJihrnoro ITpoMe)KyTKa BpeMeHn 

TeMITepaTypa CTep)KH.H TaK)Ke MeH.HeTc.H no ITepno.ZJ:nqecKoMy 3aKoHy c TOH )Ke qac

TOTOH. 0.ZJ:HaKO ecJIH 3axOTeTb TOqHo yqnTbIBaTb HaqaJibHbie ycJIOBH.H, TO <PopMaJib

HO HHKOr.ZJ:a He IIOJiyqHM ITepHO.ZJ:HqecKoro perneHH.H, TaK KaK BJIH.HHHe HaqaJibHbIX 

ycJIOBHH XOT.H H 6y.ZJ:eT OCJia6eBaTb c TeqeHHeM BpeMeHH, HO B HYJib He o6paTHTC.H; 

yqHTbIBaTb STO BJIH.HHHe BBH.ZJ:Y ornn6oK Ha6JIIO.ZJ:eHH.H HeT HHKaKoro CMbICJia. Pac

CMaTplIBa.H ITepHO.ZJ:MqecKoe perneHHe ITPHXO.ZJ:HTC.H ITpeHe6peraTb BJIH.HHHeM HaqaJib

HbIX .ZJ:aHHbIX. 

IIocTaHOBKa KpaeBbIX 3a.ZJ:aq, H3JIO)KeHHa.H Bbillie, OTHOCHTC.H, KOHeqHo, He TOJibKO 

K ypaBHeHHIO c IIOCTO.HHHbIMH Koa<P<Pnu:neHTaMH. Ilo.ZJ: CJIOBaMH «ypaBHeHHe TeITJIO

rrpoBO.ZJ:HOCTH» MO)KHO IIOHHMaTb JII06oe H3 ypaBHeHHH ITpe.ZJ:bI.ZJ:YII(HX rryHKTOB. 

IlOMHMO ITepeqncJieHHbIX JIHHeHHbIX KpaeBbIX 3a.ZJ:aq, CTaB.HTC.H TaK)Ke 3a.ZJ:aqn 

c HeJIHHeHHbIMH rpaHnqHbIMH ycJIOBH.HMH; HarrpnMep, BH.ZJ:a 

k oA(O,t) = cr[A4 (0,t)- 04 (0,t)]. 
ox 

(4.31) 

fpaHnqHoe ycJIOBne (4.31) coorneTcrnyeT H3JiyqeHHIO ITO 3aKoHy CTe<PaHa

EoJibU:MaHa c rnpu:a x = 0 B cpe.ZJ:y c TeMITepaTypoif O(t). 
OcTaHOBHMC.H 6oJiee ITO.ZJ:po6no Ha rrocTaHOBKe KpaeBbIX 3a.ZJ:aq n paccMoTpnM 

ITepByIO KpaeByIO 3a.ZJ:aqy .ZJ:JI.H orpannqeHHOH o6JiacTH. PerneHneM ITepBoif Kpae

BOH 3a.ZJ:aqn 6y.ZJ:eM Ha3bIBaTb <PYHKU:HIO A(x,t), 06Jia.ZJ:a10:rn:y10 cJie.ZJ:yIO:W:HMH 

cBoifcTBaMn: 

1) A( x, t) oITpe.ZJ:eJieHa n HeITpepI>IBHa B 3aMKHYTOH o6JiaCTH 

0 -5: x -5: l, t0 -5: t -5: T ; 

2) A(x, t) y.ZJ:OBJiernop.HeT ypaBHeHnIO TerrJiorrpoBO.ZJ:HOCTH B OTKpbITOH o6JiaCTH 

0 < x < l, t0 < t ; 
3) A(x, t) Y.ZJ:OBJiernop.HeT naqaJibHOMY n rpannqHf>IM ycJIOBH.HM, TO eCTb 

A(x,t0 ) = cp(x), A(O,t) = µ 1(t), A(l,t) = µ 2(t), 

r.ZJ:e cp(x),µ1(t),µ2(t) - HeITpepnIBHI>Ie <PYHKI(HH, Y.ZJ:OBJiernop.HIOII(He ycJIOBH.HM 

corrp.H)KeHH.H 
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cp(O) = µ1 (t0 ) = [A(O, t0 )]; cp(l) = µ2 (t0 )=[A(l, t0 )], 

Heo6xo,n;HMhIM ,n;JI.SI HenpepbIBHOCTH A(x, t) B 3aMKHyToil: o6JiacTH. 

PaccMoTpHM IIJIOCKOCTh cocTOHHHil: ( x, t ) (pHc. 4.2). B nocTaBJieHHOil: 3a,z.i;aqe 

HmeTca <l>YHKD;HH A(x, t), onpe,n;eJieHHaa BHYTPH npaMoyroJibHHKa ABCD. 3Ta 06-

JiaCTh onpe,n;eJIHeTCH caMOH IIOCTaHOBKOH 3a,z.i;aqH, TaK KaK H3yqaeTCH npou;ecc pac

npocTpaHeHHH TenJia B cTepJI<He 0 ::::; x ::::; l 3a npoMe)l(yTOK BpeMeHH t0 ::::; t ::::; T , 
B TeqeHHe KOToporo H3BeCTeH TeIIJIOBOH pe)l(HM Ha Kpaax. IlyCTb to = 0 . Ilpe,n;no

JiaraeM, qrn A(x,t) y,n;oBJiernopaeT ypaBHeHHIO TOJihKO npH 0 < x < l, 0 < t::::; T, 
Ho He npH t = 0 (crnpoHa AB) H He npH x = 0, x = l (crnpOHhI AD H BC), r,n;e 

HaqaJil>HbIMH H rpaHHqHhlMH ycJIOBHHMH Henocpe,n;CTBeHHO 3a,n;aIOTCH 3HaqeHHH 

arnil: <l>YHKD;HH. Tpe6oBaHHe y,n;oBJiernopeHHH ypaBHeHHH, HanpHMep, npH t = 0 , 
CBO,l.J;HTCH K Tpe6oBaHHIO cymecTBOBaHHH npomBo,n;Hoil: cp" = 8 2 A(x, 0) / 8x2

, Bxo

,n;ameil: B ypaBHeHHe. 3THM Tpe6oBaHHeM orpaHHqHBaeTCH o6JiaCTD H3yqaeMbIX <l>H-

3HqecKHX HBJieHHH, HCKJIIOqaIOTC51 H3 paCCMOTpeHHH Te <l>YHKD;HH, ,l.J;JIH KOTOpbIX ::JTO 

Tpe6oBaHHe He BblIIOJIHHeTCH. y CJIOBHe 3 6e3 npe,n;IIOJIO)l(eHHH HenpepbIBHOCTH 

A(x,t) B o6JiaCTH 0::::; x::::; l, 0::::; t::::; T (T. e. B 3aMKHYTOM npaMoyroJibHHKe 

ABCD) HJIH KaKoro-JIH6o ,n;pyroro ycJIOBHH, 3aMeHHIOmero aTo npe,n;noJio)l(eHHe, 

TepHeT CMbICJI. 

t =Ti..;;D;__ ____________ ___, C 

A B 
oL-~~~~~~~~~~~~~..._~~__.x 

x= l 
Puc. 4.2. IlJJOCKOCTh COCTOHHHll ( X, t) 

,lleil:crnHTeJihHO, paccMoTpHM <l>YHKD;HIO B(x, t), onpe,n;eJieHHYIO cJie,n;yIOmHM o6-

pa3oM: 

B(x,t) = C (0 < x < l, 0 < t::::; T), 

B(x, 0) = cp(x) (0::::; x::::; l), 

B(O, t) = µ1 (t),} 
(0 ::::; t ::::; T) , 

B(l,t) = µ2 (t) 

r,n;e c - npoH3BOJll>HaH IIOCTOHHHaH. <l>yHKD;HH B(x, t)' oqeBH,l.J;HO, y,n;oBJieBOpHeT 

ycJIOBHIO 2, a TaK)l(e rpaHffqHhIM ycJIOBHHM. 0.n;HaKo aTa <l>YHKD;HH He npe,n;cTaBJIHeT 

npou;ecca pacnpoCTpaHeHHH TeMnepaTypnI B cTep)l(He npH Haqanl>Hoil: TeMnepaType 
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<p(x) :;C. c Ii rpaHHqHbIX TeMrrepaTypax µ,(t) :;C. c H µ2(t) :;C. c' TaK KaK OHa pa.3-

pbIBHa rrpH t = 0 ' x = 0 ' x = l . 
HerrpepbIBHOCTb cPYHKU:HH A(x,t) rrpH 0 < x < l, 0 < t < T cJie,n;yeT H3 rnro, 

qrn aTa cPYHKU:HH y.n;oBJieTBop.HeT ypaBHeHHIO. TaKHM o6pa3oM, Tpe6oBaHHe Herrpe

pbIBHOCTH A(x,t) rrpH 0::::: x::::: l, 0::::: t::::: T, no cymecTBy, OTHOCHTC.H TOJibKo K TeM 

ToqKaM, r,n;e 3a,n;aroTCH rpaHnqHbie H HaqaJibHbie 3HaqeHHH. B ,ZJ;aJibHeihneM no,n; cJio

BaMH «penreHHe ypaBHeHHH, y,n;oBJieTBop.Hromee rpaHHqHbIM ycJIOBH.HM~, 6y,n;eM 

no,n;pa3yMeBaTb cPYHKU:HIO, y,n;oBJieTBOpHromyro Tpe6oBaHH.HM 1, 2 Ii 3, He oroBapH

Ba.H 3TH ycJIOBH.H KaJK,ZJ;bIH pa3, eCJIH B 3TOM HeT Heo6xo,n;HMOCTH. 

AHaJIOrHqHo cTaBHTCH H ,n;pyrHe KpaeBbre 3a,n;aqn, B TOM qifcJie 3ai'(aqn Ha 6ecKo

HeqHoM CTepJKHe Ii 3ai'(aqH 6e3 HaqaJibHblX ycJIOBHH . 

.lJ:JIH 3ai'(aq c HeCKOJibKHMH He3aBHCHMbIMH reoMeTpHqecKHMH nepeMeHHbIMH Bee 

CKa3aHHOe paHee coxpaH.HeT cnJiy. B 3THX 3ai'(aqax npn t = t0 3a,n;aeTCH HaqaJibHa.H 

TeMrrepaTypa Ha noBepxHocTH TeJia - rpaHnqHbie ycJIOBHH. MoJKHO paccMaTpHBaTb 

TaKJKe Ii 3ai'(aqH ,ZJ;JI.H 6ecKOHeqHoii o6JiaCTH. 

B OTHOIIIeHHH KaJK,n;oii H3 IIOCTaBJieHHbIX 3a,n;aq B03HHKaIOT CJie,n;yIOII1He BO

rrpochl: 

1) cymecTBOBaHHe penreHHH, 

2) e,ZJ;HHCTBeHHOCTb penreHH.H IIOCTaBJieHHOH 3ai'(aqH, 

3) HerrpepbIBHa.H 3aBHCHMOCTb penreHH.H OT ,ZJ;OIIOJIHHTeJibHbIX ycJIOBHH. 

EcJIH IIOCTaBJieHHa.H 3ai'(aqa HMeeT HeCKOJibKO penreHHH, TO CJIOBa «penreHHe 3a

,n;aqH~ He HMeroT onpe11;eJieHHoro CMbICJia. IloaTOMY, npeJK,n;e qeM roBopHTb o penre

HHH 3ai'(aqH, Heo6XO,ZJ;HMO ,ZJ;OKa3aTb ero e!l;HHCTBeHHOCTb. .lJ:AA rrpaKTHKH HaH6oJiee 

cymecTBeHHbIM .HBJIHeTC.H Borrpoc 1, TaK KaK IIpH IJ;OKa3aTeJibCTBe cymecTBOBaHH.H 

penreHHH 06b1qHo ,n;aeTc.H crroco6 BbiqHcJieHHH penreHHH. 

KaK 6hlJIO OTMeqeHo, npou:ecc Ha3bIBaeTCH cPH3HqecKH orrpe,n;eJieHHbIM, ecJIH npH 

MaJIOM H3MeHeHHH HaqaJibHbIX Ii rpaHHqHblX ycJIOBHH 3ai'(aqH ee penreHHe MeH.HeTC.H 

MaJIO. B ,ZJ;aJibHeiinreM 6y,n;eT ,n;oKa3aHo, qTo npou;ecc pacnpocTpaHeHHH TerrJia cPH3H

qecKH orrpe,n;eJI.HeTCH CBOHMH HaqaJibHbIMH Ii rpaHHqHbIMH ycJIOBH.HMH, T. e. He-

6oJibIIIOe H3MeHeHHe HaqaJibHOrO Ii rpaHHqHblX ycJIOBHH MaJIO H3MeH.HeT Ii caMO 

penreHHe. 

4.3. npMH ... Mn MaKCMManbHOrO 3HalfeHMJI 

PaccMoTpHM rrapa6oJIHqecKoe ypaBHeHHe c rrocTOHHHbIMH K03cPcPHU:HeHTaMH 

aA = a2 a
2 
A + ~ aA + yA . 

at ax2 ax 

KaK yJKe OTMeqaJiocb aTo, ypaBHeHHe rro11;cTaHoBKoii 

~ ~2 
A= exp(µx + A.t)- B rrpH µ = --2 , A.= y- -

2a 4a2 

rrpHBo,n;HTCH K BHAY 
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8B 2 8
2B 

&t=a 8x2. 

L{oKa)KeM CJiei'J,y10mee CBOHCTBO perneHHH 9TOfO ypaBHeHHH, KOTopoe 6yi'J,eM Ha-

3hIBaTh npUHUiUno.M .MQICCU.MaJlbHOlO 3Hatt,eHUR. 

EcJIH cpyHKD;H.H B(x, t), orrpei'(eJieHHa.H H HerrpephIBHaSI B 3aMKHYTOH o6JiaCTJI 

0 ::; t ::; T , 0 ::; x ::; I , Yi'J.OBJieTBop.HeT ypaBHeHJIIO TerrJiorrpoBOi'J.HOCTJI 

8B 2 8
2B 

-=a --
at ax2 

(4.32) 

B ToqKax o6JiaCTH 0 < x < I , 0 < t ::; T , TO MaKCJIMaJihHOe JI MJIHJIMaJihHOe 3Haqe

HH.H cpyHKD;HJI B(x, t) i'J.OCTHfaIOTCH JIJIH B HaqaJihHhIH MOMeHT, JIJIH B TQqKax rpa

HHD;hl x=O, x=l. 
<l>yHKD;HH B(x, t) = const, oqeBHi'J.HO, Yi'J.OBJieTBop.HeT ypaBHeHHIO TerrJiorrpoBoi'J,

HOCTH H i'J.OCTHraeT CBOero MaKCHMaJihHOfO (MHHHMaJihHOfO) 3HaqeHH.H B JII06o:H: 

ToqKe. Oi'J,HaKo aTo He rrpoTHBopeqHT TeopeMe, TaK KaK H3 ee ycJIOBH}J cJiei'J,yeT, qTo 

ecJIH MaKCHMaJihHOe ( MHHHMaJihHoe) 3HaqeHJie IJ:OCTMraeTcSI BHYTPJI o6JiaCTJI, To 

OHO TaK:>Ke (a He TOJlhKO) i'(OJI:>KHO i'J,OCTHraThC.H HJIH IIPH t = 0 ' HJIJI rrpH x = 0 ' HJIH 

rrpn x = l. 
<l>H3HqecKHH CMhICJI 9TOH TeopeMhI oqeBHi'(eH: ecJIH TeMrrepaTypa Ha rpaHHD;e 

H B HaqaJihHhIM MOMeHT He npeBocxo):{JIT HeKoToporo 3HaqeHHSI Tr , To np11 oTcyTcT

BHH HCToqHHKOB BHYTPH TeJia He MO)KeT B03HJIKHYTh TeMnepaTypa, 6oJihIIIaSI Tr . 
OcTaHOBHMC.H cHaqaJia Ha i'J.OKa3aTeJihCTBe TeopeMhI AJIH MaKCJIMaJihHOro 3Haqe

HJISI. L{oKa3aTeJihCTBO Bei'(eTCH OT rrpoTHBHOro. 06o3HaqHM qepe3 Tr MaKCJIMaJihHoe 

3HaqeHHe B(x, t) rrpJI t = 0 ( 0::; x::; I) HJIJI np11 x = 0, HJIH npJI x =I 
( 0::; t::; T) H IJ:OITYCTHM, qTQ B HeKoTopo:H: TOqKe (x0,t0 ) ( 0 < x0 <I, 0 < t 0 ::; T) 
cpyHKD;HH B(x,t) i'J.OCTJiraeT cBoero MaKCHMaJihHoro 3HaqeHHH, paBHoro 

ri'(e E > 0. 
CpaBHJIM 3HaKH JieBOH 11 rrpaBo:H: qacTe:H: ypaBHeHHH (4.32) B Toq1<e (x0 ,t0 ). TaK 

KaK B TOqKe (Xo,to) cpyHKD;IDI IJ:OCTHraeT CBOero MaKCHMaJihHOfO 3Haqemrn, TO 

i'(OJI:>KHO 6bITh 

(4.33) 

,l{aJiee, TaK KaK B(x0 ,t) i'J.OCTJiraeT MaKCHMaJihHoro 3HaqeHHH npn t = t0 , TO 

(4.34) 

CpaBHHBaSI 3HaKJI rrpaBoii. JI JieBoii. qacTe:H: ypaBHeHH.H (4.32), BHi'J.HM, qrn OHM 

pa3JIHqHhI. Oi'J,HaKo arn paccy:>Ki'J,eHJie eme He i'J.OKa3hIBaeT TeopeMhI, TaK KaK npaBa.H 

JI JieBM qacTH MoryT 6hITh paBHhl HYJIIO, qTo He BJieqeT 3a co6oii npoTHBopeqHH. 

3To paccy:>Ki'J,eHJie npHBei'(eHo, qrn6h1 HCHee Bhii'(eJIHTh ocHoBHyIO HAeIO AOKa3aTeJihCTBa. 
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8B 
H - > 0 ' H paccMOTpHM BCITOMOraTeJibHYIO <l>YHKUHIO at 

A( X, t) = B( x, t) + k( t0 - t), 

rJJ;e k - HeKOTOpoe ITOCTO.SIHHOe qHCJIO. QqeBHJ);HO, qTo 

A(x0 ,t0 ) = B(x0 , t0 ) =Tr + E. 
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82B <O 
ox2 -

(4.35) 

Bb16epeM k > 0 TaK, qTOfa1 kT 6brn MeHbIIIe 0, SE, T. e. k < (e / 2T) . TorJJ;a MaK

CHMaJibHOe 3Haqem1e A(x,t) npH t = 0 HJIH rrpn x = 0, x = l He 6yJJ;eT npeBocxo

JJ;HTb Tr + 0, Se , TO ecTb 

A(x,t) :S Tr+ 0,5£ (npH t = 0, HJIH x = 0, x = l ), (4.36) 

TaK KaK i');Jl}l :3THX apryMeHTOB rrepBoe CJiaraeMOe <t>opMyJibl ( 4.35) He rrpeBOCXOAHT 

Tr , a BTopoe -0, SE . 
B CHJIY ttenpepbIBHOCTH cpyHKUHH A(x,t) oHa 11.0JI:JKHa B HeKoTopoll: TOlfKe 

( X1' ti ) i');OCTHraTb CBoero MaKCHMaJibHOro 3Haqeamr. QqeBHi');HO, 'ITO 

A(xpt1) 2 A(x0 ,t0 ) =Tr+£. 

IImnoMy t1 > 0 H 0 < x1 < I , TaK KaK npH t = 0 mm x = 0, x = l HMeeT MecTo 

HepaBeHCTBO (4.3S). B TOqKe ( xpt1 ), no aHa.rromH c (4.33) H (4.34), AOJDKHO 6b1Tb 

8 2A(x1.t1) I 8x2
:::;; 0, 8A(xl'tl) 2 0. YlfHTbIBM (4.35), HaXOJJ;HM: 

8
2
B(xpt1) = 8

2
A(x1,t1) < O 

8x2 8x2 
- ' 

0TCIOJJ;a CJieJJ;yeT, 'ITO 

8B(xpt1) 2 8
2A(xpt1) k O 

-----a z > > , at ax -
T. e. ypaBHem1e ( 4.33) Bo BHyTpeHHeil: TOqKe ( xl' t1 ) He yJJ;OBJiernopHeTcH. TeM ca

MbIM JJ;OKa3aHo, 'ITO pemeHHe B(x,t) ypaBHeHHH TenJionpoBoJJ;HOCTH (4.33) BHYTPH 

o6JiaCTH He Mo:JKeT npHHHMaTb 3HaqeHHH, npeBOCXOA5I~HX HaH60JibIIIee 3HalfeHHe 

B(x,t) Ha rpaHHQe (T. e. rrpn t = 0, x = 0, x = l ). 
AHa.rrorHqHo MO:JKeT 6b!Tb JJ;OKa3aHa H BTOPM qacTb TeopeMbI o MHHHMaJibHOM 

3HaqeHHH. BnpoqeM, :3TO He Tpe6yeT oTll,eJibHOro JJ;oKa3aTeJibCTBa, TaK KaK cpyHKUH5I 

B1 = - B HMeeT MaKCHMaJibHOe 3HaqeHHe TaM, rJJ;e B - MHHHMaJibHoe. 

Mo:JKHo Terrepb ycTaHOBHTh pH,U cJie.ncrnnll: H3 npHHII;Hna MaKcHMaJihHoro 3Ha

qeHHH. Ilpe)K.n;e Bcero, Heo6xo,ll,HMO ,ll;OKa3aTb TeopeMy e.n;HHCTBeHHOCTH )l:JI5I nepBOM 

KpaeBOM 3a.n;alfH. 
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4.4. EAMHCTBeHHOCTb peweHMSI KpaeBblX 
3aAa"I, onMcb1eaeMb1x napa6onM"leCKMMM 
ypaeHeHMSIMM 

KaK yJKe oTMeqaJiocb B rnaBe 3, rrpH pellieHHH KpaeBbIX 3a,n:aq tteo6xo,nHMo y6e

.ll:MTbC.SI B TOM, qTo ,norroJIHHTeJibHbie ycJIOBH.SI ,nocTaToqHbI i'{JI.SI BbI,neJieHH.SI o,ntto-

3Haqttoro perneHH.SI; He nepeorrpe,nemIIOT 3a/];aqy (T. e. cpei:i;H HHX HeT HeCOBMeCTHbIX 

ycJIOBHH). 3TO i'{OCTHraeTC.SI i'{OKa3aTeJibCTBOM TeopeMbl e/];HHCTBeHHOCTH perneHH.SI . 

.ll:oKa3aTeJibCTBO TeopeMbl e,nHHCTBeHHOCTH perneHH.SI ll:JI5I COOTBeTCTBYIOII(eii: MaTe

MaTHqecKOH 3a,n:aqH .SIBJI.SieTC.SI OJJ:HHM H3 BaiKHeii:rnHX 3TaTIOB pellieHHSI 3a,n:aqH. 

MoiKHO IIOSICHHTb, KaK Jl:OKa3bIBaeTC.SI TeopeMa e.D:HHCTBeHHOCTH perneHH.SI COOTBeT

CTBYIOII(ero rrapa6oJIHqeCKoro ypaBHeHH.SI Ha OJJ:HOM H3 rrpHMepoB . 

.lJ:oKaJKeM [4.1, c. 193] CJie,ll:yIOIIJYIO TeopeMy ei:i;HHCTBeHHOCTH: ecJIH i:i;Be <l>YHK

IJHH Ai ( x, t) H ~ ( X, t) ' onpe.11:eJieHHble H HerrpepbIBHbie B o6JiaCTH 0 ::;; x ::;; l ' 
0 ::;; t ::;; T , y11:0BJieTBopSIIOT ypaBHeHHIO TerrJionpoBoi:i;ttocTH 

aA a2A 8t = ax2 + f(x,t) (,nJI.SI 0 < x < l, t > 0 ), (4.37) 

Oi'{HHaKOBbIM HaqaJibHbIM H rpaHHqffbIM ycJIOBHSIM 

To Ai(x,t) = ~(x,t) . 

Ai(x,0) = ~(x,0) = <p(x), j 
Ai(O,t) = ~(O,t) = µ 1(t), 

Ai(l,t) = ~(l,t) = µ2(t), 

.ll:JISI i'{OKa3aTeJibCTBa TeopeMbl paCCMOTpHM <l>YHKIJHIO 

B(x,t) = ~(x,t)- Ai(x,t). 

(4.38) 

IloCKOJlbKY <l>YHKIJHH Ai ( x, t) H ~ ( X, t) HenpepblBHbl rrpH 0 ::;; x ::;; l ' 
0::;; t :S: T, To H <l>YHKIJHSI B(x,t), paBHa.SI HX pa3Hocm, HerrpepbIBHa B TOH JKe 06-

JiacTH. KaK pa3HOCTb ,nByx perneHHH ypaBHeHH.SI TeTIJionpoBo,nttocTH B o6JiaCTH 

0 < x < l, t > 0, <tJyHKIJH.SI B(x, t) SIBJI.SieTcSI TaKJKe pernettHeM ypaBHeHirn TeIIJIO

rrpoBO.ll:HOCTH B 3TOH o6JiaCTH. IlpHHIJHII MaKCHMaJibHOro 3Haqemrn, TOJlbKO qTo 

paccMOTpeHHbIH, rrpHMeHHM H K 3TOH <l>YHKIJHH: OHa ,[(OCTHraeT CBOHX 3KCTpeMaJib

HbIX 3HaqeHHM (MHHHMaJibHOro HJIH MaKCHMaJibHOro) npH t = 0' rrpH x = 0 HJIH 

IIpH x = l . 0,nHaKO no ycJIOBHIO 3a,n:aqH 

II03TOMY 

T. e. 

B(x, 0) = 0, B(O, t) = 0, B(l, t) = 0, 

B(x,t) = 0, 

Ai(x,t) = ~(x,t). 
0TCIO,na CJie,nyeT, qTQ perneHHe nepBOH KpaeBOH 3a,n:aqH e,nHHCTBeHHO. 
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4.5. MeTOA pa3AeneHMH nepeMeHHblX 
PaccMoTpHM npnMeHeHne MeTo.ua pa3.UeJieHm1 rrepeMeHHbIX rrpn perneHHH rrapa60-

JinqecKoro ypaBHeHHH Ha rrpHMepe O.UHOMepHoro ypaBHeHHH ( 4.37): 

C YCJIOBHHMH 

aA a2A 
-=-2 +f(x,t) (O<x<l, t>O) at ax 

A(x, 0) = <p(x), l 
A(O, t) = µ1 (t), 

A(l,t) = µ2 (t), 

(4.39) 

(4.40) 

)lJIH perneHHH 3TOH 3a./.laqH paccMOTpHM, KaK rrpHHHTO B Mern.ue pa3.UeJieHHH rre

peMeHHbIX, CHaqaJia OCHOBttyIO BCIIOMoraTeJibttyIO 3a.uaqy. 

Haumu pemenue ypaBnenusi 

aA a2A 
fit- ax2 ' 

He paBHoe TOJK.l.leCTBeHHO HYJIIO, y.uoBJieTBopH10m:ee o.uHopo.UHbIM rpaHHqHbIM ycJio

BHHM 

A(O,t) = 0, A(l,t) = 0 ( 4.41) 

H rrpe.ucTaBHMOe B BR.I.le 

A(x, t) = X(x) T(t), (4.42) 

r.ue X(x) - <l>YHKnHH TOJibKO rrepeMeHHoro x; T(t) - <l>YHKll;HH TOJihKO rrepeMeH

Horo t. 
Ilo.ucrnBJIHH rrpe.unoJiaraeMYIO <PoPMY perneHHH ( 4.42) B ypaBHeHHe ( 4.40) H rrpo

H3BOM .ueJieHne o6enx qacTeii paBeHCTBa Ha a2 XT , rroJiyqnM: 

1 T' X" 7lir = X =-A., (4.43) 

r.ue ').., = const, TaK KaK JieBaH qacTb paBeHCTBa 3aBHCHT TOJibKO OT t, a rrpaBaH -

TOJibKO OT x. 0TCIO.Ua CJie.uyeT, qTo 

X" +AX = 0,} 
T' +a2'A.T = 0. 

f paHHqHble ycJIOBHH ( 4.41) .ua10T: 

X(O)=O, X(l)=O. 

(4.44) 

(4.45) 

TaKHM o6pa3oM, .UJIH onpe.ueJieHHH <l>YHKnnn X (x) rroJiyqHJIH 3a.uaqy o co6cT

BeHHbIX 3HaqeHHHX (3a.uaqy lllTypMa-JIHyBHJIJIH) [ 11 ]: 

X" +AX= 0, X(O) = 0, X(/) = 0, (4.46) 
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HCCJielJ:OBaHHYIO npH pemeHHH ypaBHeHHH KOJie6aHHH B rnaBe 3 (CM. pa3,ll.eJI 3.6). 
IlpH 3TOM 6.bIJIO noKa3aHO, qTO TOJI.bKO i'J:JIH 3HaqeHHH napaMeTpa ')..,, paBH.blX 

"In = (1t[n )2 ,.., (n = 1,2,3, ... ), (4.47) 

cymecTByIOT HeTpHBHaJI.bH.bie pememrn ypaBHeHHH ( 4.44 ), paBH.bie 

xn (x) =sin( ~n )x. (4.48) 

3THM 3HaqeHHHM An cooTBeTCTBYIOT pemeHHH BToporo H3 ypaBHeHHH (4.44) 

Tn(t) =en exp(-a
2A.nt), (4.49) 

rlJ:e en - He onpe,neJieHH.bie noKa Koa¢¢Hu;HeHT.bl. 

Bo3Bpall(aHC.b K ocHOBHoii BcnoMoraTeJI.bHOH 3a,naqe, BHlJ:HM, qTo ¢YHKIJ;HH 

A,,(x,t) = Xn(x)T"(t) = e" exp(-a
2'Ant)sin( ~n )x (4.50) 

HBJIHIOTCH qacTH.bIMH pemeHHHMH ypaBHeHHH (4.40), Yll:OBJieTBopHIOII(HMH HyJieB.bIM 

rpaHHqH.bIM ycJioBHHM. 

06paTHMCH Tenep.b K pemeHHIO 3a,naqH ( 4.37). CocTaBHM ¢opMaJI.bHO p51ll: 

oo (7tn)2 

. (7tn) A(x,t) =Len exp - - a2t sm - x. 
n~t [ [ 

(4.51) 

<DyHKIJ;HH A(x,t) Yi'J:OBJieTBopHeT rpaHHqH.bIM ycJIOBHHM, TaK KaK HM Yll:OBJie

TBOpHIOT Bee qJieH.bI PHlJ:a. Tpe6yH B.bIIIOJIHeHHH HaqaJI.bH.bIX ycJIOBHii, noJiyqaeM: 

00 (7tn) B(x) = A(x,0) =~en sin -
1 

x, (4.52) 

TO eCT.b en HBJIHIOTCH Koa¢¢Hu;HeHTaMH <Dypne <l>YHKIJ;HH B(x) npH pa3JIO:JKeHHH 

ee B PHi'l: no CHHycaM Ha HHTepBaJie ( 0, l ): 

en= Bn = 7 I B(~)sin( ~n )~. d~. (4.53) 

PaccMOTPHM Tenep.b PHi'l: ( 4.51) c Koa¢¢Hu;HeHTaMH en ' onpell:eJI51eM.bIMH no 

¢opMyJie (4.53), H noKa:JKeM, qrn 3TOT pHll: ylJ:OBJieTBopHeT BceM ycJIOBHHM 3a,naqH 

(4.37). L{JIH 3Toro Hap:o ll:OKa3aTD, qrn ¢yHKIJ;HH A(x,t), onpelJ:eJIHeMaH pHll:OM 

(4.51), ll:H¢¢epeHu;HpyeMa, ylJ:OBJieTBopHeT ypaBHeHHIO B o6JiaCTH 0 < x < l, t > 0 
H HenpepnIBHa B TOqKax rpaHHIJ;.bI 3TOH o6JiaCTH (npH t = 0, x = 0, x = l ). 

TaK KaK ypaBHeHHe (4.40) JIHHeiiHo, To B CHJIY npHHIJ;Hna cynepno3HIJ;HH pHll:, 

COCTaBJieHH.bIH H3 qacTH.bIX pemeHHH, TaK:JKe 6ylJ:eT pemeHHeM, ecJIH OH CXO.ll:HTCH 

H ero MO:JKHO i'l:H<t><t>epeHu;HpOBaT.b noqJieHHO lJ:Ba:JKll:.bI no x H OlJ:HH pa3 no t. 
IlpHMephl lJ:pyroro THIIa rpaHHqHbIX ycJIOBHH pacCMOTpeHbI HH:JKe B p3ll:eJie 6.4.1. 
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4.6. npviMepbl peweHV151 3a.i:la4, CBOJ:1511.J..1VIXC51 K napa60J1Vl4.eCKVIM 

4.6. npMMepbl peweHMH 3aAa'I, 
CBOAHLL\MXCJI K napa6onM'leCKMM 

4.6.1. TennonpoeOAHOCTb 
B orpaHM'leHHOM CTep>KHe 
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PaccMoTpHM o,a;Hopo,a;HbIH urrmrn,a;prrqecKHH cTepJKeHb ,a;JIHHOH I , o,a;HH KoHeu 
x = 0 KOToporo rro.n;,a;epJKHBaeTCH rrprr TeMrrepaType u0 = i;(t), a .n;pyroH:, x = l, 
oXJiaJK,a;aeTCH no 3aKoHy HbloToHa. TeMrrepaTypy BHeume:H: cpe,a;bI uoJioJKHM paBHOH 
Hymo. TeMrrepaTypa u(x, t) B ceqeHHH x cTepJKHH B MOMeHT BpeMeHH t y,a;oBJie
rnopHeT ypaBHeHHIO 

au - a2 8
2 

u + b2 u = 0 ' 
at ax2 

(4.54) 

r,a;e a2 = k / cp, b2 =hp /(cpq). IIpe,a;rroJioJKHM, qrn HaqaJibHM TeMrrepaTypa 
B cTepJKHe paBHHJiacb cp(x), me cp(x) - 3a,ll;aHHM <l>YHKUHH OT x. Tor.n;a HMeeM 
HaqaJibHOe ycJioBrre u J t=o = <p ( x) H KpaeBbie ycJioBHH 

u!x=o= i;(t); k ~:lx=l = -hu\x=i· (4.55) 

CoorneTCTBYIO~ee ypaBHeHHe co6crneHHbIX 3HaqeHHH 6y.n;eT HMeTb BH.n; 

r,a;e "(= h / k. 

b2 
v" --z:1+'Av=O 

a2 
(4.56) 

(4.57) 

Co6crneHHbie <l>YHKUHH 3a,a;aqrr 6y.n;yT vn = sin µnx' r,a;e µn orrpe,a;eMeTCH H3 
ypaBHeHH51 tg Iµ = -µ / y . By,a;eM HCKaTb pernettrre rrocTaBJieHHOH 3a,a;aqrr B BH.n;e pMa 

()0 

u = l:wn(t)sinµnx. (4.58) 

YMHOJKHM ypaBHeHrre (4.56) Ha sinµnx H rrpoHHTerprrpyeM OT 0 .n;o I. Tor,a;a 
,ll;JIH orrpe,a;eJieHHH Wn IIOJiyqaeM ,a;rr¢¢epeHUHaJibHOe ypaBHeHHe 

µ az 
w~ + (b2 + a2 µ~) Wn = i,;z i;(t) ( 4.59) 

n 

H HaqaJibHOe ycJIOBHe 

1 I 

w"(O) = N 2 J <p(x)sinµ" xd x = b" . 
n O 

(4.60) 
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llmi: KOHKpeTHOCTH npe.n;noJio:>KHM, qTO ~(t) = U0 ----> const, a <p(x) = 0. Tor.n;a 

bn = 0 H 

(4.61) 

(4.62) 

KoHTponbHble eonpocb1 K rnaee 4 
4.1. KaKHe .n:mp¢epem~HaJihHb1e ypaBHemrn B qacTHhIX rrpoH3BO)lHhIX Ha3LIBaIOTCH 

ypaBHeHHHMH rrapa6oJrnqecKoro THrra? 

4.2. KaKHe npocTeih1rne cPH3HqecKHe 3a.n;aqH MO:>KHO orrttcaTb ypaBHemrnMH rrapa-

6oJIHqecKoro THrra? 

4.3. KaKHe rpaHHqH1>1e ycJIOBHH HCITOJih3yIOTCH rrpH rroCTaHOBKe KpaeBhIX 3a.n;aq, 

OIIHCbIBaeMbIX rrapa6oJIHqecKHMH ypaBHeHHHMH? 

4.4. KaKHe HaqaJibHhie ycJIOBHH HCITOJIL3YIOTCH npH rrocTaHOBKe KpaeBhIX 3a.n;aq, 

OIIHCbIBaeMblX napa6oJIHqecKHMH ypaBHemrn:MH? 

4.5. B qeM 3aKJI10qaeTrn rrpHHI1HII MaKCHMaJihHoro 3HaqeHHH? 

4.6. KaKHM o6pa30M ,ll;OKa3hIBaeTCH ei'.(HHCTBeHHOCTb pernemrn KpaeBOH 3a,n;aqH c rra

pa6oJIHqecKHMH ypa1meHHHMH? 

4.7. KaKHe MeTOi'.(hI HCITOJIL3YIOTCH rrpH perneHHH KpaeBbIX 3a.n;aq c rrapa6oJIH

qecKHMH ypaBHeHml.MH? 

4.8. IlpHBe,ll;HTe npHMep perneHHH KpaeBOH 3a.n;aqH MeTOi'.(OM pa3i'.(eJieHHH rrepeMeH

HbIX. qTO TaKOe pacxo)K,ll;eHHe IlOJIH H KaK OHO orrpei'.l;eJIHeTcH? 

6M6nMorpacl>M'lecKMM cnMCOK K rnaee 4 
4.1. Tux01we A. H., Ca.MapcKuii A. A. YpaBHeHHH MaTeMaTHqecKoii ¢tt3HKH. 

M.: lUIJI. T. 1, 1958. - 930 c. 
4.2. KOUl.llRK06 H. C., DzuHep a. E., C.MUp1106 M. M. llHcl>cl>epeHu;HaJibHbie ypaBHeHHH 

MaTeMamqecKoii cPH3HKH. - M.: flf<l>MJI, 1962. - 768 c. 

4.3. Epo<J>ee11Ko B. T. TeopeMbI cJio:>KeHHH. - MnHcK: HayKa H TeXHHKa, 1989. -
256 c. 

4.4. KapnyK A. A. lltt¢paK11.HH IIOJIH H3JiyqeHHH ropH30HTaJihHOro .n;HTIOJIH Ha 

KpyroBOM OTBepCTHH B IIJIOCKOM 9KpaHe B rrpHCYTCTBHH COOCHOfO eMy KpyroBoro 

,n;HcKa //lltt¢¢epenu:. ypaBHeHHH. 1972. T. 8 . .N!! 10. C. 1804-1815. 
4.5. mecmonanoe B. II. CyMMaTOpHbie ypaBHeHHH B COBpeMeHHOH TeOpHH i'.(H

¢paKI1HH. - KtteB: HayK. AYMKa, 1983. - 251 c. 

4.6. Hea11oe E. A. lltt¢paKI1HH aJieKTpoMamHTHLIX BOJIH Ha .n;Byx TeJiax. - MHHCK: 

HayKa H TexHHKa, 1968. - 583 c. 
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4.7. AnoJ1Jl01tC'KUU C. M., Epo</Jee1t'KO B. T. 3neK-rpoMarnHTHbie noJUI B aKpaHH
PYIOIIIHX o6oJioqKax. - MHHCK: YttHBepCHTeTcKoe, 1988. - 246 c. 

4.8. Ka.Mxe 3. CnpaBoqHHK no o6hlKHOBeHHhIM i'J:H<l><l>epeHUHaJihHbIM ypaBHeHH
HM. - M.: HayKa, rP<I>MJI, 1971. - 576 c. 

4.9. CrrpaBoqHHK no crreuHaJihHhIM cpyttKUHHM/rro,l( pe,l(. M. A6paMOBHqa, 
I1. CTmatt; nep. c aHTJI. - M.: HayKa, fP<l>MJI, 1979. - 830 c. 

4.10. EeiimMe1t I'., Bpaeuu A. Bh1curne TpaHcuett,UeHTHbie <l>YHKUHH. <l>yHKUHH Bec
ceJIH, cPYHKUHH rrapa60JIH'IeCKOro UHJIHH,l(pa, opTOroHaJibHbie MHOro'IJleHhl. -
M., 1974. - 295 c. 

4.11. Bamco1t I'. H. TeopHH BecceJieBhIX cPYHKUHH. - M., 1949. T. 1. - 798 c. 
4.12. Fo6co1t E. B. TeopHH ccpepH'leCKHX H ccpepoH,UaJihHhIX cpyHKUHH. - M.: I1JI, 

1952. - 455 c. 
4.13. Jle6eaee H. H. CrreuHaJihHhie <l>YHKUHH H Hx rrpHJim1<eHHH. - M.: focTex

TeopeTH3,l(aT, 1953. - 380 c. 



rnasa 5 

AM<l><l>epeH1.1ManbHb1e ypaeHeHMJI 
3nnMnTM'lecKoro TMna 

5.1. 06u.tMM BMA ypaaHeHMM 
3nnMnTML1ecKoro TMna 
B o6m;eM BH,Zle 3JIJIHIITH'IecKoe ypantteHtte MOJKeT 6bITb rrpe,nCTaBJieHo CJie,ny10m;HM 

o6pa3oM: 

n n [J2u n au 
EEaaP + l:ba.-+cu=J, 
a=t P=l () qa.() qp a=t () qa 

(5.1) 

r,Zle aa.,p•ba,c,f - cpyHKIJ;HH, 3a,naHHbre B o6JiaCTH V, rrpH ycJIOBHH, 'ITO Kna,npaTH'I

HCUI cpopMa 

n n a2u 
~~aaf> 8qa.8qf> 

coxpamieT B aToil: o6JiaCTH 3HaK H He o6pam;aeToI B HYJib. qlICJIO n HBJIHeTC.H 'IHC

JIOM H3MepeHHH o6JiaCTH v. 
HmKe 6y,ZleM rrpe,nrroJiaraTb, 'ITO cPYHKIJ;HlI an,p' ba.' c,f HerrpepbIBHbI H, KpOMe 

TOro, 'ITO cPYHKIJ;MlI aa.,p• a TaKJKe cPYHKIJ;HlI 

n 8a 
e=.b-'°'~ 

a a L.., a 
P=I qp 

HMeIOT HerrpepbIBHbie rrepnbre rrpoH3BO,ZlHbre. Ilptt rrocJie,ZlHeM ycJIOBHH ypaBHeHHe 

( 5.1) MOJKHO rrpeo6pa3oBaTb K BH.llY 

n n a au n au 
EE-aa.p-+l:ea.-+cu=f. (5.2) 
a'°! P=l 8qn ()% a.=1 8qa 

,UmpcpepeHIJ;HaJibHOe BblpalKeHHe, CTOam;ee B JICBOH qaCTH ypaBHCHH.H (5.1) HJIH 

(5.2), B orry6JIHKOBaHHOH MaTeMaTH'IeCKOH JIHTepaType qacTO o6o3Ha'IaIOT qepe3 

Lu ( L - .nmpcpepeHu;HaJibHbIH orreparnp) - CM., HarrpttMep, [ 5.1 ]. C yqeTOM ,ZlHcp

cpepen:u;JiaJibHoro orreparnpa ypaBHCHHH (5.1) n (5.2) MoryT 6bITh 3armcaHhI n BH,ne 

Lu= f. (5.3) 
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5.2. OCHOBHble rpaHM"IHble 3aAa"IM 

B rnaBe 3 6oIJIM paccMoTpeHI>I cptt3M'IeCKMe BeJrnqnHI>I, y,n:oBJiernop5rnurne ypaBHe

HHSIM rm1ep60JinqecKoro Tttrra. Bee aTH BeJinquHI>I xapaKTepn30BaJIH rrpou:eccI>I, 

3aBMCSIIIIHe OT BpeMeHn. B CBSI3H c aTMM·,n:AA paccMaTpttBaBIIIHXc.SI ypaBHeHnli 601Jia 

xapaKTepna 3a,n:aqa, B KOTOpo:H: MCKOMaSI BeJIHqMHa i'(OJIJKHa y,n:oBJieTBOpSITb KpOMe 

ypaBHeHHSI eme rpaHMqHI>IM M HaqaJII>HI>IM ycJIOBMSIM. Mo1, ,n:aJiee, Bn,n:eJIH, qTo To

r,n:a, Kor,n:a rrpou:ecc, orrHcornaeMI>IM B o6meM cJiyqae ypaBHemieM rnrrep6oJIMqecKoro 

THIIa, HOCMT yCTaHOBMBIIIHMCSI xapaKTep, TO, BCJie,n:CTBMe o6pameHMSI B HYJII> qJieHOB, 

co,n:epJKaIIIHX rrpOH3BOi'J;Hl>Ie no BpeMeHH, OH OIIHCI>IBaeTCSI ypaBHeHMeM 3JIJIMIITHqe

CKOf0 nma. 

3To ll03BOJI.sieT npe,n:rroJiaraTI>, qTo ypaBHeHHSI 3JIJIMIITMqecKOfO TMIIa eCTeCTBeH

HO CBSI3aHI>I c cpH3MqecKMMH 3a,n:aqaMM, B KOTOpl>IX paccMaTpHBaIOTCSI ycTaHOBMB

nrn:ern ( cTau:noHapHI>Ie) rrpou:ecco1. B CBOIO oqepe,n:I>, ycTaHOBHBIIInecSI rrpou:ecco1 

cpM3MqecKHX o6beKTOB eCTeCTBeHHo cqnTaTI> 3aBMCSII:uHMM TOJII>KO OT ycJioBMH Ha MX 

rpaHMU:aX, HO He OT IIOCJiei'(OBaTeJII>HOCTM npe,n:IIIeCTBOBaBIIIMX rrpou:eccoB. PeIIIeHMSI 

ypaBHeHMM, OIIMCI>IBaIOIIIMX TaKMe npou:ecCI>I, i'(OJIJKHhl noJIHOCThlO onpe,n:eJI.SITl>CSI 

3a,n:aHMeM Oi'(HMX rpaHuqHhIX ycJIOBMM. 

B 3a,n:aqax, onMchrnaeMhIX ypaBHeHMSIMH nmep6oJIMqecKoro TMrra, rrpttxo,n:MJIOCI> 

3ai'(aBaTh Ha rpaHMU:e M3yqaeMOM o6JiaCTM Oi'(HO COOTHOIIIeHMe, B KOTOpoe MOfJIM 

BXOi'(HTh HCKOMaSI cpyHKU:MSI, ee rrepBI>Ie rrpOH3BOi'(Hhle M HeKOTOpbie 3ai'(aHHhie 

cpyHKU:MM, a B HaqaJihHhIM MOMeHT BpeMeHM - i'J;Ba COOTHOIIIeHMSI i'(Jl.SI HCKOMOH 

cpyHKU:MM n ee nepBo:fi: rrpoH3BO,n:Ho:fi: no BpeMeHn. B 3a,n:aqax, orrMchrnaeMI>IX ypaB

HeHMSIMM 3JIJIMIITttqeCKOro TMIIa B qacTHhIX rrpoH3BOi'(HhIX 2-ro rrop.SI,n:Ka, i'(OCTaToqHO 

orpaHMqMTl>CSI 3ai'J;aHMeM JIHIIIh o,n:Horo COOTHOIIIemrn, OTHOCSII11erocSI K rpaHMU:e 

M3yqaeMOM o6JiaCTM - rpaHMqHoro ycJIOBMSI, B KOTOpoe MOryT BXOi'(MTh 3ai'(aHHhie 

cpyHKU:HM, MCKOMaSI cpyHKU:HSI H ee rrepBbie 11pOM3BOi'(Hhie. 3To rrpe,n:IIOJIOJKeHHe 

orrpaBi'J;hIBaeTCSI rrpM eCTeCTBeHHhIX i'];OIIOJIHMTeJII>HhIX Tpe6oBaHHSIX, OTHOCSIIIIMXC.SI 

K rJiai'J;KOCTM HCKOMOM cpyHKU:HM H ee IIOBe,n:eHMIO B 6eCKOHeqHOCTM (nocJie,n:Hee, ec

JIM peIIIeHMe MIIIeTCSI B 6ecKOHeqHOM o6JiaCTH). 3TM Tpe6oBaHHSI i'J;JISI BHyTpeHHMX 

3a,n:aq MoryT 6oITh CBe,n:eHhl K peryJI.SipHOCTM peIIIeHMSI. 

EcJIH orpaHHqlfThCSI pacCMOTpeHMeM TOJlhKO BHyTpeHHMX 3a,n:aq, TO B HaM6oJiee 

o6me:H: cpopMe rpaHMqHaSI 3a,n:aqa i'(JISI ypaBHeHMSI 3JIJIHIITMqecKOfO TMIIa MOJKeT 

6o1Th ccpopMyJinpoBaHa CJie,n:yIOIIIeM o6pa3oM: Ha:fi:TH cpyHKU:MM 

a) SIBJISIIOI:uMeC.SI peryJI.SipHhIMH peIIIeHMSIMM ypaBHeHMSI (S.3) B paccMaTpHBaeMOM 

o6JiaCTH v, 
6) Ha rpaHMU:e cs v o6JiaCTM v, y,n:oBJieTBop.SIIOIIIMe rpaHMqHoMy ycJIOBMIO 

du 
adi+~u=q>,Kor)la xECSV, (5.4) 

d 
r)le a, ~' q> - 3a)laHHhie Ha CS V cpyHKU:HH, rrpnqeM \a\ + \~\ > 0 , a d 

1 
03HaqaeT 

L(l'icpcpepeHU:HPOBaHue no HarrpaBJieHHIO l ' 3ai'J;aHHOMY B KaJKL(OH TOqKe Ha cs v ' 
B KOTOpOH (1. 7' 0 . 
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B TaKOH o6m:ell: IIOCTaHOBKe rpaHINHaSI 3a,n;aqa !(O CMX nop ITOJIHOCTbIO He M3y

qeHa. L(JIH MaTeMaTMqecKoll: ¢M3MKM HaM6oJiee BaJKHhI qacTHhie rpaHMqHhie 3a!(aqM. 

Hx KJiaccM¢MKa1IMIO npMMeHMTeJibHO K ypaBHeHMIO aJIJIMITTMqecKoro TMna o6m:ero 

BM,ZJ;a 11eJiecoo6pa3HO onpe.n;eJIMTb B 3aBMCMMOCTM OT BM,ZJ;a rpaHMqHoro ycJIOBMH CJie

.n;y10m:MM o6pasoM: 

1. 3a.n;aqa L(MpMXJie, MJIM nepBasi rpaHMqHasi 3a,naqa. 

L u = f , Kor.n;a x E V - ~ V ; u = <I> , Kor.n;a x E ~ V . 

2. 3a,n;aqa Hell:MaHa, MJIM BTopasi rpaHMqHaH 3a,n;aqa: 

(5.5) 

du 
Lu=f,Kor.n;a xEV-~V; a-+f3u=<j>,Kor.n;a xE~V, (5.6) 

dv 

d 
r.n;e Km¢¢HI1MeHT a He o6pam:aeTcH B HYJib Ha noBepXHOCTM ~ V, a 03Ha-

dv 
qaeT ,nM¢¢epeHI1MpoBaHMe no HanpaBJieHMIO KOHOpMaJIM K ~ v . 

3. CMemaHHaSI, MJIM TpeThH rpaHMqHasi 3a,n;aqa: 

du 
Lu=f,Kor.n;a XEV-~V; a-+f3u=<j>,Kor.n;a XE~V. (5.7) 

dv 

r.n;e Ko::i¢¢M11MeHT a' He o6pam:asicb Ha ITOBepXHOCTM ~ v B HYJib TOJK,ZJ;ecTBeH

HO, paBeH HYJIIO Ha qacTM ~ V . 

0TMeTMM, qTo npM HameM HOBOM onpe.n;eJieHMM rpaHMqHhIX 3ap;aq 3a,n;aqa Hell:

MaHa OXBaTbIBaeT KaK 3a,n;aqy Hell:MaHa, TaK M, qacTMqHo, CMemaHHYIO rpaHMqHyIO 

3a,n;aqy. 

IlepeqMcJieHHble rpaHMqHble 3a,n;aqM Ha3hIBaIOT BHyTpeHHMMM MJIM BHeillHMMM 

B 3aBMCMMOCTM OT Toro, CTaBHTCH JIM OHM ,ZJ;JIH o6JiaCTM, JieJKam:ell: BHYTPM MJIM BHe 

KOHeqHoH, 3aMKHYTOH IlOBepXHOCTli ~ v . 
YKa3aHHYIO Bhime nocTaHOBKY M KJiaccM¢MKa1IMIO rpaHMqHhIX 3a,naq pacnpo

CTpaHHIOT TaKJKe Ha CJiyqall: .n;Byx nepeMeHHbIX. 

IlpM rrccJie.n;oBaHHM CTallMOHapHbIX npo11eccoB pasm1qHoll: ¢rr3MqecKoll: rrpMpOAhI 

(KOJie6aHMH, TeITJIOIIpOBO,Zl;HOCTb, .n;M¢¢Y3MH M .n;p.) 06b1qao rrpMXO.UHT K ypaBHeHM

HM 3JIJIMIITMqecKoro TMITa. HaM6oJiee pacrrpOCTpaHeHHblM ypaBaeHMeM 3TOro TMIIa 

HBJIHeTCH o.n;Hopo.n;Hoe ( f = 0 ) MJIM Heo.n;Hopo.n;Hoe ypaBReHMe JianJiaca ( L == Li ): 

Liu= f. (5.8) 

<l>yaKllMH u · Ha3hIBileTrn iap.~t0uu11ec1Cou B o6JiacTM T, ecJIM oaa HerrpepbIBHa 

B 3TOH o6JiaCTM BMeCTe co CBOMMM npOM3BO,ZJ;HbIMM .no 2-ro rropH.n;Ka M y.n;oBJiernopH

eT ypaBHeHMIO JiarrJiaca. 

IlpM MCCJie,noBaHMM KBa3MCTa1IMOHapHbIX rrpo11eccoB pa3JIMqHOH ¢M3HqecKOH 

rrpMpO,Zl;bl (KoJie6aHHH, TeITJIOIIpOBO,Zl;HOCTb, .n;M¢¢Y3MH II .n;p.) B pH.n;e CJiyqaeB npM

XO,Zl;HT K o.n:aopo.n;HhIM HJIH Heo.n;Hopo.n;HhIM ypaBHeHHHM feJihMroJiblla ( L ==Li+ k2 
): 

(5.9) 
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5.3. npoCTeMWMe 3aAaLIM1 MOAenMpyeMble 
ypaaHeHMHMM nannaca 

5.3.1. YpaaHeHMe nannaca 
YpaBHem1e 

o2A o2A o2A -+-+--o ox2 oy2 oz2 - , 
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(S.10) 

r.l(e x, y, z - rrpHMoyroJihHhie Koop.l(1rnaThI, Ha3hIBa10T ypaBHem1eM JlarrJiaca. Bb1-

pa)l(em1e, CTORlIJee B JieBoil: qacn1 ypaBHemrn (S.10), Ha3hIBaIOT JiarrJiacHaHoM 

cpyHK[(HH A, a rrpaBHJIO, no KOTopoMy o6pa3yeTC.H Bhipa)l(eHHe, - orrepaTOpoM Jla

IIJiaca. OrrepaTOp JiarrJiaca rrpHHHTO o6o3HaqaTh CHMBOJIOM A HJIH \72
, TOr.l(a (S.10) 

rrepeIIHCbIBaeTC.H B BH.l(e 

Heo.l(Hopo.l(Hoe ypaBHeHHe 

HJIH 

o2A o2A o2A -+-+--/ ox2 oy2 oz2 - ' 

M=f, 

r.l(e f - 3a.l(aHHaH cpyttK[(HH, Ha3bIBaIOT ypaBHeHHeM IIyaccoHa. 

(S.11) 

BH.l( .l(HcjlcpepeH[(HaJihHhIX orrepaTOpoB B JieBhIX qacrnx ypaBHeHHH JlarrJiaca 

H IIyaccoHa 3aBHCHT OT HCIIOJib3YeMOH opTOfOHaJihHOH KpHBOJIHHeHHOH CHCTeMbl 

KOOp.l(HHaT (CM. IIpHJIO)l(eHHe 1 ). B qacTHOCTH, .l(JI.H KpyroBOH [(HJIHH.l(pHqecKOH CHC

TeMbl KOOp.l(HHaT r, <p, z 

1 o ( o) 1 0
2 

0
2 

A = ;. or r or + ~ ocp2 + oz2 ' 
(S.12) 

.l(JIH ccpepHqecKHX - r, 0, cp 

A = _!_ ~ (r2 ~) + 1 o (sin 0 ~) + 1 o2 . 
r2 or or r2 sin 0 o0 o0 r2 sin 2 0 o<p2 (S.13) 

K ypaBHeHHHM JlarrJiaca H Ilyaccotta rrpHBO.l(HT MHoroqHcJieHHble 3a.l(aqH TeopHH 

TerrJiorrpoBo.l(HOCTH, rH.l(poMexaHHKH H sJieKTpoTeXHHKH. PaccMoTpHM rrocTaHOBKY 

HeKOTOpbIX cpH3HqecKHX 3a.l(aq .l(JIH ypaBHeHHH JlarrJiaca. 

5.3.2. CTaqMoHapHoe Tennoaoe none 
)lorrycTHM, qTo Mbl HMeeM HeKOTopoe H30JIHpoBaHHOe OT BHemHero rrpocTpaHCTBa 

O.l(HOpO.l(HOe H30TpOIIHOe TeJIO, TeIIJIOBOe COCTO.HHHe KOTOporo He MeHHeTCH c Teqe

HHeM BpeMeHH. 06o3HaqHM qepe3 v 3aHHTYIO HM qacTb rrpoCTpaHCTBa, qepe3 s -
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ero rroBepxnocTb, a qepe3 A(M) - TeMrrepaTypy B ToqKe ME V. Tpe6yeTCJI ,n;oKa-

3aTb, qrn BO BCJIKOH BHyTpenne:H rnqKe M B3JIToro TeJia <PYHKU:HJI A(M) y,n;oBJie

rnopJieT ypaBHeHHIO JlarrJiaca. 

c 9TOH u:eJiblO BbI,D;eJIHM H3 TeJia HeKOTopyro o6JiaCTb v;_ ' orpam1qem1yro rrpOH3-

BOJibHO B3JITOH IIOBepXHOCTblO 51 , H paCCMOTpHM KOJittqeCTBO TeIIJia dQ , KOTOpOe 

rrpoxo.n;HT B e,n;HHHU:Y BpeMeHH qepe3 aJieMeHT ds1 rroBepxttoCTH. Cornactto rrpHH

U:HIIY <Dypbe, OHO rrporropu:HOHaJibHO IIJIOII(a,D;H 9JieMeHTa H HOpMaJibHOH rrpOH3BO,D;

HOH ( dA / dn) , r,n;e qepe3 n o6o3Haqetto ttarrpaBJienHe Bnerrrne:H ttopMaJIH K rro

BepxttocTH. TaKHM o6pa30M 

dA dQ=k-ds1. 
dn 

Koa<P<PHU:HeHT rrporropu:HoHaJibHOCTH k na3bIBaeTrn K03<jJ</Ju11iue11moM 6Hym
pe1111eu men.J1onpo60011ocmu meJla. 

PaccMoTpHM ,n;BmKeHHe TerrJia B TeJie. lb TepMO,ll;HHaMHKH H3BecTno, qTo TerrJio 

TeqeT OT rnqeK c 6oJibrne:H TeMrrepaTypo:H K rnqKaM c Mettbrne:H TeMrrepaTypo:H. 

CJie,n;oBaTeJibHO, rrpH OTPHU:aTeJibHOH rrpmI3BOi'.\HOH ( dA / dn) IIOTOK TerrJia 6yL(eT 

IIpOHCXOi'.l;HTb H3 BHyTpettHeH qacTH TeJia, orpanHqeUHOH IIOBepXHOCTblO 51 , B 06-

JiaCTb, BHeIIIHIOIO no OTIIOIIIeHHIO K 9TOH IIOBepxHOCTH. EcJIH )Ke yKa3aHHaJI rrpOH3-

BOi'.(HaJI IIOJIO)l(HTeJibHa, TO pacrrpocTpanenHe TerrJia 6yi'.l;eT rrpOCXOi'.l;HTb B o6paTHYIO 

crnpotty. 0TCIOL(a BbITeKaeT, qTQ IIOBepXHOCTHbIH HHTerpaJI 1-ro poi'.(a 

k Jf dAds1 
51 

dn 
(5.14) 

L(aeT aJire6paHqecKyro cyMMY KOJIHqecrna TerrJia, rrpornei'.l;rnero 3a ei'.(HHHU:Y BpeMeHH 

qepe3 rroBepxttocTb 51 , rrpHqeM BbITeKaroru:eMy TerrJiy rrpHrrHcbrnaeTcJI oTpHU:aTeJib

HbIH 3HaK, a BTeKaroru:eMy - IIOJIO)l(HTeJibHbIH. 

EcJIH rrpeAIIOJIO)l(HTb, qTo BHYTPH TeJia oTcyTcTBYIOT KaK HCToqnHKH TerrJia, TaK 

H ToqKH ero rrornoru:enHJI, TO HHTerpaJI (5.14) ,ll;OJI)l(eH paBHJITbCJI HYJIIO. L{e:i1:CTBH

TeJibHO, eCJIH 6bI 9TO 6bIJIO He TaK, TO TeIIJIO HaKaIIJIHBaJIOCb 6br HJIH TepJIJIOCb 

BHYTPH TeJia, H, cJiei'.(oBaTeJibHO, TeMrrepaTypa TeJia H3MeHHJiacb 6b1 c TeqenHeM 

BpeMeHH, qTo rrpOTHBOpeqHT rrpei'.l;IIOJIO)l(eHHIO 0 HeH3MeHHOCTH TeIIJIOBOfO COCTOJI

HHJI TeJia. 

H TaK, B L(aHHOM cJiyqae L(OJI)l(HO HMeTb MecTo cJieL(yroru:ee paBeHCTBo: 

k ff dA ds
1 

= 0. 
51 

dn 
(5.15) 

IlpHMeHHM B o6Jiac<fH v;_ <PopMyJiy fpHHa (1.19), rnaBa 1: 

j[ugradV-VgradU]·dA= JJJ[uv2v-vv2u]dv, 

J[,J[UAV-VAU]dv= Jj[u~~ -V~~]ds1 
H IIOJIO:IKHM B ne:H v = 1 • 
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Tor.n;a, rrpIImIB BO BHIIMaHIIe, qTQ IIHTerpa.n (5.14) paBeH Hymo, Ha:H:,n:eM, qTQ 

0TCIO,n:a, BBII.ll:Y rrpOII3BOJihHOCTII o6JiaCTII Vi' BhITeKaeT, qTO 

AU=O, 

TO eCTh ¢YHKllII.H U(M) y,n:oBJiernop.HeT ypaBHeHIIIO JlarrJiaca. 

IIpep;rroJIO)KIIM Terreph, qTo HaM II3BeCTHO pacrrpep;eJieHIIe TeMrrepaTyphI Ha rro

BepxHOCTII s TeJia II Heo6xoti;IIMO orrpeti;eJIIITh TeMrrepaTypy JII06o:i1: TQqKII, Haxo

MIIIeHC.H BHYTPII TeJia. OqeBIIAHO, 3TY 3ap;aqy MO)KHO penrnTh, ecJIII 6yti;eT HaHti;eHo 

TaKoe perneHIIe ypaBHemi.H JlarrJiaca, KoTopoe YAOBJiernop.HJio 6b1 rpaHIIqHoMy yc

JIOBIIIO 

U = /(M), Korp;a MES, 

r.n;e /(M) o6o3HaqaeT TeMrrepaTypy B ToqKe M rroBepxHOCTII S. 

5.3.3. noTeH'-'ManbHOe Te'leHMe 
HeC>KMMaeMOM >KMAKOCTM 

(5.16) 

HccJiep;yeM ti;BII)KeHIIe Hec)KIIMaeMOH )KIIAKOCTII. 06o3HaqIIM qepe3 v BeKTop cKo

pocTII )KIIt);KOCTII, II rrycTh v x' v y' v, - ero rrpoeKllIIII Ha HeIIOABII)l(Hhie OCR rrp.HMO

yroJihHOH p;eKapTOBOH cIIcTeMhI Koopti;IIHaT Oxyz . B ti;a.nhHe:H:rneM IICCJie,n:oBaHIIII 

rrpep;rroJIO)KIIM, qTo 3TII rrpoeKIIIIII He 3aBIIC.HT .HBHhIM o6pa30M OT BpeMeHII t. TaKoe 

ABII)KeHIIe )KIIt);KOCTII 6y.n;eM Ha3hIBaTh ycmaH06U6UlUMCR (rrOTeHIIIIaJihHhIM) . 

.llorrycTIIM, qTo ABII)KeHIIe )KIIt);KOCTII rrpOIICXOt);IIT c IIOTeHIIIIaJIOM CKOpoCTeH u ' 
ti;pyrIIMII CJIOBaMII, 6yp;eM cqIITaTh, qTo IIMeIOT MeCTO paBeHCTBa: 

au au au 
Vx =-,Vy=-, V, =-. 

ax ay oz 
L{oKa)KeM, qrn 3TOT rroTeH11IIa.n yp;oBJiernop.HeT ypaBHeHIIIO JlarrJiaca 

Au=O. 

(5.17) 

(5.18) 

B caMoM p;eJie, II3BeCTHO [5.4], qTo rrpoeKUIIII vx, vY, v, BeKTopa v II IIJIOT

HOCTh p JKIIAKOCTII CB.H3aHhl Me)Kti;y co6o:i1: ypaBHeHIIeM Hepa3phIBHOCTII: 

op+ apvx + apvy + apv, = 0. 
at ax ay oz (5.19) 

IlpIIHIIMa.H BO BHIIMaHIIe, qTo AJI.H HeC)KIIMaeMOH )KIItJ;KOCTII IIJIOTHOCTh p rro

CTO.HHHa, MO)KHO rrepeIIIICaTh ypaBHeHIIe (5.19) B BIIti;e 

apvx + apvy + apv, = 0. 
ax ay oz (5.20) 

IJoti;CTaBIIB B (5.20) BMeCTO Vx,Vy,Vz IIX Bhipa)KeHII.H ITO ¢opMyJiaM (5.17), IIpII

.n;eM K ypaBHeHIIIO JlarrJiaca (5.18). 
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qTO KacaeTC.H rpaHIPIHbIX ycJIOBHH, TO OHH 6y,n;YT 3aBHCeTh OT cyIIIeCTBa pac

CMaTpHBaeMOH rn,n;po,n;HHaMnqecKoH 3a,n;aqu, HarrpHMep, Ha TBep,n;hIX CTeHKax 6ac

ceitHa 6yAeM HMeTh 

du =O, 
dn 

r,n;e n - HOpMaJib K CTeHKe. EcJIH TBepAOe TeJIO ABHJKeTCH B JKH,ll;KOCTH 3a,n;aHHbIM 

o6pa30M, TO Ha IIOBepXHOCTH TeJia 

rAe /(M) - 3a,n;aHHaH cl>YHKI1HH. 

du= /(M)' 
dn 

(5.21) 

DOJiee CJIOJKHbie rpaHHqHbie ycJIOBHH IIOJiyqaIOTC.H ,ll;JIH CB060AHOH IIOBepXHOCTH 

JKH,ll;KOCTH. KpoMe Toro, Ha,ll;O rrpHHHTb BO BHHMaHHe ycJIOBHH, KOTOpbIM ,ll;OJIJKeH 

YAOBJieTBOpHTh rroTeHI1HaJI B 6ecKoHeqHoCTH. Bo MHorux ru,n;poAHHaMuqecKHX 3a

,n;aqax rrpeAIIOJiaraIOT, qTo BbI3bIBaIOIIIee ,ll;BHJKeHHe JKH,ll;KOCTH B03MYIIIeHHe, eCJIH 

OHO ,n;eHCTByeT B orpaHnqeHHOH o6JiaCTH rrpocTpaHCTBa, He H3MeHHeT COCTOHHHH 

IIOKOH JKHAKOCTH Ha 6eCKOHeqHOM YAaJieHHH 3TOH o6JiaCTH. IlpH 3TOM B 6ecKOHeq

HOCTH 6y,n;yT o6paIIIaTbC.H B HYJib qacTHbie rrpOH3BO,ll;Hbie au I ax' au I a y ' 
au I a z ' rrpuqeM MOJKHO AOKa3aTb, qTo BeJIHqHHbI 

6y,n;yT orpaHnqeHHhIMH rrpu 6ecrrpe,n;eJihHO B03pacTaIOIIIeM r . 
IIpe,n;rroJioJKeHHe, qTo JKH,ll;KOCTh rroKOHTCH B 6ecKoHeqHOCTH, ,n;eJiaeTca, Harrpu

Mep, B BaJKHell:rnell: rHAPO,ll;HHaMHqecKOH 3a,n;aqe 0 ,ll;BHJKeHHH TBep,n;oro TeJia B He

CJKHMaeMOH JKH,ll;KOCTH, 3aIIOJIHHIOIIIeH Bee rrpocTpaHCTBO. 

5.3.4. noTeH1.1Man cra1.1MoHapHoro 
M 3neKTpocraTM'lecKoro nonJ1 
IIycTb B OAHOpO,ll;HOH rrpOBO,ll;HIIIeH cpe,n;e HMeeTCH CTa1IHOHapHbIH TOK c IIJIOTHO

CTbIO 8(x, y, z). EcJIH B cpe,n;e HeT o6neMHbIX HCTOqHHKOB TOKa, TO 

div 8 = 0. (5.22) 

HarrpaJKeHHOCTh E sJieKTpHqecKoro rroJIH orrpe,n;eJIHeTc.si: H3 3aKoHa 0Ma B ,n;ucp

cpepeHIIHaJihHOH cpopMe: 

~ 8 
E=-, (5.23) 

y 

r,n;e y - 3JieKTpHqec~aa rrpoBOAHMOCTb cpe,n;hI. 

B CBH3H c TeM, qTo rrpo1Iecc cTa1IHOHapHhIH, TO 3JieKTpnqecKoe rroJie HBJIHeTca 

6e3BHxpeBbIM HJIH rroTeHI1HaJihHhIM, T. e. rot E = 0 . A 3HaqnT cyIIIecTByeT TaKaa 

CKaJIHpHaH cl>YHKIIHH cp(x, y, z)' ,ll;JIH KOTOpoll: 

E = -gradcp, (5.24) 

a rnr,n;a 8 = -y grad cp . 
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Ha octtoBamm Bhipa:>KeHIIH (5.22) H (5.24) 3aK;noqaeM, qrn 

~cp=O, 

121 

(5.25) 

TO eCTb IIOTeHI.(HaJI 3II CTaIJHOHapHoro TOKa Yi'J;OBJieTBOp.HeT ypaBHeHHIO JiarrJiaca. 

PaccMoTpHM 3II cTauuottapHhIX 3ap.Hi'l;OB. I-fa CTaIJHOHapttocTn rrpouecca cJiei'J;y

eT, qTo 

rot.E = o, 
TO eCTb IIOJie .HBJI.HeTC.H IIOTeHIJHaJihHbIM. 

IlycTb p ( X, y, z) - o6neMHa.H IIJIOTHOCTb 3ap.Hi'l;OB, HMeIOIIJHXC.H B cpei'l;e, xa-

paKTepH3yeMOH i'J;H::lJieKTpnqecKoH rrocTo.HHHOH e . Hcxoi'J;.H H3 3aKoHa faycca: 

Jf Ends= Jf J(~)dv • (5.26) 

ri'J;e v - HeKOTOpbIH rrpOH3BOJlbHblH o6neM, s - IIOBepXHOCTb, ero orpaHuqnBaIO

IIJM, u IIOJih3Y.HCh TeopeMoif OcTporpai'l;cKoro-faycca 

JJ Ends= JJJ div E dv, 
s v 

div .E =£.. 
f, 

Iloi'J;cTaBJI.H.H CIOi'J;a Bbipa:>KeHne (5.24) i'J;JI.H E, 6yi'J;eM uMeTb: 

~cp=-£., 
f, 

(5.27) 

(5.28) 

TO ecTb aJieKTpocTaTnqecKHH rroTeHIJHaJI cp yi'J;oBJiernop.HeT ypaBHeHHIO Ilyaccotta. 

EcJIH o6neMHhIX 3ap.Hi'l;OB HeT ( p = 0 ), TO rroTeHIJHaJI cp i'J;OJI:>KeH yi'J;oBJiernop.HTh 

ypaBHeHHIO JiarrJiaca. 

5.3.5. noTeH ..... Man MarHMTOCTaTM"leCKOro nonH 

MarHHTOCTaTuqecKoe IIOJie o6pa3yeTC.H CHCTeMOH IIOCTO.HHHbIX MarHHTOB HJIH Ha

MarnHqeHHbIX TeJI. EcJIH paccMaTpHBaTb o6JiaCTH, He coi'l;ep:>Kall.(ne TOKa ( 8 = 0 ), TO 

CHCTeMY ypaBHeHHH MarHHTOCTaTHKH MO:>KHO 3arrucaTb B BHi'J;e 

rot ii= O,div B = 0,B =µii, (5.29) 

ri'J;e B,ii - BeKTOpbI HHi'J;YKIJHH u Harrp.H:>KeHHOCTH MCII; µ - MarnHTHM 11p0Hn-

11aeMOCTh cpei'l;hI. 

IlepBoe H3 ypaBHeHHH (5.29) 1103BOJI.HeT BBeCTH 

ii = - grad cpM , 

ri'(e cpM - MarHHTOCTaTnqecKHH IIOTeHIJHaJI. 

(5.30) 
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lfa (5.30) CJie,n;yeT, 'ITO B O,ll;HOpO,ll;HOM cpe,n;e ( µ - const) MarHHTOCTaTM'!eCKMM 

noTeHIJ,HaJI no,n;'IMH5IeTOI ypaBHeHHIO Jlan.11aca: 

5.4. PeweHMe 3at1a'I, onMcb1eaeMb1x 
ypaaHeHMHMM nannaca 

5.4.1. MeTOAbl peweHMM ypaeHeHMR nannaca 

(5.31) 

Cym;ecrnyeT 60.11hIIIOe 'IHCJio MeTo,n;oB, c rroMOID;hIO KOTOphix MoryT 6hITh pa3pe

IIIeHhr KpaeBhie 3a,D;a'IH, OIIHChIBaeMbie c IIOMOIIJ;hIO ypaBHeHH5I Jlan.11aca. Ifa HaH-

60.11ee HCnOJih3yeMbIX, c u,eJihIO IIOJiy'IeHH5I a<t><PeKTHBHhIX peIIIeHHM, MOJKHO peKo

MeH,D;OBaTb MeTO,ll;hI: TeOpHH rroTeHIJ,HaJia; pa3JIOJKeHH5I no co6crneHHhlM cPYHKllM-

5IM; pa3,n;e.11eHH5I nepeMeHHhrx; HHTerpaJibHhIX rrpeo6pa30BaHHM M KOHcPOPMHOro OT0-

6paJKeHH5I. 

PaccMoTpHM KpaTKo yrroM5IHYThie 3,n;ech MeTO,ll;hI. 

Memoobt meopuu nomeHUiUaJla. TeopH5I rroTeHu,HaJia HCIIOJih3yeTc5I rrpH peIIIe

HHH ypaBHeHH5I Jlarniaca. PeIIIettne aToro ypaBHeHH5I npe,n;cTaBJI5IeTc5I B BH,n;e MHTe

rpa.11a OT rrpOH3Be,n;eHH5I IIJIOTHOCTM noTeHI1HaJia H ¢ytt,n;aMeHTaJihHOro peIIIeHM5I 

ypaBtteHH5I Jlarr.11aca. B TpexMepHoM c.11yqae ¢ytt,n;aMeHTaJihHhIM peIIIettneM ypaBHe

HH5I Jlarn1aca 5IBJI5IeTC5I cPYHKI1H5I 1 / r , a B ,n;ByMepttoM - In( 1 / r) , r,n;e r - pac

CT05IHHe MeJK,n;y TO'!KaMH. EcJIM HCKaTb peIIIettne KpaeBOM 3a,7J;a'IH B BH,n;e noTeH11Ha

.11a, TO ,ll;JI5I ero IIJIOTHOCTH B03HHKaeT HHTerpaJibHOe ypaBHeHHe <Dpe,n;roJihMa, a HH

TerpHpoBaHMe Be,n;eTC5I no rpaHHI1e paccMaTpHBaeMOM o6JiaCTH. 

MemoiJw pa3JZO:J1Ce11ua no co6cmee11HbtM </JYHlCUiURM.. Mern,n; oThicKaHH5I peIIIe

HHii B BH,n;e p5I,ll;OB no HeKOTOphIM cPYHKIJ,H5IM qacTO rrpHMeH5IeTC5I rrpH peIIIeHHH 

ypaBHeHH5I JianJiaca. 3a,n;a'Ia rrpHBOAHTC5I K 3a,n;a'IaM Ha co6cTBeHHbie 3Ha'!eHH5I, 

KOTOpbie npe,n;cTaBJI5IIOT co6oii: O,ll;HOpOt(Hhie ypaBHeHH5I c rrapaMeTpOM. 3Ha'IeHH.H 

napaMeTpOB, rrpH KOTOphIX ypaBHeHHe MMeeT HeHyJieBhie peIIIeHH.H, Ha3hIBaIOTC.H 

co6cmee1111btMU ma'teuUR.Mu, a coorneTcrnyromHe peIIIeHH5I co6cmee1111btMU </Jymc
UiURMU. 

Memoobt pa3iJe;ze11ua nepe.1t1e1111wx IIIHpOKo HCIIOJih3YIOTC.H npH peIIIeHHH 

ypaBHeHH5I Jlan.11aca. TaK JKe KaK H MeTOt(hI pa3JIOJKeHH.H no co6crneHHhIM cPYHKllM

.HM, ,n;aHHbie MeTOt(hI npe,n;Ha3Ha'!eHhI ,ll;JI5I OThICKaHH.H '!aCTHhIX peIIIeHHH ti:tt<P<l>epeH

IIMaJihHbIX ypaBHeHHii. MeTO,ll;hI pa3,n;eJieHH.H rrepeMeHHhIX qacTo npHBO,ll;HT K cneu,H

aJihHhIM cPYHKIJ,H.HM (Jle)KaHti:pa, EecceJI.H, fattKeJI5I, MaThe H ti:p.), KOTOpbie .HBJI5IIOT

c.H peIIIeHH5IMH 3a,n;aq Ha C06CTBeHHbie 3Ha'IeHH5I. 

Memoobt uumezpaJZbllblX npeo6pa30Ba11uu - a¢¢eKTHBHbie MeTOtJ:hI peIIIemrn 

M HCCJie,n;oBaHH5I ypaBHeHHH Jlan.11aca. 0HH 3aKJIIO'IaIOTC5I B HHTerpttpoBaHHH ypaB

HeHH.H c HeKornpoii: BecoBoii: cPYHKllHeii:, 3aBHC5Im;eii: OT ti:Byx apryMeHTOB. 3To qacTo 

npHBOtJ:HT K ynp01u,eHHIO ttcxo,n;ttoii: 3a,n;a'IH. OcHOBHhIM ycJIOBHeM ,D;JI5I npHMeHeHH5I 

MHTerpaJibHhIX rrpeo6pa30BaHHH 5IBJI5IeTC5I HaJIH'IHe TeopeMbI o6pam;eHH.H, Il03BO-
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mnorn;e:H HaHTII IIcxo,n:ttyro cpyHKI(IIIO, 3Ha51 ee o6pa3. B 3aBIICIIMOCTII OT BecoBo:H 

cpyHKI(IIII H o6JiaCTII IIHTerpIIpOBaHH51 IICIIOJlh3YIOTC51 rrpeo6pa30BaHmI <l>yphe, Jla

IIJiaca, MeJIJIIIHa, fattKeJI.sI, Me:Hepa, fIIJ1h6eprn II ,n:p. 

Memoobl 1eoupop:r.t1ww npeo6paao8aHUR. KottcpopMnoe orn6paJKeHIIe OTHo

CHTC.H K Oi'J:HOMY II3 OCHOBHbIX IIOH.sITIIM TeOpIIII cpyHKI(IIH KOMIIJleKCHOfO nepeMeH

HOfO II IIrpaeT BaJKHYIO poJib rrpII pemeHIIH 3a,n:aq aapo- II rII,n:poMeXaHHKII, TeoprrII 

yrrpyrocTrr, 3J1e1npo- H pa,n:rroTexmIKH, TeOpIIII cpIIJihTpanrrrr rr ,n:p. K coJKaJieHIIIO, 
HCIIOJlh30BaHIIe 3TOro MeTo,n:a orpam1qrrBaeTC.sI ,n:ByMepHblMII 3a,n:aqaMII. 

Ilo,n:po6Hee 0 MeTo,n:ax pemenrr.sI rrpHKJia,n:HbIX 3a,n:aq MaTeMaTH'IeCKOH cpII3IIKH 

MO/KHO Il03HaKOMHThC51 c ITOMOIIl;hIO MaTeManI'leCKOH JIIITepaTyphl (CM., HanpIIMep, 

[5.17]). 

Bh16op Mern,n:a pemenrrH ypaBHeHIItt JlanJiaca Bo MHoroM onpe,n:eJ1.sieTc.sI cpopMott 

06J1aCTII 3a,n:aHIIH cp1I3II'lecKott 3a,n:aqrr. EcJIII o6JiaCTh 6JIH3Ka K aHaJIMTII'lecKott, TO 
Harr60J1ee rrpoCThie pe3yJihTaThl IIOJiyqaIOTC.sI rrpH HCIIOJib30BaHHH MeTOi'J:OB pa3JIO

JKeHml no co6cTBeHHbIM cpyHKil,H.sIM, pa3,n:eJ1eHH.sI rrepeMeHHbIX (MeTOi'J: <l>ypbe); Teo

p1rn rroTeHI(HaJia. EcJ1;i1 o6JiaCTh 3a,n:aHII.sI cprr3nqecKoii 3a,n:a'ltt ,n:aJieKa OT aHaJIIITII'le

cKo:H, TO pemeHIIe c 6oJihilleH 3cpcpeKTIIBHOCTbIO MOJKeT 6hITb IIOJiyqeno c IIOMOIIl;bIO 

MeTO,n:OB IIHTerpaJibHbIX rrpeo6pa3oBaHIIH If KOHcpOpMHhIX OTo6paJKeHHH 

Harr601ree pacrrpocTpaneHHhIM MeTo,n:oM pemenmr ypaBne1mif JlanJJ:aca B anaJIH

TII'leCKIIX 06J1aCT.sIX MO/KHO C'lIITaTh MeTo,n: pa3,n:eJieHII.sI rrepeMeHHhIX, 0 KOTOpOM Mbl 

6y,n:eM fOBOpIITb B pa3,n:eJ1e 5.4.2. 

5.4.2. PeweHMe ypaeHeHMH nannaca 
MeTOAOM pa3AeneHMJI nepeMeHHblX 
IloCTpOIIM pemeHH.sI ypaBHeHII.sI JlarrJiaca c pa3,n:eJieHHbIMII rrepeMeHHhIMH B KOH

KpeTHhIX CIICTeMaX Koop,n:rrHaT. /lJI.sI rrpoCTeMIIIIIX KpHBOJIIIHeHHhIX KOOp,n:IIHaT rrpo

necc pa3ti:eJJ:emrn: JJ:erKo ocyrn;ecTBmieTCH [5.3]. 
Hpa.~wyioJ1bHbte 1eoopouuambl (x, y, z). /lJIH ypaBnenrr>I JlarrJiaca B rrp.sIMo

yroJihHhIX Koop,n:IIHaTaX 

82u a2u 82u 
ti.u=-+-+-=0 

8x2 8y2 8z2 

pemeHH.sI c pa3,n:eJieHHbIMII rrepeMeHHhIMII 6y,n:eM HCKaTb B BII,n:e 

u=A(x)B(y)C(z), 

(5.32) 

(5.33) 

me A(x)' B(y)' C(z) - COCTaBJI.sIIOII(IIe pemeHII.sI, 3aBIIC.sirn;IIe TOJihKO OT 0.i'l:HOH 
KOOp,n:IIHaTbl. 

B ,n:aJibHeiimeM II3 pemeHIItt (5.33) 6y,n:eM IIcrroJih30BaTh pemeHII.sI [5.6]: 

rf±'l(x,y,z;A.,13) = exp(±az + iA.x + ij3y)' (5.34) 

r.ne a = ~A 2 + 132 
; A, 13 - rrpoII3BOJihHhle KOMIIJieKCHhie rrocTO.sIHHhie pa3,n:eJieHII.H. 

KpywBbte 14UJ1uuopu11ec1eue 1eoopouuambt ( p, z, q>) orrpe.neJI.HIOTCH cpopMyJiaMII 

(pIIc.5.1) x=pcosq>; y=psinq>,r.ne OS:p<oo; 0S:q><2n; -oo<z<oo. 
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z 

z 

/ 

x 
PHc. 5.1. Kpyroaoii: I1HJIHHAP 

3arnnneM ypaBHeHHe JlanJiaca B IJ;HJIHH,Zl;pH'IeCKHX KOOpJ.J;HHaTax: 

Au=!~(Pou)+_!_ o
2

u + o
2

u =O. 
p op op p2 ocp2 oz2 

lfa perneHHH c pa3J.J;eJieHHhlMH nepeMeHHhlMH 

u = A(p)B(z)C(cp) 

BhIJ.J;eJIHM perneHH.lI ypaBHeHlf.ll JlanJiaca B KOOpJ.J;HHaTax BHJ.J;a: 

u~l(p,z,cp;J.) = ImO.p)exp(iA.z + imcp); 

O~l(p,z,<p;/..) = Km(/..p)exp(iA.z + im<p); 

v~'F2)(p,z,<p;/..) = lm(/..p)exp(:i=iA.z + im<p)' 

m = 0,±1, ... ;-oo < /.. < oo. 

(S.35) 

(S.36) 

(S.37) 

(S.38) 

(S.39) 

C</Jepu'tecKue KoopouHambt (r, 0, <p). C<pepn11ecKHe Koop,1.1;HHaTh1 onpe,1.1;eJI.s1-
IOTc.s1 cpopMyJiaMH (pnc. 5.2) x=rcos<psin0; y=rsincpsin0; z=rcos 0, r,1.1;e 
0 :::; r < oo ; 0 :::; <p < 2n ; 0 :::; 0 :::; 7t . 

YpaBHemi:e Jlarrnaca B ccpepn11ecKHX Koop,1.1;HHaTax HMeeT BHJ.J; 

Au=:_!__i_(r2ou)+ 1 o(sin0ou)+ 1 o2u=O. (5.40) 
r2 or .or r2 sin 0 o0 o0 r2 sin2 0 o<p2 

lfa perneHHH c pa3J.J;eJieHHhIMH nepeMeHHhIMH 

u = A(r)B(0)C(<p) 

ypaBHeHH.lI (S.38) BhIJ.J;eJIHM rapMOHH'IeCKHe <PYHKIJ;HH BHJ.J;a 

(S.41) 
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U~(r, 0, q>) = rn pnm(cos0) exp(imq>); 

zf~(r,0,q>) = r-n-lpnm(cos0)exp(imq>), 

n = 0,1, ... ;m = 0,±1, .. .,±n. 

z 

PHc. 5.2. Ccpepa 

125 

(5.42) 

(5.43) 

Koopduuambt Bbtmsmymoio c<jJepouda (~. 1'\, q>) . Koop,n:1maThI BhmrnyTOro ccl>e
pmc,n:a orrpe,n:emIIOTCH cl>opMyJiaMH (pnc. 5.3): 

x=c[(~2 -1)(1-1'\2)r 2 

cosq>; 

y=c[(~2 -1)(1-ri2)r 2 

sinq>; 

Z= C~l\, 

(5.44) 

r,n:e 1 :::; ~ < oo; -1 :::; 1'\ :::; 1; 0 ~ q> < 21t; c - rroJio:>KnTeJibHbIH rrapaMeTp. Tor,n:a 

(5.45) 

lfa pemeHHH c pa3,n:eJieHHbIMH rrepeMeHHblMH 

u = A(~)B(l\)C(q>) (5.46) 

Bbl,l(eJIHM ccl>epOH,l(aJibHbie rapMOHH'IeCKHe cPYHKUHH BH,l(a 
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U~(~, 11, q>;c) = pnm (~)P;(11)exp(imq>); 

zJi~(~.11,q>;c) = Q,,m(~)P;(11)exp(imq>), 
r,lle n=0,1, ... ; m=0,±1, ... ,±n. 

z 

1"]=1 

0 11=0 

x ....... 
X,Y II 

>J.J> 

e.i 

~ 
Pnc. 5.3. IIorrepeqHoe ceqemre Bh!rnHyrnro c¢epoHlla 

(5.47) 

(5.48) 

KoopiJuuambt cru11ocuymow c<J>epouiJa (~, 11. q>) . Koop,llHHaThI crrJirocttyrnro 
ccpepOH,lla orrpe,ZleJUIIOTCH cpopMyJiaMH (pHC. 5.4): 

x = c[(~2 +1)(1-112 )r
2 

cosq>; 

y = c[(~2 + 1)( 1-112)r2 

sin q>; 

z = c~11. 

r,lle 0 :::; ~ < 00 ; -1 :::; 11 :::; 1 ; 0 :::; q> < 21t ; c - IIOJIOIKHTeJihHhIH napaMeTp. 

(5.49) 

YpaBHeHHe JianJiaca B CTIJIIOCHYThIX ccpepOH,llaJihHhlX KOOp,llHHaTaX HMeeT BH,ll 

(5.50) 
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Ifa pemeHHM c paa,neJieHHhIMH rrepeMeHHhIMH B crrJIIOCHYThlX c<l:>epoH,naJihHhIX 

KOop,nHHaTaX BhI,neJIHM rapMOHHqeCKHe <l:>YHKUHH BH,na 

U~ (~,fl, cp; c) = pnm ( i~)Pnm ( 11) exp( imcp) ; 

U~(~,fl,cp;c) = Q,,m(i~)Pnm(fl)exp(imcp), 

r,ne n = 0,1, ... ; m = 0,±1, .. .,±n; r,ne n = 0,1, ... ; m = 0,±1, .. .,±n. 

z 
l'\=1 e; 

~=O 

0 

2c rt=-1 

Puc. 5.4. Ilorrepeqttoe ce'l:eHHe crrJIJOcHyrnro c<J:iepon,na 

(5.51) 

(5.52) 

5.4.3. EAMHCTBeHHOCTb peweHMJI rpaHMILIHblX 3aAalLI, 
onMcb1eaeMb1x ypaeHeHMJIMM nannaca 
)loKaJKeM e,nHHCTBeHHOCTh pemeHHH 3a_naqH )].HpHxJie AJIH ypaBHeHHM IlyaccoHa. 

Ilpe,nITOJIOJKHM, qTQ 3a,naqa )].HpHxJie 

!J.u = f, 1wida x EV - CSV,} 
U = <j>, KOlda XE CSV 

(5.53) 

HMeeT ,nBa pa3JIHqHhIX pemeHHH u1 H u2 • Tor,na pa3HOCTh w = u1 - u2 rapMOHHqHa 

B o6JiaCTH V H o6paiuaeTcH B HYJih Ha ee rpaHHUe CSV. 
EcJIH o6JiaCTh V orpaHHqeHa, MO)KHO Herrocpe,ncrneHHO rrpHMeHHTh TeopeMy 

0 MaKCHMyMe H MHHHMyMe. BHyTpH o6JiaCTH v rapMOHHqecKaH <l:>YHKUHH w He MO
)KeT HMeTb 3HaqeHHM HH 6oJibillHX, HH MeHbillHX CBOero rpaHHqHoro 3HaqeHHH, paB

Horo HYJIIO. IloaTOMY oHa paBHa HYJIIO H Bcro,ny BHYTPH o6JiaCTH, T. e. <l:>YHKUHH u1 

H BHYTPH paccMaTpHBaeMoM o6JiaCTH coBrra,naroT. EcJIH o6JiacTh V 6ecKoHeqHa, Boc

rroJib3YeMcH TeopeMoM KeJibBHHa, rrocTpOHB <l:>YHKUHIO w*(~) = JxJ w(x), r,ne ~ -
ToqKa c Koop,nHHaTaMH ~; = X; / JxJ . <l>yHKUHH w* (~) rapMOHHqHa B orpaHHqeHHOM 

o6JiacTH V', corrpH)KeHHOM o6JiacTH V, H o6paiuaeTCH Ha ee rpaHHUe B HYJih B CHJIY 

rpaHHqHoro ycJioBHH AJIH <l:>YHKUHH w. CJie,noBaTeJihHO, no ,noKa3aHHoMy, oHa 

paBHa HYJIIO, a rroarnMy paBHa HYJIIO H <l:>YHKUHH w(x) = l~I w* (~). 3rn 3aBepmaeT 
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AOKa3aTeJihCTBO. TaK )Ke rrpocTo AOKa3hIBaeTc.H HerrpephIBHasi: 3aBHCHMOCTh pemeHH.H 

paccMaTpHBaeMOH 3a,l{aqn L{HpHXJie OT rpaHlfqHOfO ycJIOBH.H. IlycTh U1 H U2 - pe

meHH.H .n;Byx 3a.n;aq L{npnXJie AJI.H o.n;Hoii: H TOH )Ke o6JiaCTH, rpaHnqHhie 3HaqeHH.H 

KOTOphIX pa3JIHqaIOTC.H He 6oJiee qeM Ha BeJIHqHHY €. Ilpn 3TOM cpyHKIJ;H.H 

w = U1 - ~ rapMOHHqHasi:, a B TOqKax rpaHHIJ;hl o6JiaCTH OTJilfqaeTC.H OT HYJI.H He 

6oJiee, qeM Ha E . 

EcJIH o6JiaCTb v orpaHnqeHa, TO B CHJIY TeopeMbI 0 MaKCHMyMe H MHHHMyMe 

cpyHKIJ;H.H U1 - U2 He MO)KeT OTJilfqaTbC.H OT HYJI.H 60JihIDe qeM Ha € H B JII06oii: Toq

Ke BHYTPH o6JiacTH. CJie.n;oBaTeJihHo, BO Bceii: o6JiaCTH lu1 - u2 I :::; E , H3 qero H BhITe

KaeT Tpe6yeMoe yTBep)K.l{eHne. EcJIH o6JiacTh V 6ecKoHeqHa, HO TOqKa lxl = 0 He 

rrpnHa.n;Jie)KHT o6JiaCTH, TO, rrpnMeHHB TeopeMy KeJihBHHa, rrpn.n;eM K cpyHKIJ;HH 

w*(~) = lxlw(x), rapMoHnqecKoii: B orpaHnqeHHOH o6JiaCTH V', corrp.H)KeHHoii: 06-

JiaCTH V. fpaHnqHhie 3HaqeHH.H cpyHKIJ;HH w* He rrpeBocxo.n;.HT A e , r.n;e A - Han-

6oJihmee 3HaqeHne BeJIHqHHhI !xi Ha rpattnu;e <;JV. CJie.n;oBaTeJihHO, rro .n;oKa3aHHOMY, 

w*(~) < Ae, Kor.n;a ~EV'. 0Tc10.n;a w(x) <(A/ B)e, r.n;e B - HaHMeHhmee 3Haqe

HHe BeJinqnHhI !xi Ha rpaHnu;e ';JV, n Harne yTBep)K,ll;eHne .n;oKa3aHo. Kor.n;a ToqKa 

jxj = 0 rrpnHa.n;Jie)KHT o6JiaCTH V, TO .n;o rrpnMeHeHH.H TeopeMhI KeJihBHHa MO)KHO 

CMeCTHTh HaqaJio KOOp,ll;HHaT, IIOCJie qero c IIOMOIIJ;hIO TeopeMbI KeJihBHHa CHOBa 

rrpn.n;eM K Tpe6yeMOMY pe3yJihTaTy. 

qT06hI paccMOTpeTh 3a.n;aqy Heii:MaHa H CMemaHHYIO 3a.n;aqy, o6paTHMC.H K cpop

MyJie fpHHa (1.19), rnaBa 1. IlpHH.HB BO BHHMaHHe TO)K,l{eCTBO: 

v -+~u -u -+~v ::===v--u-, (
du ) (dv ) du dv 
dn dn dn dn 

(5.54) 

r.n;e ~ - rrpOH3BOJlbHasl HenpepbIBHasl cpyttKIJ;HSI, H BBeASI AJISI COKpaIIJ;eHH.H IlHChMa 

o6o3HaqeHne: 

rrpHBe.n;eM cpopMyJiy fp1rna K BH.n;y: 

d 
P=-+~. 

dn 

ff (vPu - uPv)d S =ff f (vAu - uAv)dV, 
~v v 

(5.55) 

(5.56) 

r.n;e v - orpaHlfqeHHa.H o6JiaCTb. IloJIO)KHB B 3TOH cpopMyJie OAHY H3 BXO,ll;.HIIJ;HX 

B Hee cpyHKIJ;HH paBHOH 1, a BTopyIO - paBHOH KBa.n;paTy rapMOHlfqeCKOH cpyHK

IJ;HH w, rrpn.n;eM K cpopMyJie Ll~pHXJie: 

fff (~)2 +(~)2 +(~)2 dV= 
v axl ax2 8x3 

=ff w Pwd S - 0, 5 ff~ w2d S. (5.57) 
~v ~v 
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BocnoJib3YeMc.SI paBeHCTBOM ( 5.57), qT06bI ycTaHOBHTh ycJIOBH.SI e)l;HHCTBeHHO

cTH pemeHHH BHyTpeHHeii: cMemaHHoii: 3a)l;aqH H BHYTPeHHeii: 3a)l;aqH Heii:MaHa )];JI.SI 

ypaBHeHHH JianJiaca H IIyaccoHa. 

IlpH o603HaqeHHH (5.57) o6e aTH 3a)l;aq:B: MOryT 6bITb 3aITHCaHbI B e)l;HHOH cpopMe: 

!iu = /, Kor)l;a x EV - ~V,} 

Pu= <j>, Kor)l;a x E ~V. 
(5.58) 

IlpH ~ 7- 0 aTa 3aITHCb COOTBeTCTByeT CMemaHHOH 3a)l;aqe, a npH ~ = 0 - 3a)l;aqe 

Heii:MaHa. 

Ilpe)l;ITOJIO)KHM, qTO 3a)l;aqa (5.58) HMeeT )];Ba pa3JIHqHbIX pemeHH.SI U1 H U2' He

npepbIBHbIX B o6JiaCTH v BMeCTe co CBOHMH nepBbIMH npOH3BO)l;HbIMH. Tor)l;a HX 

pa3HOCTb w = U1 - U2 .SIBHTC.SI pemeHHeM O)l;HOpO)l;HOH rpaHHqHoii: 3a)l;aqH )];JI.SI ypaB

HeHH.SI JianJiaca: 

Ii w = 0 ' KOr)l;a x E v - ~ v ; p w = 0 ' KOr)l;a x E ~ v ' 
Yll:OBJieTBop.SIIOITIHM TeM :>Ke ycJIOBH.SIM HenpepbIBHOCTH. IlpH aToM, )];JI.SI ~ 2: 0, H3 

cpopMyJihI ,llHpHXJie CJie)l;yeT, qTO 

J J J ( {) w )2 + (~)2 + (~)2 d v ::::: 0 . 
v {) X1 {) X2 {) X3 

TaK KaK Bce qJieHbI no,n:hIHTerpaJibHoro Bbipa:>KeHH.SI HeoTpHu;aTeJibHhI, a caMo aTo 

Bbipa:>KeHHe, no npe.n:noJio:>KeHHIO, HenpepbIBHO, TO ,n:OJI:>KHO 6bITh (aw/ a X;) = 0 
( i = 1, 2, 3) , TO eCTb 

w = u1 - u2 --+ canst . 

q T06hI onpe)l;eJIHTb .n:onycKaeMbie 3HaqeHH.SI ITOCTO.SIHHOH B npaBOH qacTH aToro 

paBeHCTBa, o6paTHMC.SI K rpaHHqHoMy ycJIOBHIO paccMaTpHBaeMOH O,UHOpO)l;HOH 3a

.z:i:aqH, 

EcJIH ~ = 0 (3a)l;aqa Heii:MaHa), TO eMy y,n:oBJieTBop.SieT JII06a.SI nocTO.SIHHa.SI. 

CJie,n:oBaTeJibHO, JII06a.SI noCTO.SIHHa.SI .SIBJI.SieTc.SI pemeHHeM o,n:Hopo)l;HOH 3a.z:i:aqH Heii:

MaHa, a noaToMy pemeHHe Heo,n:Hopo)l;HOH 3a)l;aqM Heii:MaHa onpe,n:eJI.SieTc.SI c ToqHo

CThIO .no npOM3BOJibHOro ITOCTO.SIHHOro CJiaraeMoro. EcJIM :>Ke ~ 7- 0 XOT.SI 6bI Ha qac

TH rpaHHIJ;bI ~v' TO aTa ITOCTO.SIHHa.SI paBHa HYJIIO, T. e. pemeHHe CMemaHHOH 3a)l;aqH 

eARHCTBeHHO. 

K 3aAaqe Heii:MaHa 06b1qHo npMBO.U.SIT cpM3MqecKMe npo6JieMhI, AJI.SI KoTOpbIX no

.SIBJieHMe IlOCTO.SIHHOro CJiaraeMoro B pemeHMM JIH6o HecymecTBeHHO ( eCJIM BbI6op 

HaqaJia OTcqeTa 3HaqeHHH cpyHKIJ;MM u MO:>KeT 6bITb npOM3BOJibHbIM), JIM6o <}TO no

CTO.SIHHOe CJiaraeMoe onpe,n:eJI.SieTC.SI H3 AOITOJIHHTeJihHbIX Tpe6oBaHMH K noBeAeHMIO 

cpyHKIJ;HM H Ha rpaHMu;e. HanpHMep, qacTo npe,n:cTaBJI.SieT HHTepec pemeHMe, cpeAHee 

3HaqeHMe KOToporo Ha rpaHMu;e o6JiaCTM paBHO HYJIIO. 3TO npMBO.UMT K ycJIOBMIO: 

ff udS=O. (5.59) 
S'V 

TaKoe pemeHMe, oqeBH,UHO, e)l;HHCTBeHHO. 

5 No 6063 
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Tal\HM o6pa30M, ,zi;onoJIHHTeJihHbie ycJIOBHH, ,n;eJiaIOIIIHe 3a.zi;aqy He:HMaHa no

CTaBJieHHOH KOppeKTHO, MOryT ycTaHaBJIHBaTbCH B 3aBHCHMOCTH OT KOHKpeTHOfO 

co,zi;ep)KaHHH H3yqaeMOH cPH3FfqeCKOH npo6JieMbl. 

IIepe:H,n;eM K BHeIIIHHM 3a,zi;aqaM. 

IIycTh V - 6ecKoHeqHaJI o6JiacTb c KoHeqHoil: rpaHHIIeH SSV. Bh1,n;eJIHM H3 06-

JiaCTH V KOHeqHyro qacTh V*, Jie)KaIIIyIO BHYTPH rnapoBoil: noBepxHOCTH !: , co,zi;ep

)KaIIIeR rpaHHIIY SSV BHYTPH ce6H. IlpttMemrn B o6JiaCTH V* <PoPMYJIY ,l{ttpttXJie 

(5.57), IlOJiyqHM 

If I (:~r +(::r +(::r dV = 

=II wPwdS-0,5IIj3w2ds+ II[wddw +0,5j3w2)ds. 
\l'V \l'V 1: n 

EyneM Heorpaffl'fqeHHO yBeJIHqHBaTb pa.zi;Hyc noBepmocTH !: . B CHJIY JieMMbI o no

Be,n;eHRH rapMOHHqecKOH cPYHKIIHH B 6ecKOHeqHOCTH, B OKpeCTHOCTH 6ecKOHeqHo 

y,n;aJieHHOH TOqKH CJiaraeMbie (aw I axi )2 
y6hIBaIOT He Me,IJ;JleHHee, qeM 1 I r 4 

' TOf,IJ;a 

KaK c pocToM noBepxHoCTH !: o6'beM o6JiaCTH V* B03pacTaeT JIHIIIh KaK r 3 
• CJie,n;o

BaTeJibHO, HHTerpaJI no o6JiaCTH V* npH STOM CXOll;HTCH K Heco6CTBeHHOMY HHTe-

rpaJiy ITO o6JiaCTH v. llHTerpaJI I I w( aw I an) d s c pocTOM pa.zi;ttyca ITOBepxno-

1: 

CTH !: cxo,n;HTCH K HYJIIO, TaK Kai\, B CHJIY TOR )Ke JieMMhI, Bbipa)KeHHe w(8w / 8n) 
ITPH STOM y6hrnaeT Ha !: KaK 1 / r 3 

, B TO BpeMH KaK nJIOIIIa,IJ;h noBepxHoCTH !: pac

TeT JIHIIIb KaK r
2 

• IloCKOJibKY ,IJ;JIH Hae npe.zi;CTaBJIHIOT HHTepec 3HaqeHHH cPYHK

IIHH j3 TOJibKO Ha rpaHHIIe ssv' Bhl6epeM j3 TaK, qrn6hI c poCTOM L HHTerpaJI 

I I j3 W2 d S o6paIIIaJICH B HYJib. 

1: 

OcyIIIeCTBHB ITpe,n;eJibHbIH ITepexo,zi; B HaITHcaHHOM BbIIIIe COOTHOIIIeHHH, ITpH,n;eM 

K <t>opMyJie ,l{ttpHXJie ,IJ;JIH 6eCKOHeqHoH o6JiaCTH: 

III (aw)2 +(~)2 +(~)2 dv = 
v 8 X 1 8 X 2 {) X3 

=II wPwdS-0,5 IIj3w2dS. (5.60) 
\l'V 

3Ta <t>opMyJia ITOJIHOCTblO COBITa,zi;aeT c <t>opMyJioH (5.61). IIoaTOMY ITO TeM )Ke 

coo6pa)KeHHHM, KaK H BhlIIIe, ITpH,n;eM K BbIBO,IJ;y, qTQ ITPH j3 2: 0 pa3HOCTb 

w = U1 - U2 ,n;Byx peIIIeHHH U1 H U2 BHernHeR rpaHHqHOH 3a,zi;aqH: 

• Liu= j, 1<orna x EV -SSV, I 
du 

Pu = d n + j3 u = <j>, Kor,zi;a x E SS V 
(5.61) 

y,n;OBJieTBOpHeT COOTHOIIIeHHHM (aw I ax;) = 0 ( i = 1, 2, 3) ' OTKy,n;a CJie,n;yeT, qTQ 

w -+ const . IIocTOHHHaH B ITpaBOH qacTH ITOCJie,n;Hero COOTHOIIIeHHH ,IJ;OJI)KHa 6bITb 



5.4. PeweH11e 3a.llaY, on11cb1saeMb1x ypasHeH11siM11 nannaca 131 

paBHa HYJIIO KaK .D;JISI BHemHe:il: CMeIDaHHOH 3a,n;aqn, TaK H ,ZJ;JISI BHeurne:il: 3a,n;aqn 

He:il:MaHa, IIOCKOJlhKY B 6ecKOHeqHo y,n;aJieHHOH TOqKe Bee rapMOHnqecKHe cpyHKU;HH 

nMeIOT c0Brra.n;a10m:ee 3HaqeHne, paBHoe HYJIIO. TaKnM o6pa3oM, ITpn f3 ~ 0 pery

JISipHoe pemeHne BHemHe:il: 3a,n;aqn (5.61) e.n;1rncTBeHHO. 

KocHeMCSI TeITeph BOITpoca 06 ycJIOBHSIX cym:ecTBOBaHHSI pemeHn:il: 3a,n;aqn He:il:

MaHa .D;JISI ypaBHeHHSI Jiamraca. IloJIOX<HB B cpopMyJie fpnHa (1.19), rn. 1, v = 1, 
Au = 0 , IToJiyqnM 

ff du dS=O, 
5 

dn 
(5.62) 

r.n;e s - ITpOH3BOJlhHaSI ITOBepxHOCTh, SIBJISIIOm;aSICSI rpaHm~e:il: KOHeqHo:il: o6JiaCTH, 

B KOTOpo:il: cpyHKUHSI u rapMOHHqHa. 0TCIO,ZJ;a CJie,n;yeT, qTo rpaHnqHoe ycJIOBHe 

du "' °'V d n = 'I' , Kor.n;a x E ;s , 

BHyTpeHHe:il: 3a,n;aqn He:il:MaHa ,n;JISI ypaBHeHHSI JlaITJiaca He Mo:>KeT 6hITh 3a,n;aHo ITpo

H3BOJihHo, a ,ZJ;OJl:>KHO y,n;oBJieTBOpSITh COOTHOIDeHHIO: 

(5.63) 

3ToT pe3yJihTaT ,n;oITycKaeT ITpocToe HCTOJIKOBaHne. PaccMoTpHM, HaITpnMep, 

TeMITepaTypHoe ITOJie. CornacHo ITpnHumry ct>yphe, KOJinqecTBO TeITJia, TeKym;ero 

qepe3 aJieMeHT ITOBepxHOCTH d S, ITpoITopunoHaJihHO ITpOH3Be,n;eHHIO (du/ d n) d S , 
r.n;e du/ d n - ITpOH3BO.D;HaSI TeMITepaTyphI u ITO HaITpaBJieHHIO HopMaJIH K aJie

MeHTY d S. EcJin TeMITepaTypHoe IToJie He MeHSieTcSI c TeqeHneM BpeMeHn, To o6m:ee 

KOJIHqecTBO TeITJia, ITpoxo,n;Sim;ero qepe3 JII06y10 3aMKHYTYIO IIOBepXHOCTh, 3aKJIIO

qeHHYIO B rrpe,n;eJiax TeJia, paBHO HYJIIO. TaKHM o6pa30M, cooTHornemre (5.62) HJIH 

(5.63) ITpe,n;cTaBJISieT ycJIOBMe CTaUHOHapHOCTH ITOJISI. 

3aMeTHM, qTQ CBOHCTBO, Bhipa:>KeHHOe COOTHOIDeHHeM (5.62), ITpncym:e TOJlhKO 

rapMOHHqecKHM cpyHKUHSIM (CM. 3a,n;aqy 1 ). 
YcJIOBHe (5.63) He pacrrpocTpaHSieTcSI, o.n;HaKo, Ha BHeIDHIOIO 3a,n;aqy He:il:MaHa. 

l{e:il:CTBHTeJihHO, BBe,n;eM CHOBa o6JiaCTh V*' KOTopyIO Mhl paccMaTpHBaJIH ITpH BhIBO

.n;e cpopMyJihI l{npnxJie (5.60). IIpnMeHHB cpOPMYJIY (5.61) B o6JiacTH V*, rroJiyqHM 

JJdudS=-JJdudS. 
<JV dn :i: d n 

Kor.n;a pa.n;nyc ITOBepxHoCTH l: HeorpaHnqeHHO pacTeT, HHTerpaJI ITO l: MOX<eT 

He CTpeMHTbCSI K HYJIIO, TaK KaK H3 ,ZJ;OKa3aTeJihCTBa JieMMhI 0 IIOBe.n;eHHH rapMOHH

qecKOH cpyHKUHH Ha 6ecKOHeqHOCTH BhITeKaeT, qTo ITO,ZJ;hIHTerpaJihHOe Bhipa:>KeHHe 

MOX<eT y6hrnaTh JIHIIIh KaK 1 / r 2
, T. e. HHTerpaJI ITO l: MOX<eT He o6pam;aThCSI B HYJih 

c pocTOM ITOBepxHOCTH l:. CJie.n;oBaTeJibHO, cpopMyJia (5.62), a c Heil: H cpopMYJia 

(5.67), He ITepeHOCHTCSI Ha cpyHKUHH, rapMOHHqecKHe B 6ecKOHeqHo:il: o6JiaCTH. 

BcITOMHHB TOJIKOBaHne cpopMyJihI (5.61), BH.D;HM, qTo B paMKax aToro TOJI

KOBaHHSI B3aHMo,n;e:il:cTBHe Me:>K.n;y cpe.n;o:il: B 6ecKOHeqHOH o6JiaCTH H BHeIIIHHM 
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npocTpaHCTBOM cJie,Zl;yeT cq1ITaTh rrpoHCXOtJ;.SIII(HM He TOJibKO Ha rpaHHIJ;e 8' v 06-

JiaCTH, HO H B 6ecKOHeqHo yti;aJieHHOM TOqKe, BCJieti;CTBHe qero paBHOBeCHbIM 6aJiaHC 

Ha rpaHmi;e 8' V MO)l(eT He co6moti;aTbC.SI. 

S.S. npoCTeMWMe 3aAa'IM1 MOAenMpyeMble 
ypaBHeHMHMM renbMrOnb~a 

5.5.1. 3a.qa'fM, npMBOAfllltMe K ypaeHeHMIO 
renbMrOnb"-'a 
K ypaBHeHmo feJibMroJibUa 

L\ v(~P ~2' ~3) + k2v(~P ~2' ~3) = 0' (5.64) 

rti;e v(~p ~2' ~J - CKaJI.SipHa.SI cpyHKUH.SI, OilHCbIBaIOII(a.SI COOTBeTCTBYIOII(ee IIOJie 

B CHCTeMe KOopti;HHaT ~1' ~2' ~3 ; k - BOJIHOBOe qlfCJIO, CBOtJ;HTC.SI nrnpOKHM KJiacc 

3ati;aq, CB.SI3aHHbIX c ycTaHOBHBIIIHMHC.SI KOJie6aHH.SIMH (MexaHuqecKHMH, aKyCTHqe

CKHMH, 3JieKTpOMafHMTHbIMH HT. ti;.) M ti;Hcpcpy3HOHHbIMH rrpoueccaMH. 

Ycmauo8U8muecn 1eoJ1e6auun. PaccMoTpHM B Kaqecrne rrpHMepa MeM6paHy S, 
3aKpenJieHHYIO no rpaHHUe c M KOJie6JIIOII(YIOC.SI IIOA ti;eMCTBHeM nepHOti;MqecKHX BO 

BpeMeHH cHJI. CoorneTcTByromee ypaBHeHMe HMeeT BMA 

- 1 a2 u 
L\u = 2-2 - F0 (x,y)cos(rot). (5.65) 

a at 
IlpM H3yqeHHH rrepHOtJ;HqecKHX rrpoueccoB yti;o6Ho IlOJib30BaThC.SI KOMUJieKC-

HbIMH cpyHKUM.SIMH, 3aMeH.SI.SI (5.65) ypaBHeHHeM 

L\ . 1 a2 
it F ( ) ( . ) u= 2 --2 - 0 x,y exp ;rot . 

a at (5.66) 

<l>yHKUM.SI it .SIBJI.s:reTC.SI Bell(ecrneHHOM qacThIO cpyHKUMH u H3 (5.65). Ycrnno

BHBIIIHec.s:r KOJie6aHH.SI MO)l(HO HCKaTb B BHti;e 

u = v exp(j rot), 

me j=ri. 
):{JI.SI aMIIJIMTYtJ:bI ycTaHOBHBIIIHXC.SI KOJie6aHHM v noJiyqaeM 

L\ v + k2 
v = -Fo(x, y) ( k = ~), 

K KOTOpOMY Hati;O ,Zl;06aBHTb rpan:wrnoe ycJIOBHe 

v\c=O. 

(5.67) 

(5.68) 

(5.69) 

EcJIH KOHTYP MeM6paHbI C He 3aKperrJieH, a coBeprnaeT nepno~uqecKne KOJie6a

Hll.SI c TOM JKe qacTOTOM ro 

v\c= fo exp(j rot), (5.70') 
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TO )];JUI <l>YHKIIIUI v Ha KOHType c HMeeT MeCTO HeO)l;HOpOll;HOe rpaHHqHoe ycJIOBHe 

(5.70") 

KaK 6nrno yJKe OTMeqetto, 3a)J;aqH 06 ycTaHOBHBIIIHXrn Kone6anm1x xapaKTepHbI 

TaKJKe IJ;JI.H aKyCTHKH H TeopHH 3MII. KpoMe Toro, qacrn BcTpeqaIOTC.H 3a)J;aqH 06 

yCTaHOBHBIIIHXC.H KOJie6aHH.HX B HeO)l;HOpO)l;HOH cpe11:e, B qaCTHOCTH B Kycoqno

O)J;HOpOll;HOH cpe)J;e (KOf)J;a, HanpHMep, B npoCTpaHcTBe HMeIOTC5i OT)l;eJibHbie o6nac

TH, HapyrnaIOmHe O)J;HOpOll;JIOCTb ). K 3TOMY Kpyry BOilpOCOB OTHOC.HTC.H TaKJKe H 3a-

1J;aqH TeOpHM 1J;HcppaKI1HM. 

J{u<}><}>y3ua za3a npu naJ1u11.uu pacnaoa u npu 14ennt>ix pea1e14uax. IlpH ll:H<P

cpy3HH HeKOTOpbIX fa30B (HanpHMep, 3MaHaI1HH pall;H.H) npoHCXO)J;HT peaKIIH.H pac

Ila)J;a MOJieKyn 1J;Hcpcpytt11:npyIOII1ero raJa. CKopocTb peaKI1HH pacna)J;a ofa1qno npH

HHMaIOT nponop11HOHaJibHOH KOHI1eHTpa11HH ra3a. IlpH HaIIHCaHHH ypaBHeHH.H 

.n:ttcpcpy3MH 3TO 3KBMBaJieHTHO HaJIHqHIO oTpHn;aTeJibHhIX HCToqHHKOB ra3a. B cnyqae 

CTaIIHOHapttoro npo11ecca ll;Hcpcpy3HH (IJ;JI.H O)l;HOpOll;HOH cpell;bl) npHXO)J;.HT K ypaB

HeHHIO 

DA v + c v = 0 ( c < 0) , (S.71) 

rll;e D - Koacpcpn11HeHT 1J;Hcpcpy3HH. Han6onI>rno:H HHTepec npell;cTaBJI.HeT cnyqaii 

c > 0 ' COOTBeTCTBYIOIIIHH ll;Hcpcpy3HH npH HaJIHqHH 11enHbIX peaKIIHH, Be)J;yIIIHX 

K pa3MHOJKeHHIO 11:ncpcpyn1J;HPYIOII1HX qacTHII. B CTaI1HORapttoM cnyqae nonyqaeM 
npH 3TOM ypaBHeHHe 

Av+cv=O (c>O)), 

TaK KaK 11enHa.H peaKIIH.H 3KBHBaJieHTHa HaJIHqHIQ HCTOqHHKOB ll;HcpcpyH)l;HPYIOIIIero 

BemecTBa, rrponopI1HOHaJibHbIX KOHI1eHTpa11HH v(x, y, z). 

J{u<}><}>y3ua 6 OBU:JIC!fl"ieUCR cpeoe. PaccMoTpHM 3a)J;aqy o 1J;Hcpcpy3uu raJa B 3a-

1J;aHHOM CTaI1HOHapHOM IlOTOKe, CKOpOCTb KOToporo B TOqKe M(x,y,z) HMeeT KOM

IlOHeHTbI 1}1(x,y,z), 1}2(x,y,z), 1}3 (x,y,z). KonnqecTBO raJa, npOTeKaIOmero qepe3 

aneMeHTapttyIO nnomall;KY d CJ B ToqKe M(x, y, z), paBHO 

d Q = - D n grad u d CJ + u ~ n d CJ , 

f)J;e U(X, y, z) - KOHI1eHTpaI1H.H ra3a B e)J;HHHile o6neMa; n - e)l;HHHqHbIH BeKTOp, 

nopMaJibHbIH K ITJIOIIla)J;Ke d CJ; D - Koacpcpn11HeHT 11:ucpcpy3HH B rnqKe (x, y, z); 

~x,y,z) - BeKTOp CKOpOCTH ITOTOKa. 

CocTaBJI.H.H ypaBHettne coxpatteHH.H BemecTBa )J;JI.H tteKoToporo o6oeMa T c rpa

HHI1eii L , nonyqaeM: 

JJ[-Dngradu + u~n]dCJ = 0. 
:!: 

Ilpeo6pa3yeM IlOBepXHOCTHbIH HHTerpan B o6oeMHbIH, IlOJlb3Y.HCb cpopMyno:H 

OCTporpall;cKoro 

JJJ[div(D gradu)-div(u~)]d1 = O. 
T 
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0TCIOAa BhITeKaeT ypaBHeHMe AHcpcpy3MM B 3aAaHHOM IIOTOKe 

div(D grad u) - div ( u ~) = 0 

MJIM B CKami:pHOH cpopMe: 

~(Dau)+ ~(n au)+ ~(Dau)_ 
ax ox ay ay f)z oz 

a a a 
--(u'{}) --(u'{}) --(u'{}) = 0. 

ax 1 f)y 2 f)z 3 

(5.72) 

(5.73) 

K TaKOMY )Ke ypaBHeHMIO rrpHBOAMT 3aAa'Ia o pacrrpoCTpatteHMM TerrJia B ABM

)J(ymeii:rn cpeAe. 

IlpWH.ep iJu<P<PY3UU 6 06U:HCYUt,eUCR cpeiJe. IlycTb B IIOJiyrrpocTpaHCTBe Z ~ 0 
rrepeMeII1aeTc.si: B03AYIDHblH IIOTOK c IIOCTO.HHHOH CKOpOCTblO Uo ' ttarrpaBJieHHOH no 

octt x. C'!ttTa.si: Koacpcpm1MeHT AMcpcpy3MM rrocTo.si:HHhIM, rroJiyqaeM m (5.72) ypaBHe-

HMe 

au 
D/l.u-u0 -=0, 

ax 

.slBJI.HIOmeec.si: rrpoCTeHIDMM BapHaHTOM ypaBHeHM.sl fa30BOH aTaKM. 

IloJiara.si: 

u = vexp(µx), 

fAe v(x, y, z) - aMIIJIMTYAa CKOpOCTM ABM)J(yIIIeroc.si: IIOTOKa ra3a; µ - HeKOTopoe 

'IMCJIO, M BbI6Mpa.si: 3aTeM 

uo 
µ=2D' 

noJiyqMM AJI.si: cpyHKIIMM v(x, y, z) ypaBHeHMe 

av+cv=O, 
fAe 

u2 
C=--

0 <0. 
4D 

5.5.2. CBJ13b ypaeHeHMJI renbMrOnb'"'a 
c ypaeHeHMJIMM rMnep6onM1.1ecKoro 
H napa6onH1.1ecKoro TMnoe 
PaccMoTpHM ypaBHettMe 

(S.74) 
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IlpH a0 > 0, a1 > 0, a 2 > 0 OHO rrpe.n;cTaBJUieT TeJierpaqrnoe ypaBHeHHe. IlpH 

al = a2 = 0, llo > 0 OHO rrepexo.n;HT B BOJIHOBOe ypaBHeHHe (rJiaBa 3), rrpH 

ao = a2 = 0, al > 0 - B ypaBHeHHe TeIIJIOIIpOBO,Zl;HOCTH H .n:mt><l>Y3HH, rrpH 

ao = 0, a1 > 0, a2 :;r: 0 - B ypaBHeHHe .n;H<i><l>Y3HH ,Zl;JIH cpe.n;bI, B KOTOpoii rrpoHCXOMT 

XHMHqecKHe HJIH :u;errHbie peaKIJ;HH. 

PyKoBo.n;cTBYHCb MeTo.n;oM pa3.n;eJieHHH rrepeMeHHbIX, 6y.n;eM HCKaTh pemeHHH 

ypaBHeHHH ( 1 ), B BH.n;e 

w(x,t) = u(x)v(t), (5.75) 

r.n;e u(x) - <l>YHKIJ;HH TOJibKO rrpoCTpaHCTBeHHbIX KOOp,Zl;HHaT, a v(t) - <i>YHKIJ;HH 

TOJibKO BpeMeHH. IIo.n;cTaBHB BbipaJKeHHe (5.75) B ypaBHeHHe (5.74), noJiyqHM: 

1 1 ( a2 
v av ) - Liv = - a0 --2 + 2a1 - + a2 v . 

u v at at 

TaK KaK JieBaH qacTb 3TOro ypaBHeHHH He 3aBHCHT OT t, a npaBaH - OT KOop.n;H

HaT TOqKH X, TO ,Zl;OJIJKHO 6bITb 

Liu+ k2 u = 0, 

a2 v av 2 
a0 - 2 +2a1 -+(a2 +k )v=O, 

at at 

r.n;e k2 
- HeKoTopoe qHcJio. 

(5.76) 

(5.77) 

YpaBHeHHe aJIJIHIITHqecKoro THna (5.76) rrpe.n;cTaBJIHeT co6oii ypaBHeHHe feJibM

roJihIJ;a. KaK yJKe OTMeqaJIOCb, OHO HrpaeT BaJKHYIO pOJib B MaTeMaTHqecKOH <l>H3HKe 

BBH.n;y 6oJibillOro 3HaqeHHH rrpHBO,Zl;HIIJ;HX K HeMy npo6JieM (BOJIHOBbie rrpo:u;eccbI, 

TeIIJIOilpOBO,Zl;HOCTb, ,Zl;H<l><l>Y3HH H .n;p.). 

lfa <i>OPMYJibl (5.75) CJie.n;yeT, qTQ ypaBHeHHe feJibMI'OJibIJ;a Herrocpe.n;cTBeHHO 

orrpe.n;eJIHeT MeHHIOIIJ;YIOCH OT TOqKH K TOqKe HHTeHCHBHOCTb rrpou;eccoB, rrpoHCXO

MIIJ;HX BO Bcex ToqKax H3yqaeMOH o6JiaCTH ITO O,Zl;HOMY H TOMY JKe BpeMeHHOMY 3a

KOHy. B qacTHOM cnyqae, Kor.n;a <l>YHKIJ;HH v IIOCTOHHHa, OHO orrpe.n;eJIHeT CTall;HO

HapHoe COCTOHHHe. CyrrepII03HIJ;HeH pemeHHH BH,Zl;a (5.75) MOJKHO OXBaTHTb rrpaK

THqecKH JII06ble rrpocTpaHCTBeHHO-BpeMeHHbie 3aBHCHMOCTH. 

Bo3MOJKHOCTb rrocTpOHTb JI106y10 BpeMettttyro 3aBHCHMOCTb (y,a;oBJieTBop»romyro 

JIHillb HeKOTOpbIM o6IIJ;HM Tpe6oBaHHHM) rryTeM cyrrepII03HIJ;HH pemeHHH BH.n;a 

(5.75) coxpaHHTCH, eCJIH BMeCTO rrpoH3BOJibHbIX <l>YHKIJ;HH v(t) paccMaTµHBaTb 

TOJibKO <l>YHKIJ;HH, o6pa3yIOIIJ;He B COBOKYITHOCTH IIOJIHYIO CHCTeMy. IIoaToMy, 6e3 

orpanHqeHHH o6IIJ;HOCTH, BMeCTO IIO,Zl;CTaHOBKH (5.75) MOJKHO paccMaTpHBaTb rro.n;

CTaHOBKy, COOTBeTCTBYIOIIJ;YIO 'rapMOHHqecKHM KOJie6aHHHM c MeHHIOIIJ;eHCH OT TQq

KH K TQqKe aMIIJIHTy.n;oii H <t>a30H. B 3TOM CJiyqae, B CHJIY TeopeMbl <l>ypbe, rrpOM3-

BOJibHaH rrpocTpattCTBeHHO-BpeMeHHaH 3aBHCHMOCTb MOJKeT 6bITb noJiyqeHa nyTeM 

HaJIOJKeHHH KOJie6aHHH pa3HbIX qacTOT. 

fapMOHHqecKHe KOJie6aHHH y.n;o6Ho OIIHCbIBaTb c IIOMOIIJ;bIO KOMITJieKCHbIX 

<i>YHKIJ;HH BH.n;a 

u(x) exp(-jrot), (5.78) 
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llJill 

u(x) exp(jcot), (5.79) 

r;J,e ro - Kpyromm qacTOTa KOJie6attnii:, a u(x) - KOMIIJieKCH<UI ¢YHKIIHH KOOp;J,H

HaT rnqKn x. Bem:ecTBeHH<UI qacTb BhipaJKettnii: (5.78) n (5.79) orrpe;J,eJIHeT B KaJK

JJ,oii: TOqKe x OJ),HO ll TO JKe rapMOHnqecKoe KOJie6aHHe 

Re[u(x)exp(=t=jrot)] = lu(x)lcos(rot + 0) (5.80) 

C aMIIJIHTYJJ.OH lu(x)I ll ¢a30H 0, HBJIHIOID:eii:rn KOpHeM ypaBHeHHH 

. =t=Imu Reu 
sm0=---, cos0=--. 

u u 
CnMBOJihI Re H Im 03Haqa10T, qTo 6epeTCH cooTBeTCTBeHHO Bem:ecTBeHH<UI HJIH 

MHHM<UI qacTb CTOHm;eii: 3a HllMll <PYHKllllll. 3HaK MHHyc llJill IIJIIOC rrepe;J, Im ll B BbI

paJKeHHll JJ,JIH sin 0 BbI6HpaeTCH B 3aBHCllMOCTll OT Toro, llCIIOJih3YeTCH Jill BblpaJKe

Hlle (5.78) HJIH (5.79). IIOJJ.CTaBHB BbipaJKeHHe (5.78) B BbipaJKeHHe (5.74), IIOCJie 

COKpam:eHHH Ha MHOJKHTeJib exp(-jrot)' rrpn;J,eM K ypaBHeHHIO feJibMfOJibIIa (5.76) 
c napaMeTpOM k2 

' HMeIOm;HM, B o6m:eM CJiyqae, KOMITJieKcnoe 3HaqenHe: 

k2 = ro2 a0 -a2 +2a1 j. (5.81) 

IIpH rro;J,cTanoBKe BhipaJKeHHH (5.79) npHJJ.eM K ypaBHeHHIO feJibMroJibIIa, KOM

rrJieKcHo conpHJKeHHOMY ypaBHeHHIO, rroJiyqettHOMY rrpH no;J,cTanoBKe (5.78). Ero 

pemeHHH u* ( x) ll pemeHHH, IIOJiyqeHHbie B rrepBOM CJiyqae, 6yJJ.yT KOMIIJieKCIIO co

npHJKeHbl. 0JJ.HaKo Bem:ecTBeHH<UI ¢YHKIIHH Re u* (x) exp(jrot), HBJIHIOID:<UICH peme

HHeM ncxo;J,Horo ypaBHeHHH (5.74), B o6ottx cJiyq<Uix 6yJJ.eT OJJ.HOii: H rnii: JKe, no

CKOJihKY Bem:ecTBeHHbie qacTH KOMIIJieKCHO-COilpHJKeHHbIX qHceJI paBHbl. II03TOMY 

o6e IlOJJ,CTaHOBKH (5.78) H (5.79) 3KBHBaJieHTllhl, BCJie;J,CTBHe qero MOJKIIO IIOJib30-

BaThCH TOJibKO OJJ,IIOH H3 HllX. 

HapHJJ.Y c o;J,nopoJJ.HhIM ypaBHettneM (5.74) MOJKHO TaKJKe paccMaTpHBaTb neo;J,

ttopo;J,Hoe ypaBHettne feJihMroJibIIa: 

Liu+ k2 u = -p. (5.82) 

<l>yHKIIHll p MOJKHO rrpHIIHCaTb CMbICJI ITJIOTHOCTH pacrrpe;J,eJieHHH llCTOqHllKOB 

BOJIH. 

TeopHH ypaBHeHHH feJihMroJibIIa BO MnoroM ttarroMHHaeT TeopHIO o;J,nopo;J,noro 

H tteo;J,Hopo;J,noro ypaBHeHHii: JiarrJiaca. B qacTHOCTH, JJ.AA ypaBHennH feJibMroJihIIa 

TaKJKe xapaKTeptta rrocTaHOBKa rpaHHqHhIX 3a;J,aq: ,[{ttpHXJie, HeM:MaHa H cMemaH

HOM. 9TH 3a;J,aqn MoryT 6bITh BHemHHMH HJIH BHyTpeHHHMH. Cl>opMyJIHpOBKa BnyT

peHHHX 3a;J,aq COBITa;J,aeT c'JJ,aHHOH B pa3JJ,eJie 5.2, B ¢opMyJIHpOBKY BHeIDHllX 3a;J,aq 

OKa3hIBaeTCH Heo6xo;J,HMbIM BBeCTH JJ.OIIOJIHHTeJibHOe ycJIOBHe, OTHOCHm;eecH K IIO

Be;J,eHHIO pemeHHH B 6ecKotteqtto YJJ.aJiettnoii: rnqKe. 9rn ycJIOBHe paccMaTpHBaeTCH 

HHJKe npHMeHHTeJibHO K peryJIHpHhlM pemeHHHM rpaHnqnhIX 3a;J,aq. 

KpoMe rpaHHqnhIX 3a;J,aq, JJ,JIH ypaBHeHHH feJihMroJibIIa B03HHKaeT H coBepmeH

HO HOBbIH THIT 3a;J,aq Ha onpe;J,eJieHHe co6cTBeHHblX KOJie6attnii:. 
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KaK 6bIJIO IIOKa3aHO paHee, BC}JKOe ypaBHem1e 3JIJillIITMqecKoro TMIIa c IIOCTO}JHHhI

MM K03cpqmu;MeHTaMM MO)l(eT 6hITh rrpHBe,l(eHO K BM,l(Y 

Av+cv=O. (5.83) 

CBoii:crna perneHMa ypaBHeHMa (5.83) cymecrneHHO 3aB11caT OT 3HaKa Koa¢¢11-

u;11eHTa c, qTo cpH31fqecKM oqeBM,l(HO, eCJIM MMeTh B BM,l(Y ,l(Hcpcpy3MOHHYIO MHTeprrpe

TaIJ;MIO 3TOfO ypaBHeHMK 

OcTaHOBMMca Ha Borrpoce e,l(MHCTBeHHOCTM perneHMa rrepBoii: KpaeBoii: 3a)J;aq11 

ypaBHeHMa ( 5.83). )J:Jia ypaBHeHMa Av + c v = 0 rrp11 c < 0 MMeeT Mecrn rrp11Hu;11rr 

MaKCMMaJihHOfO 3HaqeHM}J B CJie,l(yIOmeii: cpopMe: pemeHue v(M) ypa6HeHUR 
Av + c v = 0 ( c < 0 ), orrpe,l(eJieHHoe BHYTPM HeKoTopo:ii: o6JiaCTM T c rpaH11u;eii: S, 
He MO)l(eT ,l(OCTMraTh BO BHyTpeHHMX ToqKaX o6JiaCTM T IIOJIO)l(MTeJihHhIX MaKCM

MaJihHhIX (11 OTp11u;aTeJihHhIX MMHMMaJihHhIX) 3HaqeHMH. 

B caMoM ,l(eJie, ,l(orrycTMM, qrn B HeKornpoii: rnqKe M0 , Jie)l(alIJ;e:ii: BttyTPM T, cpyttK

u;11a v( M) ,l(OCTMraeT rroJIO)l(MTeJihHoro MaKCMMaJihHoro 3HaqeHMa [ v( M 0 ) > 0] . Tor,l(a 

B ToqKe M 0 

a2 v < o a2 v < o a2 v < o 
a x2 - ' a y2 - ' a z2 -

11, cJie,l(oBaTeJihHO, Av ::::; 0 , qTo Haxo,l(MTCa B rrpoT11Bopeq1111 c 0Tp11u;aTeJihHOCThIO 

K03cpcp11u;11eHTa c M IIOJIO)l(MTeJihHOCThlO v(Mo). 
JI3 rrpMHIJ;MIIa MaKCMMaJihHOrO 3HaqeHM}J aBTOMaT11qecKM CJie,l(yeT e,l(MHCTBeH

HOCTh perneHM}J rrepBo:ii: KpaeBo:ii: 3a)J;aq11 ,l(JI}J ypaBHeHM}J (5.84). 
Mo)l(eT cymecTBOBaTh TOJihKO O,l(HO perneHMe ypaBHeHMa Av + c v = 0 ( c ::::; 0 ), 

orrpe,l(eJieHHoe 11 HerrpephIBHoe B 3aMKHyToii: o6JiacTM T + L , rrp11H11MaIOmee Ha 

rpaH11u;e L 3a,l(aHHhie 3HaqeHMa 

vll:=f · 

)J:eii:cTBMTeJihHO, ,l(OIIYCKM cymecTBOBaHMe ,l(Byx pa3JilfqHhIX perneHMH v, M V2 ' 

paccMaTpMBaa 11x pa3HOCTh v1 -v2 11 rrpoBo,n:a paccy)l(,l(eHMa crroco6oM, M3JIO)l(eH

HhIM BhIIIIe, rrpHXO,l(MM K rrpOTMBOpeq11IO c rrpHHIJ;MIIOM MaKCMMaJihHOro 3HaqeHMK 

EcJIM c = 0 , TO rroJiyqaeM rrepByIO KpaeByIO 3a)J;aqy ,l(Jia ypaBHeHMa JlarrJiaca, 

e,l(MHCTBeHHOCTh perneHM}J KOTOpoii: 6b1Jia ,l(OKa3aHa. 

5.5.4. noCTaHOBKa BHeWHMX KpaeBblX 3aAa'I 
A/IJI ypaeHeHMJI renbMrOnb'-'a 

B pa3,l(eJie 5.5.3 paccMoTpeHa rrpo6JieMa e,n:MHCTBeHHOCTM perneHMa BHyTpeHHMX 

rpaHMqHhIX 3a)J;aq ,l(Jia ypaBHeHMa feJihMfOJihu;a. CcpopMyJI11poBaHa aJihTepHaTMBa, 

corJiaCHO KOTOpoii: perneHM}J BHyTpeHHMX 3a,l(aq BCer,l(a e,l(MHCTBeHHhl c ToqHOCThIO 

,l(O CB060,l(HhIX KOJie6aHMH. 
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IIepeil:.ZJ;eM Terreph K paccMoTpemuo BHemHHX rpaHHqHhIX 3a.ZJ;aq. IImca:>KeM, qTo 

crrpaBe.ZJ;JIHBa CJie.ZJ;yIOrn<UI TeopeMa e.ZJ;HHCTBeHHOCTH: pellleHHe BHellIHHX 3a.ZJ;aq .l(H

pHXJie H Heil:MaHa .ZJ;Jia ypaBHeHHa feJihMfOJihu;a 

!J. u + k2 u = 0, k = k' + j k" 

B KJiacce peryJiapHhIX cPYHKIJ;HH, y.ZJ;OBJieTBOp51IOfilHX B 6eCKOHeqHOCTH ycJIOBHIO H3-

Jiyqemrn: 

lim eik''lr r ( 8 u - j k u] = 0, lim u = 0 
r--+oo a r r-+oo 

(5.84) 

e.ZJ;HHCTBeHHO. 

,l(Jia .ZJ;OKa3aTeJibCTBa TeopeMbI .ZJ;OCTaToqHo ITOKa3aTb, qTo pemeHH51 BHellIHHX O.ZJ;

HOpO.ZJ;HbIX 3a.ZJ;aq .l(HpHXJie H Heil:Matta, y.ZJ;oBJiernoparomHe B 6ecKoHeqttocTH ycJio

BHIO H3JiyqettHa, TO:>K.ZJ;eCTBeHHO paBHhI HYJIIO. 

IIycTb V - 6ecKotteqH<UI o6JiaCTb, B KoTopoil: mu;eTca pellleHHe rpaHHqttoil: 3a

.ZJ;aqH, 'S V - ee rpattHu;a, :E - c<PepHqecK<UI rroBepxttoCTb pa.D;Hyca r , co.ZJ;ep:>Karn<UI 

rroBepxttoCTh 'S V BHYTPH ce6a. 

PaccMoTpHM rroJIO:>KHTeJibHYIO cPOPMY 

r.ZJ;e c - CKOpOCTb CBeTa, a 

3aMeTHM, qTo cPYHKIJ;Ha v Y.ZJ:OBJieTBopaeT BOJIHOBOMY ypaBHeHHIO 

1 82 v 
!:iv= 2--2 · 

c 8t 

(5.85) 

(5.86) 

(5.87) 

,l(eil:cTBHTeJibHO, rrpHHaB BO BHHMaHHe, qTo cPYHKIJ;Ha u Y.ZJ:OBJiernopaeT ypaBHe

HHIO feJibMfOJihu;a, ITOJiyqHM: 

c~ :
2

t~ = Re(-k2 e-jckt u) = Re(e-jckt)!:iu = !J.Re(e-jckt)u =!:iv, 

qTQ H yrnep:>K.ZJ;aJIOCh. 

IIpo.ZJ:HcPcPepeHu;HpyeM ~ no t: 

8 ~ • 3 8 82v 1 8 v 82v -=E +2---2· 
8t Cl=! 8xa 8xa8t c 8t 8t 

Ilo.ZJ;CTaBHB B ITOCJie.ZJ;HHH qJieH rrpaBOH qaCTH Bblpa:>KeHHe .ZJ;Jl51 ( 1 I c
2

) ( 82 v I 8 t 2
) 

H3 ypaBHeHH51 (5.85), ITOCJie HeCJIO:>KHbIX rrpeo6pa30BaHHH rrpH.ZJ;eM K COOTHOllleHHIO: 

8~=t~8v 8v. 
8t Cl=! 8xa at axa 
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IlpHMeHHB Tenepb K {) 'fR / {) t B 06Jiacn1 V*, 3aKJIIoqeHHOH Me)KLJ;y noBepxHo

crnMH 'S V H I:, <t>opMyJiy OCTporpaLJ;cKoro, noJiyqHM 

~ JJJ'!RdV= JJr"dS+ JJrndS, 
{) t V' (}V l: 

(5.88) 

rLJ;e T" - HOpMaJibHM K rpattm:i;aM 'S V H I: KOMnoHeHTa BeKTopa T, HMeIOm;ero 

CBOHMH KOMnOHeHTaMH no OC51M BeJI:HqHHbI 

T = {) v {) v ( i = 1, 2, 3) . 
I {) t {) X; 

lfa Bbipa)KeHHH )l;JI51 T; 5ICHO, qTQ 

T=&vdv_ 
" &tdn 

Bbipa3HM Tenepb v qepe3 u c noMOIIJ;bIO cooTHOIIIeHH51 (5.86). BBeM o6o3HaqeHH51 

k = k' + j k", u = u' + ju" , (5.89) 

f)l;e k', k", u', u" COOTBeTCTBeHHO Bem;ecTBeHHM H MHHMM qacTH k H u' 3anHIIIeM 

COOTHOIIIeHHe (5.86) B <t>opMe 

v = eck'\u' cos ck' t + u" sin ck' t), (5.90) 

OTKyLJ;a 

T = &v dv =ce2ck"i(du' cosck't+ du" sinck't)x 
"-&tdn dn dn 

x[(k" u' + k' u")cosck' t + (k" u" -k' u')sinck' t]. (5.91) 

B CHJIY JII06oro H3 rpaHHqHbIX ycJIOBHH u = 0 HJIH (du/ d n) = 0 , KOrLJ;a 

x E 'S v ; Ha noBepXHOCTH 'S v Tn = 0' TaK qTQ HHTerpaJI no 'S v B <t>opMyJie ( 5.88) 
paBeH HYJIIO. 

)lJI51 oueHKH HHTerpaJia no L BOCnOJib3yeMC51 ycJIOBHeM H3JiyqeHH51 (5.84) 
H oueHKOH 

ik''lr ( 1) npH r --+ oo u = e o -;. , (5.92) 

KOTOpbie npH o603HaqeHH51X (5.93) npet!;CTaBHM B BH)l;e: 

I -lk"lr ( 1 ) II -lk"lr ( 1 ) u=e o-,u =e o-; 
r r 

- {) u = k" u' + k' u" + o _e - ; I [ -lk"lr l 
&r r 

_ &u = k"u" -k'u' +o _e_ . II ' [ -lk"lr l 
&r r 
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CHMBOJI o ( ~) 3JJ;ech 03HaqaeT coBoKynHoCTh qJieHoB 6oJiee BhICOKoro nopaJJ;Ka 

MaJIOCTH, qeM ~- IloJJ;CTaBHB 3TH OIIeHKH B <PopMyJiy (5.91) H npHH}IB BO BHHMaHHe, 

d a 
qTo Ha I: - = - ' noJiyqHM 

dn or 

l [ -2jk"jr ]) 
Tn = -ce2ck"t x [(k" u' + k' u")cosck' t + (k" u" -k' u')sinck' t] + 0 T , 

OTKyJJ;a }{CHO, qTo 

lim[~ JJJ RdV = -ce2ck"t] x .!.x 
HOO at V n 

x !~1!!JJ[<k" u' + k' u")cosc k' t + (k" u" - k' u')sinck' tJ2 d S. (5.93) 
:E 

EcJIH k" 7' 0, TO noJJ;hIHTerpaJihHOe BhipaJKeHHe HHTerpaJia no I: npeJJ;cTaBJiaeT 

6ecKOHeqHo MaJiyro BeJIHqHHY no cpaBHeHHIO c ( 1 / r2
) • 

IIoaToMy JJ;aHHhIM HHTerpaJI npH r--+ oo cTpeMHTca K HYJIIO, BCJieJJ;CTBHe qero 

~ JJJRdV = 0, JJJRdV = const. at v v 
(5.94) 

IloJJ;cTaBHB CIOJJ;a BhipaJKeHHe (5.85) JJ;Jia R, npHHaB BO BHHMaHHe <PopMyJiy 

(5.90) H noJIOJKHB Oi'J:HH pa3 t = 0' a B 11:pyroH: pa3 t = t' npH/];eM K BhIBO/l:y, qTQ 
B CHJIY OTHOIIIeHHM ( 5.91) npH BCeX t /];OJI/KHO co6JIIOJJ;aThC}I paBeHCTBO 

If I~[:;~ r + c2
(k" u' + k' u")

2 
dV = 

=e2ck"1 cosck'tJJJ t[ou')2 +c2(k"u' +k'u")2 
v a=1 axa 

dV+ 

3 (8u")2 

+e2ck"t cos ck' t JJJ L -- + c2
(k" u" + k' u')

2 

v a=1 [) xa 
dV+ 

,, f'fJ [ 3 
au' au" +2e2ck 1 

cos ck' tsinck' t J. .Z::::----+ 
V a=I OXa OXa 

+c
2
(k" u' + k' u")(k" u" - k' u')] d V, 

B03MOJKHOe TOJlhKO B TOM CJiyqae, eCJIH Bee BXOJJ;aIIIHe CIOJJ;a HHTerpaJibI paBHhI Hy

JIIO. TaK KaK nO/];hIHTerpaJibHhle BbipaJKeHH}I HHTerpaJIOB, }IBJl}IIOIIIHXCa K03<l><l>HIIH

eHTaMH npH cos ck' t H sin ck' t' HeOTPHIIaTeJibHhI, TO B o6JiaCTH v k" u' + 
+ k' u" = 0, k" u" - k' u' = 0' OTKyJJ;a CJie11:yeT, qTo B 3TOM o6JiaCTH u' = u" = 0 
H u = 0 . TaKHM o6pa3oM, JJ;Jia k" 7' 0 TeopeMa /l:OKa3aHa. 
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EcJm JKe k" = 0' TO M3 COOTHOmeHMH (5.85) M (5.90) CJie,nyeT, qTQ J J JR d v 
v 

nepMO,ZJ;MqecKllil cpyHKUMSI BpeMeHM M, 3HaqMT, ee npOM3BO,Zl;Hllil no t HeorpaHlfqeH

HOe qlfCJIO pa3 MeHSleT 3HaK. Ho npaBaSI qacn. COOTHomeHMSI (5.93) MMeeT onpe.n;e

JieHHbIH 3HaK. Ilo3TOMY co6JIIo,ZJ;eHMe COOTHOmemrn (5.93) B03MOJKHO TOJibKO B TOM 

cJiyqae, ecJIM o6e ero qacTM paBHhI Hymo, oTKy,na 

!~re,JJ (u" cosc k' t + u' sin ck' t)2d S = 0 
~ 

M, CJie,ZJ;OBaTeJihHO, 

0TCIO,ZJ;a, B CMJIY OCHOBHOH JieMMbl TeopMM ypaBHeHMSI feJihMfOJibUa, CJie,nyeT, 

qTo B o6JiacTM V u = 0. TeM caMhIM TeopeMa ,noKa3aHa noJIHOCThIO. 

MoJKHO BM,ZJ;eTb, 'ITO ,ZJ;OKa3aTeJibCTBO TeopeMbl MOJKeT 6hITb npoBe,neHO AO KOHUa 

M B TOM cJiyqae, ecJIM npM k" 7: 0 YCJIOBMe M3JiyqeHMSI 6paTh He B cpopMe (5.84), 
a B cpopMe: 

lim u = 0, k" > 0 , 
r~oo 

TaK KaK o6pameHMe MHTerpana J J Tnd S B HYJih npM r -+ oo o6ecnetIMBaeTC.s:I 3Kc

~ 

noHeHUMaJihHbIM y6bIBaHMeM cpyHKUMH u' M u" . 

5.5.5. MeTOAbl peweHl.UI ypaeHeHMM renbMrOnb ... a 
06114ue C6eOeHUR. CyiuecTByeT 6oJibIDOe 'IMCJIO MeTO,ZJ;OB, c nOMOJUbIO KOTOpbIX MO

ryT 6bITb pa3pemeHbl KpaeBbie 3a,ZJ;a'IM, onMChIBaeMbie c noMOJUbIO ,Zl;McpcpepeHUMaJib

HbIX ypaBHeHMH feJihMrOJibUa. I-fa HaM6oJiee McnoJih3yeMhIX, c ueJihIO noJiyqeHMSI 

3cpcpeKTMBHblX pemeHMH, MO/KHO peKOMeH,ZJ;OBaTh: MeTO,Zl;bl TeopMM noTeHUMaJia; Me

TO,Zl;bl pa3JIOJKeHM.sI no co6CTBeHHbIM cpyHKUMSIM; MeTO,Zl;bl pa3,neJieHM.sI nepeMeHHbIX; 

MeTO,Zl;bl MHTerpaJibHbIX npeo6pa30BaHMH M MeTO,ZI; KOHcpopMHbIX OT06pa:>KeHMH. 

IlpaKTM'IeCKM 3TO Te JKe MeTO,ZJ;bl, KOTOpbie 3cpcpeKTMBHO MCnOJih3YIOTCSI npM peme

HMM 3a,naq JlanJiaca M IlyaccoHa M MOryT 6bITb peKOMeH,ZJ;OBaHhl npM pemeHMM BCex 

BM,ZJ;OB 3JIJIMnTMqecKMX ypaBHeHMH. ,ll,JI.sI JKeJiaIOIUMX no.n;po6Ho no3HaKOMMTbC.sI 

c 3cpcpeKTMBHbIMM MeTO,ZJ;aMM pemeHM.sI 3JIJIMnTM'IeCKMX ypaBHeHMH MO/KHO peKO

MeH,ZJ;OBaTb pa3,neJI 5.4.1 HacTO.s1mero noco6M.s1 M [ 5.17]. 
HaM6oJiee pacnpocTpaHeHHhIM MeTo,noM pemeHM.sI ypaBHeHMH feJihMrOJibUa B aHa 

JIMTMqeCKMX o6JiaCT.sIX MO/KHO C'IMTaTb MeTO,ZI; pa3,ZJ;eJieHM.sI nepeMeHHbIX, 0 KOTOpOM 

Mbl 6y,neM fOBOpMTb HMJKe. 

Memoo pa3oeJleHUR nepe.MeHHWX. I1cnoJih3Y.sI no.n;xo.n; pa3,neJia 5.4.2, nocTpOMM 

pemeHM.sI ypaBHeHMSI feJihMfOJihUa c pa3,ZJ;eJieHHbIMM nepeMeHHbIMM B KOHKpeTHblX 

CMCTeMax KOOp,Zl;MHaT. 
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HpRMoywJlbHble Koopounambl (x, y, z). YpaBHem1e feJII>MfOJII>u;a B AeKaprn
BhlX KoopmrnaTax 

82u 82u 82u 
Au+ k2u = - + - +-+ k2u = 0 

8x2 8y2 8z2 (S.9S) 

HMeeT perneHHe c pa3AeJieHHhlMH nepeMeHHhlMH BMAa (S.33). BI>IAeJIHM cneu;HaJII>-
Hoe perneHHe B AeKapTOBI>IX KoopAHHaTax 

u(±)(x,y,z;A.,~,k) = exp(±az + iA.x + i~y)' (S.96) 

B KOTopoe BXOAHT ITJIOCKHe BOJIHOBI>Ie cpyHKUHH; a = ~A. 2 + ~2 
- k2 

; 0, Sn > arg a ;::: 
;::: -0, Sn ; A.,~ - npoH3BOJII>HI>Ie KOMITJieKCHI>Ie nocTOHHH1>1e pa3AeJieHHH. 

/{UJ1unopu11ecKue Koopounambl (p,z,q>). YpaBHeHHe feJII>MrOJII>u;a B IJ;HJIHHA
pH'lecKHX KOOPAHHaTax HMeeT perneHHH c pa3AeJieHHI>IMH nepeMeHHI>IMH BHAa 
(5.36), KOTOpoe COAep)KHT cneu;HaJil>Hl>Ie perneHHH: 

u~l(p,z,q>;A.,k) = /m(vp)exp(iA.z + imq>); 

-(2) - . . 
Um (p, z, q>;A.,k) = Km(vp) exp(tA.z + tmq>); 

v<±2l (p, z, q>; A., k) = ] m (A.p) exp( =t=iA.z + imq>) , 

rAe m=0,±1, ... ;-oo<A.<oo; v=,/A.2 -k2
; O,Sn>argv;:::-0,Sn. 

(S.97) 

(S.98) 

(S.99) 

PerneHHH (S.97) II (S.99) peryJIHpHbl B JII06oii KOHe'IHOH o6JiaCTll npocTpaHCTBa, 
perneHHH (5.98) HMeIOT oco6eHHOCTb Ha OCH Oz II YAOBJieTBopHIOT ycJIOBHIO B 6ec
KOHe'IHOCTll. 

Ct/Jepu11eCKue Koopounambl (r, 0, q>). YpaBHeHHe feJII>MrOJII>u;a B ccpepH'lecKHX 
KoopAHHaTax HMeeT perneHHe c pa3AeJieHHI>IMH nepeMeHHI>IMH BHAa (S.41). B AaJII>
HeiirneM 6yAeM lICITOJlb30BaTb cneu;HaJil>Hl>Ie ccpepll'leCKHe pemeHHH: 

U~(r,0,q>) = jn(kr)Pnm(cos0)exp(imq>); 

U~(r,0,q>) = h~1)(kr)Pnm(cos0)exp(imq>), 
n=0,1, ... ; m=0,±1, ... ,±n. 

(S.100) 

(S.101) 

PerneHHH (S.100) peryJIHpHI>I B JII06oii KOHe'IHOH o6JiaCTH npocTpaHCTBa, perne
HHH ( S.101) YAOBJiernopHIOT ycJioBHIO B 6ecKoHe'IHOCTH. 

Koopounambl Bbl11umymow ctjJepouoa (~.Tt.q>). YpaBHeHHe feJII>MroJII>u;a B KO
opAirnaTax BI>IT»HyToro ccpepoHAa HMeeT perneHHH c pa3AeJieHHhlMH nepeMeHHI>IMH 
BMAa (S.46). PaccMoTpHM perneHHH c pa3AeJieHHI>IMH nepeMeHHI>IMH cneu;HaJII>Horo 
BHAa [S.6]: 

U!:,!(~, ~,q>;/) = l?i~.n(f,~)S~(f, Tt)exp(imq>); 

U!:,!(~.Tt.q>;/) = Ri~in<f,~)S~(/,Tt)exp(imq>), 
J =ck; n = 0,1, ... ; m = 0,±1, ... ,±n. 

(S.102) 

(S.103) 

PerneHHH (S.102) peryJI»pH1>1 B JII06oii KoHe'IHOH o6JiaCTH npocTpaHCTBa, perne
HH.H (S.103) YAOBJiernop»IOT ycJIOBHIO B 6ecKOHe'IHOCTH. 
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KoopiJuuambt cnJt10cuymow c<J>epouiJa (~, T\, <p) . L{Jrn: Koop,u1rnaT crnuocHyrnro 
ccpepo:ima paCCMOTpHM pemeHHH c paa,ueJieHHhIMH rrepeMeHHhIMH BH,ll;a B CIIJIIOCHy

ThIX ccpepOH,UaJihHhIX KOOp,UHHaTax H BbJAeJIHM rapMOHH'!eCKHe cpyHK~HH BH,Ua [5.6]: 

U~(~,T\,<p;/) = ~~/./-if,i~)S~(-i/,T\)exp(im<p); 

U~(~,T\,<p;/) = ~~.(-i/,i~)s!~!.(-i/,T\)exp(im<p), 

r.ue n=0,1, ... ; m=0,±1, ... ,±n. 

KoHTponbHble eonpocb1 K rnaee 5 

(5.104) 

(5.105) 

5.1. KaKHe ,n:HcpcpepeH~HaJihHhie ypaBHeHHH B qacTHhIX rrpoH3BO.UHhIX Ha3hIBaIOTCH 
ypaBHeHHHMH aJIJIHIITH'leCKoro THIIa? 

5.2. KaKHe rrpocTelimHe cpH3H'lecKHe 3Ma'IH MO:>KHO orrHcaTh ypaBHeHHHMH aJIJIHII
TH'lecKoro THrra? 

5.3. KaKHe rpaHH'IHhie ycJIOBHH HCIIOJih3YIOTCH rrpH rrocTaHOBKe KpaeBhIX 3Ma'I, 
OIIHChIBaeMbIX aJIJIHIITH'leCKHMH ypaBHeHHHMH? 

5.4. KaKHe Ha'laJihHbie ycJIOBHH HCIIOJih3YIOTCH rrpH IIOCTaHOBKe KpaeBbIX 3Ma'I, 
OIIHChIBaeMbIX aJIJIHIITH'leCKHMH ypaBHeHHHMH? 

5.5. KaKHM o6pa30M ,UOKa3hIBaeTCH e,UHHCTBeHHOCTh pemeHHH KpaeBOH 3Ma'IH c aJI
JIHIITH'leCKHMH ypaBHeHHHMH? 

5.6. KaKHe MeTO.UhI HCIIOJih3YIOTCH rrpH pemeHHH KpaeBhIX 3aAa'I c aJIJIHIITH'!e
CKHMH ypaBHeHHHMH? 

5.7. IloKa:>KHTe rrpHMeHeHHe TeopeMhI OCTporpaACKoro-faycca rrpH pemeHHH Kpa
eBhIX 3Ma'I c aJIJIHIITH'leCKHMH ypaBHeHHHMH. 

5.8. IloKa:>KHTe rrpHMeHeHHe TeopeMhI CToKca rrpH pemeHHH KpaeBhIX 3Ma'I c aJIJIHII
TH'leCKHMH ypaBHeHHHMH. 

5.9. IlpHBe,UHTe rrpHMep pemeHHH KpaeBOH 3aAa'IH c aJIJIHIITH'leCKHMH ypaBHe
HHHMH MeTO,UOM paa,ueJieHHH rrepeMeHHhIX. 
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3neKTpM'leCKMe ... enM 
c pacnpeAeneHHblMM napaMeTpaMM 

6.1. YCTaHOBMBWMeCS1 npo1.1ecCbl B 1.1enswx 
c pacnpe~eneHHblMM napaMeTpaMM 

6.1.1. YpaeHeHHJI OAHOPOAHOM nHHHH 

ITpH paCCMOTpeHHH 3JieKTpOMarnHTHbIX nponeccoB, npOHCX011.51II.(HX B JIHHH.SIX, CJiy

)Kalll;HX ,1.J;Jl.SI nepe.n;a'IH 3Hepnm, a TaK)Ke B TeJierpa<}:>HbIX ll TeJie<):>oHHbIX JIHHH.SIX, 

Heo6xo.n;nMo HMeTb B BMy, 'ITO MarnnTHoe 11 aJieKTpM'!ecKoe IIOJI.SI (MIT 11 3IT), 

CB.SI3aHHbie c Hl1Mll, pacrrpe.n;eJieHbI B.l.J;OJib BCeH JIHHHH H 'ITO rrpeBpall(eHHe 3JleK

TpOMarHHTHOH aHepnm B TerrJio TaK)Ke rrp0Hcxo.n;11T B.l.l;OJib BceH: JIHHHH. Ta1<0ro po-

11.a 3JieKTPH'leCKHe nenH, B OTJIM'!He OT uerreH: c cocpe.n;OTO'leHHbIMH rrapaMeTpaMH, 

Ha3hIBaIOT nen.SIMH c pacnpeiJeJ1eHHbl.M.U napa.M.empa.Mu. 
lfayqa.SI JIHHHH, Heo6xo.n;HMO y'!HTbIBaTb KaK conpOTHBJieHHe rrpOBOl1.0B JIHHHH, 

TaK H TO 06cTo.SITeJibCTBO, 'ITO c HHMH cB.SI3aHo MIT 11 'ITO, cJie.n;oBaTeJihHO, JIHHM.SI 

o6Jia.n;aeT HH11.YKTHBHOCTbIO. KpoMe Toro, Heo6xo.n;HMO HMeTb B BH.n;y, 'ITO Me)K.n;y 

rrpOBO)J.aMH JIHHHH cym;ecTByeT 3IT H 'ITO, cJie.n;oBaTeJibHO, npoBo.n;a JIHHllll 06.Jia.n;a

IOT eMKOCTbIO 11.pyr OTHOCHTeJibHO 11.pyra. CJie11.yeT TaK)Ke npHH.SITb BO BHHMaHHe, 

'ITO BCJie,1.J;CTBHe HeCOBeprneHCTBa H30JI.Sll(HH rrpoBO.l.l;HMOCTb Me)K.n;y npoBo.n;aMH JIH

HHH, Boo6m;e roBop.SI, He paBHa HYJIIO. 

PaccMoTpHM 011.Hopo11.Hy10 JIHHHIO, T. e. JIHHHIO, corrpoTHBJieHHe H HH11.YKTHB

HOCTb KOTopoH:, a TaK)Ke npOB011.HMOCTb H eMKOCTb Me)Kl1.y npoBo.n;aMH paBHOMepHO 

pacrrpe.n;eJieHbI B.l.J;OJib ee 11.JIHHbl. 06o3Ha'IHM corrpoTHBJieHHe H HH11.YKTHBHOCTb Ha 

e.n;Httnny .n;JIHHhI .n;ByxnpoBo.n;ttoH: JIHHHH qepe3 r 11 L , a rrpoB011.HMOCTb H eMKOCTb 

Ha e.n;11tt11ny 11.JIHHbI JIMHHH qepe3 g H C. B 11.a.JibtteH:rneM rrpe.n;noJIO)KHM, 'ITO rrapa

MeTpbI JIHHHH r , g , L , C nocTo.SIHHbI. 

Harrp.SI)KeHHe Me)K.n;y rrpoBo.n;aMH H TOK B npoBo.n;ax JIHHHH B Ka)KtJ;bIH MOMeHT 

BpeMeHH pa3JIH'IHbI B pa3JIH'IHbIX TO'!Kax JIHHHH H .SIBJI.SIIOTC.SI II03TOMY <):>yHKI.(H.SIMH 

11.BYX He3aBHCHMbIX rrepeMeHHbIX - BpeMeHH t H paccTO.SIHH.SI x OT TO'IKH JIHHHH, 

BbI6paHHOH 3a Ha'laJIO. 

ITycTb B HeKOTOpbIH MOMeHT BpeMeHH HaIIp.SI)KeHHe H TOK Ha paCCTO.SIHHH x OT 

Ha'laJia paBHbI COOTBeTCTBeHHO u H i (pHC. 6.1). Tor.n;a B TOT )Ke MOMeHT BpeMeHH 
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HaIIp5DKeHFie H TOK Ha paCCTOSIHHH x + x dx OT Haqa.7.1a 6yti;yT 
OU 

u+-dx ox 
. oidx p dx H l + - . accMaTpHBaSI yqaCTOK JIHHHH MHHOIO ' MbI BHi'(HM, 'ITO IIai'J;eHHe ox 

HaIIpSIJKeHHSI Ha 3TOM yqacTKe AOJDKHO HMeTh ti;Be COCTaBJISIIOII(He: rid x ' npeoti;oJie-

Oi 
Ba10my10 corrpoTnBJiemrn 3TOro yqacTKa, n L dx-, ypaBHOBennrnaroll(yro 3.llC caot 
MOHHAJKQHH, B03HHKaIOIIJYIO Ha 3TOM yqacTKe, TO eCTb 

HJIH 

u-(u+ ou dx)=rdxi+Ldx 0i ox 8t 

x 

8u . 8i 
--=ri+L-. 

8x 8t 

u 

' 1 .. 
dx • .. 1 

i + ai dx ox 

u + audx ax 

Puc. 6.1. <l>11311qeCK<UI M0,1\eJih 0.1\HOp0.1\HOH .1\JIHHHOH JIHHHH 

(6.1) 

Pa3HOCTb TOKOB B HaqaJie H B KOHI~e yqacTKa dx Bbl3bIBaeTCSI TeM, 'ITO Ha 3TOM 

yqaCTKe OT npoBoti;a K npoBOAJ OTBeTBJISIIOTCSI TOK npoBOAHMOCTH g dx H TOK CMe-

fJu 
II(eHHSI C dx- , TO eCTb ot 

HJIH 

i -(i + Oi dx) = g dxu + C dx f)u ax 8t 

oi . ou 
--t=gu+C-. ox ot (6.2) 

YpaBHeHHH (6.1) n (6.2) B qacTHbIX npoH3Bo,n:HhIX H SIBJISIIOTCH ypaBttemrnMH 

oti;Hopoti;Hoii: JIHHHH. Ottn ti;aroT B03MO)KHOCTb no 3ai'J;aHHbIM HalfaJibHbIM n rpaHHlf

HbIM ycJIOBHSI:M HaHTH Harrp.R:)KeHHe H TOK B JIHHHH KaK 4>YHKQHH x H t. 
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B o6meM eJiyqae .n.m1 n - npoBOlJ.HOH JIHHHH, paenoJioJI<eHHOH B B03Ayxe Ha.n. 

IlOBepxHoeThIO 3eMJIH, ,ll.JI.H KaJK.n.oro ll3 npOBO,lJ.OB Heo6xo,ll.HMO B nepBOM ypaBHemrn 

Y'lllThIBaTh TaKJI<e 3.ll.C B3aHMOHHAYKUHH OT TOKOB, npoTeKaIOIUHX B eoee,ll.HHX npo

BO,ll.ax, a BO BTOpOM ypaBHeHHH yqHThIBaTh TaK:>Ke TOK eMeIUeHH.H Me)l(.n.y paeeMaT

pHBaeMhIM npOBO,lJ.OM ll BeeMH coee,ll.HHMH npoBO,lJ.aMH. IlpH 3TOM IIOJiyqaeM eueTe

MY us 2 n ypaBHeHHH (rnK Ha3hIBaeMhIX «TeJierpacpHhIX ypaBHeHu:H~ ): 

_ auk _ . L aik ~ M aim . 
ax - 1k lk + k at + ~ km at , (6.3) 

aik . - c auk ~c a(uk - um) 
---z - gkuk + --+ L... km ' 

ax at m=1 at 
(6.4) 

r.n.e k = 1, 2, ... , n - HOMep rrpoBo.n.a; rk,Lk,gk,Ck - eo6erneHHhie rrapaMeTphI k-ro 
rrpOBO,lJ.a Ha e.n.uHHUY ,lJ.JIHHhl e yqeTOM BJIH.HHH.H 3eMJIH; Mkm ll ckm - B3aHMHa.H 

HHAYKTHBHOeTh H eMKOeTh MeJK.n.y k-M H m-M rrpoBO,lJ.aMH Ha e,ll.HHHUY ,lJ.JIHHhl JIHHHH 

e yqeTOM BJIH.HHH.H 3eMJIH. 

YpaBHeHH.H (6.3) II (6.4) npe.n.CTaBJI.HIOT eo6o:H rurrep6oJIHqeeKue ypaBHeHH.H, 

KOTOpbie npu pemeHmJX B eTaUIIOHapHhIX II KBa3HeTaUHOHapHhIX peJI<uMaX pa6oThl 

0,lJ.HOpO,ll.HOH JIIIHHII rrepexo,ll..HT B 3JIJIHITTHqeeKIIe ypaBHeHII.H, rrpu paeeMOTpeHHH 

rrepeXO,lJ.HhlX rrpoueeeoB - B BOJIHOBhie ypaBHeHH.H. 

HIIJI<e 6y.n.yT paeeMoTpeHhI pa3JIHqHhie pe)l(HMhI pa6oThI AByxrrpoBOlJ.HOH o.n.Ho

po.n.Ho:H JIIIHHII II MeTOlJ.hl pememrn . .l1,aHHhie pemeHII.H rrpe.n.eTaBJI.HIOT onpe.n.eJieH

HhIH IIHTepee He TOJihKO IlOTOMy, qTo 3TO HaH6oJiee rrpoeTOH eJiyqa:H, II03BOJI.HIOIUHH 

yeTaHOBHTh oeHOBHhie oeo6eHHOeTH rrpoueeeoB B uerr.Hx e paerrpe.n.eJieHHhIMH rrapa

MeTpaMH, HO TaK)l(e II IIOTOMy, qTo BO MHOrHx e.rryqa.HX Tpexcpa3Ha.H JIHHH.H, rrpe.n.

eTaBJI.HIOIUa.H oeHOBHYIO rrepe.n.aqy 3JieKTpoaHepruII B 33C, MOJI<eT 6bITh 3aMeHeHa 

3KBHBaJieHTHOH e:H O,ll.HOcpa3HOH AByxrrpOBO,ll.HOH JIHHHeH. 3TO MO)l(HO e.n.eJiaTh rrpu 

eMHyeOH,lJ.aJihHOM npoueeee, eeJIH Bee npOBO,lJ.a HaXO,lJ..HTe.H B O,lJ.HHaKOBhIX yeJIOBH.HX, 

T. e. eeJIII oeyrueeTBJieHa TpaHeII03IIUII.H rrpOBO,ll.OB - noeJie,lJ.OBaTeJihHa.H rrepeern

HOBKa HX MeCTaMH, II eeJIII IlOJIHhIH UHKJI TpaHeII03IIUHH 3HaqnTeJibHO MeHhme 

,lJ.JIHHhl BOJIHhl TOKa H Hanp.HJI<eHII.H B JIHHIIH. Ilpn 3TOM ,ll.JI.H eIIMMeTpHqHhIX 

Tpexcpa3HhIX Hanp.H)l(eHHH rrp.HMOH II o6paTHOH rroeJie,lJ.OBaTeJihHOeTeH TOKII B 

rrpoBo,lJ.ax TaK)l(e 06pasy10T eHMMeTpIIqHhie eIIeTeMhl eOOTBeTeTBeHHO rrp.HMOH H 

o6paTHOH noeJie,lJ.oBaTeJihHOeTeli. B 3TOM eJiyqae .n.oeTaToqtto paeeMaTpHBaTh 

rrpoueee B O,ll.HOH cpase, 3aMeH.H.H TpexcpasttyIO JIHHHIO 3KBHBaJieHTHOH e:H 

o.n.HocpasHo:H .n.ByxrrpoBo.D;HOH JIHHIIe:H. .l1,JI.H Harrp.HJKettuii u TOKOB ttyJieBo:H 

rroeJie,D;OBaTeJihHOeTH TpexrrpoBO,D;HyIO Tpexcpa3HYIO JIHHIIIO TaK)l(e MOJKHO 3aMeHHTh 

3KBHBaJieHTHOH ,lJ.ByxnpOBO,D;HOH, npuqeM o6paTHhIM rrpoBO,lJ.OM B 3TOM eJiyqae 

.HBJI.HeTe.H rrpoBo,n;, 3KBHB(lJieHTHhIH seMJie npH Tpexcpa3HOH JIHHHH. 

6.1.2. PeweHHe ypaeHeHHM OAHOPOAHOM nHHHH 
npM ycraHOBMBWeMCJI CMHyCOMAanbHOM pe>KHMe 

K saJKHMaM AByxrrpoBOAHOH JIHHIIH npuJIOJKeHo eIIHyeoII,lJ.aJihHoe Hanp.HJKeHue 

e yrnoBOH qaeTOTOH OJ. II pH yeTaHOBflBilleMC5I peiKHMe Bee TOKH H HaIIp.HiKeHH.H 
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B JIHHm1 6y,n:yT TaK)Ke c1rnycow,n:a.rrhHhIMH cpyHKIIH»MH BpeMeHH TOH )Ke qacToThI. 

~e~xo.n:» K H3o6p~)KeHHIO CHHYCOli)J;aJlhHhIX Hanp.H)KeHHH li TOKOB KOMIIJieKcaMH 
u .../2 exp(j rot) H I Ji exp(j rot) - KOMIIJieKCHbie ;:i;eHCTBYIOIIIHe 3HaqeHH.H Hanp.H
)KeHirn H TOKa, 3amIC.HIIIHe TOJlhKO OT X, li3 ypaBHeHHH (6.1) li (6.2) HaH)J;eM: 

du . 
- dx =(r+ jrol)I; 

di . 
- dx = (g + jroC)U. 

B3.HB rrpoH3BOAHYIO no x OT ypaBHeHH.H (6.5), rroJiyqHM: 

d2U . di 
- dx2=(r+1rol) dx 

li, IIO)J;CTaBliB 3HaqeHHe di li3 ypaBHeHli.H (6.6), HaH;:J;eM: 
dx 

Z =(r+jroL)(g+jroC)U. 

IloJiara» (r + j rol)(g + jroC) = y2, HMeeM: 

d2u - .:i.-u = o 
dx2 r 

Perneawe ypaBHeHH.H (6.7) ;:i;JI» U (6.2) MO)KHO 3anwcaTh B BH;:i;e: 

U =Ai exp(-yx) +Ai exp(yx). 

Toma AJI» i noJiyqHM: 

li, IlOJIO)KHB 

. 1 du y [ ] I= - . d = . Ai exp(-yx)- ~ exp(yx) = 
r + 1roL t r + 1roL 

= g + ~ roC [Ai exp(-y x) - ~ exp(yx)] 
r+JroL 

g + jroC = Z 
r+jroL ' 

i Z =Ai exp(-yx)-Ai exp(yx). 

(6.5) 

(6.6) 

(6.7) 

(6.8) 

KoMrrJieKChl y = ~(r + j rol)(g + j roC) = j3 + j a w Z = z exp(j 1'}) »BJI»IOTC.H 
OCHOBHhIMH xapaKTepHCTHKaMH O)J;HOpO;:J;HOH JlliHHli li HX Ha3hIBaIOT COOTBeTCTBeH

HO Koa<J><J>uu,ueumoM pacnpocmpaueuua H xapa1Cmepucmu11ecKUM HJIH BOJtHOBblM 
conpomUBJteHUeM JIUHUU. 
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Orrpe.n;eJIHM IIOCTOHHHbie HHTerpHpoBaHHH Ai H ~ AJUI CJiyqaeB, KOf.l{a 3ati;aHbI 
HarrpH)KeHHe H TOK HJIH B HaqaJie JIHHHH, HJIH B ee KOHIJ:e. IlyCTb H3BeCTHbI Harrpg

JKeHHe (JI H TOK j1 B HaqaJie JIHHHH. Tor.n;a, rrpHHHB HaqaJIO JIHHHH aa HaqaJio OT

cqeTa pacCTOHHHH H IIOJIOJKHB x = 0 ' HMeeM: 

lJI = Ai + ~; jlz = Ai - ~ : 
Ai =o,5(u1 +i1z); ~ =0,5(u1 -i1z) 

(J = 0,5 (u1 + i1z) exp(-y x) + 0,5 (u1 - j1z) exp(y x); (6.9) 

. (· (;) (· (;) I= 0,5 / 1 + ; exp(-yx) + 0,5 / 1 - ; exp(yx). (6.10) 

IIycTb H3BecTHbI HarrpH)KeHHe U2 H TOK i 2 B KOHU:e JIHHHH. B aToM cJiyqae u:eJie

coo6paaHee BeCTH OTcqeT pacCTOHHHH OT KOHU:a JIHHHH, AJUI qero B BbIBe.n;eHHbIX 

ypaBHeHHJIX .n;octaTOqHo 3aMeHHTb x Ha l - x' me l - .l{JIHHa JIHHHH. Tor.n;a HMeeM: 

U =Ai exp(-yl) exp( y x) + ~ exp(yl) exp(-y x) = ~ exp(y x) + A4 exp(-y x); 

i Z =Ai exp(-yl)exp(yx)-~ exp(y/)exp(-yx) = ~ exp(yx)-A4 exp(-yx), 

ecJIH IIOJIO)KHTb Ai exp( -y l) = ~ H ~ exp( 'Y /) = A4 . )laJiee, IIOJiafaH x = 0 ' IIOJiy
qHM: 

U2 = A3 + A4 ; i 2 Z = ~ - A4 ; 

A3 =0,5(u2 +i2z); ~ =0,5(u2 +i2z) 
H, cJie.n;oBaTeJibHO, 

(6.11) 

(6.12) 

BecbMa qacrn B Bbipa)KeHHHX .l{JIH (J H i rrepexo.n;JIT K mrrep6oJIHqecKHM <i>YHK

U:HHM, rrpHHJIB BO BHHMaHHe, qTo 

0, 5[exp(y x) + exp(-y x)] = ch(y x); 0,5 [exp(y x) - exp(-y x)j = sh(y x). 

Tor.n;a rrpH aa,naHHbIX U1 H i 1 H OTcqeTe paccTo.srnHH OT HaqaJia JIHHHH 

. . • . . . (J 
u = ul ch yx- IIZ sh "(X; I= /!ch yx--1...sh yx, z 

a IIpH aa.n;aHHbIX (J2 H j2 H OTCqeTe paccTOHHHH OT KOHU:a JIHHHH 

. . . . . (J 
U = U2 ch 'Y x + l 2Z sh 'Y x ; I = / 2ch y x + - 2 sh 'Y x. z 

(6.13) 

(6.14) 
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HeTpyAHO ycMoTpeTb cxoJJ;CTBO Me:>KAY 3aBHCHMocrnMH (6.13)-(6.14) H cooT

BeTCTByIOIIJ;HMH 3aBHCHMOCTHMH MH O}J;HOpOJJ;HblX CHMMeTpH'IHbIX n;eIIHbIX cxeM 

( 'IeTbipeXIIOJIIOCHHKOB) [ 6.1]. 3To CXO}J;CTBO o6MICHHeTCH TeM, 'ITO rrpon;ecCbI B 0)1;

HOpOJJ;HbIX JIHHHHX H B O}J;HOpO}J;HblX n;eIIHblX cxeMax CXO}J;Hbl Me:>K)l;y co6o:H, H O}J;HO

POAHYIO JIHHHIO MO:>KHO paccMaTpHBaTb KaK OJJ;HopoAHYIO n;errHyro cxeMy c 6ecKo

He'IHO 6oJibllIHM 'IHCJIOM aJieMeHTapHbIX 3BeHbeB. 

0JJ;HOpOJJ;HaH JIHHHH rrpeJJ;CTaBAAeT co6oro 'IaCTHblH CJIY'IaH CHMMeTpH'IHOro rrac

CHBHOro TJeTbipexrroJIIOCHHKa, H IIOSTOMY HaIIpH:>KeHHH (JI' (J2 H ii' j2 }J;OJI:>KHbl IIO}J;

TJHHHTbCH JIHHeHHbIM 3aBHCHMOCTHM, ycTaHOBJieHHbIM }];AA TJeTbipexrrOJIIOCHHKa. 

H JJ;eHCTBHTeJibHO, H3 Bblpa:>KeHHH (6.14) MH (J H i, rroJiaraH x =I, IIOJIY'IHM: 

. . . . . (J 
ul = u2 ch y I + I2Z shy I; II = /2ch y I + -

2 
shy I ' z 

OTKyJJ;a JJ;JIH rrocTOSIHHhIX TJeTblpexrroJIIOCHHKa A, B, C, D HMeeM: 

shy/ 
A= D =ch y I; B = Z shy I ; C = Z, 

AD- BC= ch
2y/ -sh

2y/ = 1. 

Heo6XO}J;HMO HMeTb B BHJJ;y, TITO O}J;HOpO}J;HaH JIHHHH, KCl1( H BCSIKHH CHMMeTpHTI

HbIH TJeTbipexrroJIIOCHHK, MO:>KeT 6bITh 3aMettetta T- HJIH II -o6pa3HOH CHMMeTpHTIHOH 

cxeMoli. IIocToSIHHhie aTHX cxeM JierKo orrpeJJ;eJISIIOTCSI no rrocTOSIHHbIM A, B H C , 
a HMeHHO MSI T-o6pa3HOH cxeMhI: 

Z = Z = Z ch y/ -1 = Z shy/ ; y _shy/ 
1 2 

shy/ chy/+1 ° Z 

H MSI II-o6pa3HOH cxeMbI: 

y = y = ch y I - 1 = shy I . Z = Z sh l. 
1 2 

Zshy/ Z(chy/ +1)' 0 
y 

3aMeTHM TaK:>Ke, 'ITO JII06o:H pe:>KHM pa6oTbl O}J;HOpOJJ;HOH JIHHHH, KaK M BCSIKOro 

rraCCMBHOro TJeTbipexrroJIIOCHMKa, MO:>KHO IIOJIYTJMTb HaJIO:>KeHMeM COOTBeTCTBYIOIIJ;HX 

pe:>KHMOB XOJIOCTOro XO}J;a H KOpOTKOro 3aMbIKaHHSI. 

6.2. nepexoAHb1e npo1..t.eccb1a1..t.enHx 
c pacnpeAeneHHblMM napaMeTpaMM 

6.2.1. 0611.1ee peweHMe ypaaHeHMH 
OAHOPOAHOM HeMcKa>1<a1011.1eM nMHMM 
BBeoeHue. B n;errSix c pacrrpeJJ;eJieHHhIMH rrapaMeTpaMM, HarrpttMep c JJ;JIMHHhIMM 

JIMHMSIMM, o6MOTKaMM aJieKTpHTieCKHX MaIIIMH M Tpattc$opMaTopoB M T. II., BKJIIOTJe

HMe H OTKJIIOTJeHMe KaKoro-Jitt6o yqacTKa (TaK :>Ke KaK M B n;eIISIX c cocpeJJ;OTOTJeH-
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HhIMH napaMeTpaMH) conpOBQ)Ki'{aIOTC.H nepeXOi'{HhIMH npou;eccaMH. IlpH 6oJibillOH 

npoT.H)KeHHOCTH JIHHHH H3MeHeHHe BHeIDHHX 3JieKTpH'IeCKHX H MarHHTHhIX noJieH, 

HanpHMep npu rpo30BhIX pa3p.Hi'{ax, TaK)Ke BhI3hrnaeT nepexoi'{Hhie npou;ecchI. Ilepe

XOi'J:Hhie npou;ecChl B JIHHH.HX B03HHKaIOT H npH nepei'{a'Ie TeJierpa<f:>HhIX H TeJie<f:>oH

HhIX cttrHaJIOB, TeJieMexaHH'IeCKHX HMnyJihCOB HJIH cneu;ttaJihHhIX HMnyJihCOB i'{JI.H 

npoBepKH JIHHHH H BhrnBJieHH.H MeCTa HX noBpe)Ki'{eHH.H. 

Bo Bcex cJiyqa.Hx npH aHaJIH3e nepeXOi'J:HhIX npou;eccoB B u;en.Hx c pacnpei'{eJieH

HhIMH napaMeTpaMH Heo6xoi'{HMO HCXOi'{HTh H3 o6IIJ;HX 3aKOHOMepHOCTeH H i'J:H<f:><f:>e

peHIJ;HaJihHhlX ypaBHeHHH, paccMoTpeHHhlx B T03, 'I. 2 (cM., HanpHMep, [6.1, 
c. 342]). TaK KaK JIHHH.H .HBJI.HeTc.H npHMepoM u;enH c pacnpei'{eJieHHhIMH napaMeT

paMH, B i'{aJihHenmeM H3JIO)KeHHH pe'Ib 6yi'{eT Hi'{TH 0 nepeXOi'{HhIX npou;eccax B JIH

HH.HX. 

AuaJJumut.tecKasi MOdeJib. ,ll.JI.H BhrncHeHH5l Hau6oJiee xapaKTepHhIX oco6eHHO

cTeH nepeXOi'{HhIX pe)KHMOB B Oi'{HOpOi'{HhIX JIHHH.HX HaHi'{eM o6mee pemeHHe ypaB

HeHHH Oi'{HOpOi'{HOH JIHHHH: 

au . ai ai au 
--=rt+L-; --=gu+C-

ox at ax at 
(6.15) 

i'J:JI.H qacTHoro CJIY'Ja5l HettcKa)KaIOIIJ;eli JIHHHH, KOri'{a r C = g L . 
IloJIO)KHM r / L = g / C = o H BBei'{eM BMecrn u H i HOBhie <f:>yttKIJ;HH u1 H i1 , 

CB5I3aHHhie c u H i COOTHomeHH.HMH: 

u = u1 exp(-ot); i = i1 exp(-ot). 

Tori'{a HMeeM: 

au OU1 OU OU1 
- = -exp(-ot); - =-exp(-ot)-ou1 exp(-ot); 
ax ax at at 
ai ai1 s: ai ai1 s: s:· s: 

- = -exp(-ut); - = -exp(-ut)-ut1 exp(-ut). 
ax ax at at 

(6.16) 

Iloi'{CTaBJI}J}J (6.16) B ypaBHeHH.H JIHHHH (6.15) H COKpaIIJ;a.H Ha exp(-Ot)' npH-

Bei'{eM HX K BHi'{y: 

au1 -Lai1 . ai1 -cau1 --- -,--- -
ax at ax at 

H, B3.HB npOH3BOi'J:HYIO OT nepBoro no X, a OT BTOporo no t, noJiyqHM: 

J:l2 J:l2 • J:l2 • J:l2 
uU1 _L ut1 . ut1 -Cuu1 

- 8x2 - oxot ' - oxot - ot2 . 

82u1 =LC 82u1 
ox2 8t2 

H, noJIO)KHB CL = 1 / v2 
, nptti'{eM K BOJIHOBOMY ypaBHeHHIO: 

82u1 2 82u1 
--=V --
ot2 8x2 . (6.17) 
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BBe,ueM BMecTo x n t HOBbie nepeMeHHb1e, a nMeHHo: 

~=x-vt; 11=x+vt. 

Tor,ua, npnmrn BO BHHMattne, 'ITO 

8~ - 1 . On - 1. 8~ = -v. On - v. 
ox - ' 8x - ' 8t ' 8t - ' 

8u1 8u1 8u1 8u1 8u1 8u1 -=-+-· -=-v-+v-· 
8x 8~ On ' 8t 8~ On ' 

82u1 = 82u1 2 82u1 + 82u1 . 82u1 = v2 82u1 - 2v2 82u1 v2 82u1 
8x2 8~2 + 8~81'\ 81'\2 

' 8t2 8~2 8~81'\ + 81'\2 
' 

153 

H TIO,UCTaBHB Hai\:,ueHHbie 3Ha'lemrn: BTOpbIX npOH3BO,UHbIX B BOJIHOBOe ypaBHeHHe, 

:~~~ = 0 HJIH :~ (:) = 0 . 

0TCIO,Ua, HHTerpnpya, TIOJIY'IHM: 

8u J ~ = «11) H U1 = «11) dl'\ + <p(~) = <p(~) + \jf(l'\) , 

eCJIH TIOJIO:>KHTb J « l'\) dl'\ = \jf( l'\) · 

Bo3Bpamaach K nepeMeHHbIM x H t, Mo:>KeM HanncaTb: 

u1 = <p(x-vt) + \jf(x + vt), 

H, CJie,UOBaTeJibHO, ,UJIR HanpaiKeHHR u MeiK.UY npOBO,UaMH JIHHHH HMeeM: 

u1 = [<p(x-vt) + \jf(x + vt)]exp(-ot). (6.18) 

):lJIR HaXO:>K,UeHHR ii TIO,UCTaBHM B ypaBHettne -
8

i1 = c 8u1 TOJibKO 'ITO HaM -
8x 8t 

TaK KaK 

_ 8i1 = C 8[cp(~) + <p(11)] = c[8cp 8~ + 8\jf 81'\l = 
8x 8t 8~ 8t On 8t 

= cv[- 8cp + °"'] = _ fC[8cp _ °"'], 
8~ On fi 8x 8x 

8cp 8cp 8\jf 8\jf 
-=-H-=-, 
8x 8~ 8x 8~ 

H,TipOHHTerpnpoBaB, ttai\:,ueM: 

i1 =ft [<p(x - vt) -\jf(x + vt) + /(t)]. (6.19) 
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,ll.JUI onpe,neJieHIDI f ( t) IIO,ll;CTaBMM mrii}J;eHRble ~ U1 If ii 3HaqeHIDI B ypaBHeHHe 

_Bui = L Bi1 n Tor,na IIOJiytIHM df(t) = 0. CJie,noBaTeJibHO, /(t) =A= const. 
ox ~ & 
O,nttaKo MOX<HO rroJIOX<HTb A = 0, TaK KaK rrpn A 7: 0 MbI MOrJIH 6hr BBeCTH 

BMeCTO cp If "' <l>YHKIJ;MM cpl = cp + 0, 5 A M '1'1 = "' - 0, 5 A ' IIOCJie qero IIOJiyqH
JIMCb 6bI BbipaX<eHIDI ,ZJ;JISI U1 H ii ' B KOTOpble IIOCTOSIHHa.f.! A He BXO,ZJ;HT .S:CBHO. Ilo-
3TOMY MOX<eM HaIIHCaTb: 

i1 = ~C / L [cp(x - vt)-'fl(x + vt)j 

M, CJie,noBaTeJibHO, AJISI TOKa i B JIHHHH IIOJiyqHM: 

i = [cp(x - vt)-v(x + vt)jexp(-ot) / ~L / C, (6.20) 

r,ne ~ L / C rrpe,nCTaBJI.S:CeT co6oro, KaK H3BeCTHo H3 rrpe,nhl,nymero, BOJIHOBOe corrpo
THBJieHHe HeHcKaX<aromell: JIHHHH. 

IloJiyqeHHbie BbipaX<eHHSI ,ZJ;JI.S:C Harrp.s:cX<eHM.S:C u H TOKa i MOX<HO IIPHBeCTM K HHO
MY BH,ny, rrpHHSIB BO BHHMaHHe, qTo 

02 = !_ g = A 2V 2 M 0 t = AV t 
LC "' "' ' 

r.ne p =Fi - Koa<j:><j:>Hu;HeHT 3aTyxaHHSI HeHCKaX<aromell: JIHHHM, M qrn, CJie,noBa
TeJibHO, 

exp(-ot) = exp(-Pvt) = exp(p(x-vt))exp(-Px) = exp(-P(x + vt))exp(Px). 

Ha ocHoBaHMM rrocJie,nHMX paBeHCTB BbipaX<eHM.S:C ,nJI.s:c u M i MOX<Ho rrpe,ncTaBMTb 
B BH,ne: 

u = cp(x - vt) exp(-px) + v(x + vt) exp(px); 

i = [cp(x - vt)exp(-Px) -v(x + vt)jexp(px) /~LI C; 
(6.21) 

rrpMqeM CJie,nyeT MMeTb B BM,ZJ;y, qrn <j:>yHKIJ;MM cp M "' B 3TMX BbipaX<eHM.S:CX OTJI~a
IOTC.f.! OT cp M "' B rrpe,nbI,nYIIlJiX BblpaX<eHM.sIX AJISI Hanp.s:cX<eHHSI H TOKa COOTBeTCT
BeHHO MHOX<MTeJISIMM exp[p(x-vt)j M exp[-P<x+vt)j. 

6.2.2. BonHbl e HeMcKa>KalO~eM nMHMM 

PaccMoTpMM BbipaX<emrn (6.21) ,nJI.s:c Hanp.s:cX<emrn M ToKa JIMHMM. IlpM 3TOM ,nJI.s:c 
rrpoCTOTbl CHaqaJia ,nonyCTMM, qTo IlOTepM B JIMHMM rrpeHe6peX<MMO MaJibl, TO ecTb 
IIOJIOX<MM r = 0 M g. = 0. Tor,na o = 0, P = 0, exp(-o t) = 1, exp [P(x - vt)] = 
= exp [-P( x + v t)] = exp( -P x) = exp(p x) = 1 /I,JI.S:C JIMHMM 6e3 IIOTepb Mbl IIOJiyqMM: 

u = cp(x -vt) + <!>(x + vt); 

i = [cp(x-vt) /~LI c] + [<P<x + vt) 1(-~L / c)]. 
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IlycTh B qacrnoM cJiyqae <l>(x + v) = 0 H u = <p(x - v t). Tor.n;a, noJIO:iKHB B no

cJie.n;HeM paBeHCTBe t = 0 ' Mhl Hali.n;eM pacnpe.n;eJieHHe HaIIp.Sl:iKeHH.SI B,Zl;OJlh JIHHHH 

B HaqaJihHhIH MOMeHT BpeMeHH. Bo3hMeM HeKOTopyIO npOH3BOJlhHYIO TOqKy x H npe.n: -

noJIO:iKHM, qTo OHa nepeMeIIIaeTC.SI B,Zl;OJih JIHHHH co CKOpOCThIO v' T. e. qTo ee noJIO

:iKeHHe onpe.n;eJI.HeTc.si: Koop.n;HHaToli x = x0 + v t . Tor.n:a Hanp.si::iKeHHe B 3Toi1: .ZJ:BH

:iKym:eH:c.si: ToqKe u = <p(x0 + v t - v t) = <p(x0 ) He 6y.n;eT 3aBHCeTh OT BpeMeHH. TaK 

KaK 3TO 3aKJIIOqeHHe cnpaBe,Zl;JIHBO ,Zl;JI.SI JII06oi1: ToqKH, .ZJ:BH:iKym:eH:c.si: B,Zl;OJlh JIHHHH co ~ 
CKOpOCThIO v' TO, CJie.n;oBaTeJihHO, npH u = <p(x - v t) HaqaJihHOe pacnpe.n;eJieHHe 

Hanp.si::iKeHH.SI nepeMeIIIaeTC.SI B,Zl;OJlh JIHHHH co CKOpOCThIO v. 11HhIMH CJIOBaMH, npH 

u = <p(x - vt) B,Zl;OJlh JIHHHH pacnpocTpaH.SleTC.SI co CKOpOCThIO v np.SIMa.SI BOJIHa Ha

np.si::iKeHH.SI, 6eryIIIa.SI Bnepe.n: H He npeTepneBaIOIIIa.H H3MeHeHH.SI <PopMhI. AHaJiornq

HO <l>YHKUH.SI u = <l>(x + vt) onpe.n;eJI.HeT 06parny10 BOJIHY Hanp.si::iKeHH.SI, pacnpo

cTpaH.SIIOIIIYIOC.SI B,Zl;OJih JIHHHH TaK:iKe 6e3 H3MeHeHH.SI <PopMhI co CKOpOCThIO ( -v ) 
HJIH, qTo TO :iKe, pacnpocTpaH.SIIOW:YIOC.SI co CKOpOCThIO v B OTPHUaTeJihHOM HanpaB

JieHHH cqeTa pacCTO.SIHHH, T. e. 6eryIIIyIO Ha3a.n;. 

TaKHM o6pa30M, npH OTCYTCTBHH noTepb B JIHHHH Hanp.SI:iKeHHe, a TaK)l(e H TOK 

B Hell: MoryT 6hITh npe.n;cTaBJieHhI KaK cyMMhI .Zl:BYX BOJIH, ~npocTpaH.SIIOW:HXC.SI 
B.ZJ:OJih JIHHHH 6e3 H3MeHeHH.SI <PopMhI co cKopoCThIO v = 1 /..)LC B npoTHBonoJioJK

HhIX HanpaBJieHH.SIX. IlpH 3TOM B JII06oi1: TOqKe JIHHHH OTHOIIIeHHe Hanp.Sl)l(eHH.SI H 

TOKa .n;JI.si: np.si:Moli BOJIHhI paBHO ~ L / C , T. e. BOJIHOBOMY conpoTHBJieHHIO JIHHHH, 

3aBHC.SIIIIeJy TOJihKO OT napaMeTpOB JIHHHH, a .n:mr o6paTHOH BOJIHhI 3TO OTHOIIIeHHe 

paBHO - L / C . Ilpn paccMoTpeHHH ycTaHOBHBIIIHXC.SI npoueccoB y)l(e yKa3hIBa

JIOCh, qTQ CKOpOCTh pacnpocTpaHeHH.SI BOJIH B HeHCKa)l(aIOIIIeH o.n;Hopo.n;Hoii: JIHHHH 

v = 1 / .ffC .ZJ:JI.SI B03.ZJ:YIIIHhIX JIHHHH paBHa CKopocTH cBeTa B B03.n;yxe. 

HaJinqne B Bhipa)l(eHH.SIX ,Zl;Jl.SI u H i MHO)l(HTeJI.SI exp( -0 t) HJIH, COOTBeTCTBeH -

HO, B .n;pyroM HX Bhipa)l(eHHH MHO)l(HTeJieH exp(-~ x) H exp(~ x) ' npnqeM ~ = .r;g 
nOKa3hIBaeT, qTo o6e BOJIHhI, no Mepe npo.n;BH:iKeHH.SI HX B,Zl;OJlh JIHHHH, 3aTyxaIOT no 

noKa3aTeJihHOMY 3aKoHy. IlpnqHHOH 3aTyxaHH.SI BOJIH .SIBJI.SleTC.SI nocTeneHHOe npe

Bpam:eHHe HaqaJihHOro 3anaca 3HeprHH 3JieKTpnqecKoro H MarHHTHOro noJieH, CB.Sl-

3aHHhIX c JIHHHeH, B TeIIJIO, BhI,Zl;eJI.SIIOITieec.si: B npoBo.n;ax, TaK KaK r ~ 0 ' a TaK)l(e 

H B cpe.n;e, 0Kpy)l(a10m:e:H npoBo.n;a, TaK KaK g ~ 0. 
B .n;aJihHeliIIIeM MhI 6y.n;eM npe.n:noJiaraTh, qTO BOJIHhI npH .ZJ:BH)l(eHHH Hx B.ZJ:OJih 

JIHHHH He 3aTyXaIOT. 3aTyxaHHe BOJIH BCJie,Zl;CTBHe noTeph B JIHHHH npH Heo6xo.n;H

MOCTH MO)l(eT 6bITh yqTeHO, no Kpa:HHeH Mepe, .n:mr HeHCKa)l(aIOIIIeH JIHHHH, TaK KaK 

HaMH ycTaHOBJieHO, 'ITO B 3TOM CJiyqae BOJIHhI 3aTyxaIOT no nOKa3aTeJihHOMy 3aKOHY 

c nOKa3aTeJieM ~ x = .r;g x. 
IlpH HaJIH'IHH TOJlhKO O,Zl;HHX np.SIMhIX HJIH TOJlhKO O.ZJ:HHX o6paTHhIX BOJIH ,Zl;JI.SI 

3HeprHH MarHHTHOro H 3JieKTpHqecKoro noJieH Ha 3JieMeHTe dx' npHH.SIB BO BHHMa

HHe, qTO ( u2 
/ i 2

) = (L / C) , Ha:H.n;eM: 

dWM =~i2Ldx=~u2Cdx=dW3 • 
0Tc10.n:a CJie.n;yeT, qTo B Ka)l(,Zl;OM H3 3THX CJiyqaeB 3HeprnH MarHHTHOro H 3JieK

TpnqecKoro noJieH Ha 3JieMeHTe ,Zl;JIHHhI JIHHHH, a CJie.n;oBaTeJihHO, H BO BCeii JIHHMH, 
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paBHbl JJ;pyr Apyry, H JJ;JUI cyMMbl :-meprHH ::ITHX IIOJieii: Ha ::IJieMeHTe JIHHHH IIOJiy

qHM: 

H ,!{JI-"! COOTBeTCTByIDru:eii MOIUHOCTH HaH,!{eM: 

• ·2 {L 2 re 
p = Ul = , vc = u V-i . 

OTKyJJ;a CJiet:{yeT, qTO rrpH ,!{aHHOM 3HaqeHHH HarrpH)l(eHHH aTa MOru:HOCTb TeM 60Jib-

11Ie, qeM MeHhllie BOJIHOBOe corrpoTHBJieHHe JIHHHH. 

6.2.3. 0 npOMCXO>KAeHMM M xapaKTepe 
eonH B nMHMJIX 

Bo3HHKHOBeHHe BOJIH B JIHHHHx 06b1qHo CB5IsaHo HJIH c aTMoc<PepHhIMH pa3p5IJJ;aMH, 

HJIH c rrepeKJIIOqeHH5IMH, T. e. c BKJIIOqeHHeM H BblKJIIOqeHHeM HJIH caMHX JIHHHH, 

HJIH ycTpOHCTB, CB5I3aHHblX c HHMH. 

IlycTb B JIHHHH Ha HeKOTopoM ee npOTH)l(eHHH HH.ll:YKTHPOBaH sapHA BCJieJJ;CTBHe 

ttaXO)l(tJ:eHH5I HatJ: aToii: qacTbIO JIHHHH 3ap51:)1(ettttoro o6JiaKa. EcJIH o6JiaKo, HHtJ:YK

TMpoBaBirree 3ap5I,ZJ;, pa3p5ItJ:HTC5I, TO ::ITOT sap5I,ZJ; OCB06o.n:HTC5I, H Tor.n:a HaIIp5I)l(eHHe 

B.ll:OJlb JIHHHH 6y.n:eT pacrrpet:{eJieHO rrporrop[{HOHaJihHO 3apH.n:y, rrpHXOJJ;Hru:eMyCH Ha 

Ka)l(.n:h1ii: aJieMeHT tJ:JIHHhI JIHHHH. B pe3yJihTaTe ocBo6o)l(,n:eHH5I HH,ZJ;YKTHpoBattttoro 

3ap5I,n:a B,ZJ;OJib JIHHHH HaqHyT pacrrpocTpamIThC5I BOJIHbl HaIIp5I)l(eHH5I H TOKa. IlycTh 

pacnpe,n:eJieHHe ttanp5I)l(eHH5I B,!{OJlb JIHHHH B HaqaJibHbIH MOMeHT BpeMeHH 3a,ZJ;aHo 

cPYHKU:Heii fo(x) (pMc. 6.2, a). BoJIHOBoe conpoTHBJiettHe JIMHHH, 5IBAAIOII.{eec5I 

B ttameM cJiyqae Beru:ecTBeHHhIM qflcJIOM, paBHhIM L / C, o6osttaqHM qepe3 z. TorJJ;a, 

npHH5IB BO BHHMaHHe, qTo TOK B HaqaJihHhlH MOMeHT BpeMeHH paBeH HYJIIO, HMeeM: 

Uo = u'l'o + u$o = fo(x); 

i0 = i.l>o + i$0 = ( ulj>O - u$0 ) / z = 0 

u<JJ0 = u$0 = 0,5/0(x). 

TaKMM o6pasoM, B HaqaJihHhIH MOMeHT BpeMeHH ttarrpH)l(ettHe npe,n:CTaBJIHeT co-

6oIO cyMMY ,ZJ;Byx paBHhIX BOJIH, O,ZJ;HHaKOBbIX no <PopMe H HMeIOII.{HX O,ZJ;HH H TOT JKe 

3HaK, a TOK - cyMMY tJ:BYX BOJIH, 0,ZJ;HHaKOBblX no <PopMe, HO HMeIOII.{HX rrpOTHBOIIO-

JIO)l(Hbie 3HaKH. • 

c MOMeHTa ocB060)1(,n;emrn HH.ll:YKTHpOBaHHOro 3ap5I,n;a ::ITH BOJIHbl Harrp5I)l(eHH5I, 

a TaK)l(e H BOJIHbl TOKa pacnpoCTpaH5IIOTC5I no JIHHHH B rrpoTHBOIIOJIO)l(HhlX HarrpaB

JieHH5IX, npHqeM CKOPOCTH Bcex aTHX BOJIH no a6coJIIOTHOH BeJIHqHHe paBHbl Me)l(,n;y 

co6oIO. Ha pMc. 6.2 npe,n;cTaBJieHo ,n:BH)l(eHHe BOJIH aarrpH)l(eHMH H TOKa B rrepBb1e 

MOMeHTbl BpeMeHH IIOCJie 0CB060JKJ];eHH5I HH,IJ;YKTHpOBaHHOro 3ap5I,D;a B npe,n;noJio

)l(eHHH, 'ITO OHM He 3aTyxaIOT. 
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Puc. 6.2. Pacrrpe11eJiettHe ttarrpmKettm1 B/IOJih Jin:ttn:n: npn: t = 0 

IlpH lf3J"leHHlf HBJieHHH, CBH3aHHbIX c rrepeKJIIOqeHHHMlf, B TeX CJIJ"IMX, KOrJ];a 

JJ;JIHHa JIHHlflf MaJia no cpaBHemno c J];JIHHOU BOJIHbI, Mbl 6yJJ;eM rrpeJJ;IIOJiaraTb, 'ITO 

BHeIIIHlfe 3)lC IIOCTO.RHHbI. 3TO rrpeJJ;IIOJIO)J(eHHe J];OIIYCTHMO, TaK KaK paccMaTpH

BaeMbie HBJieHHH rrpoTeKaIOT HaCTOJibKO 6bICTpO, qTO B CJIJ"lae CHHYCOlfJ];aJibHOH 

3)lC, HMeromeli qacTOTY rropHJJ;Ka J];eCHTKOB repIJ, BeJIH'I1rna 3TOH 3)lC 3a BpeM.R 

rrpo6era BOJIHbl BJ];OJib BCeH JilfHlflf MO)KeT lf3MeHHTbCH Jllfillb BeCbMa He3Ha'IHTeJib

HO. KpoMe Toro, MO)KHO C'IHTaTb, 'ITO rrpo1Jeccb1 rrepeKJIIo'IeHHR ocymecTBJI.RIOTC.R 

MrHoBeHHO. B cooTBeTCTBHH c ::ITHMH rrpeJJ;noJio)KeHHHMH B JJ;aJibHeiimeM rrpttMeM, 

'ITO BOJIHbl HarrpH)KeHHH If TOKa, HJJ:YIIIHe OT lfCTO'IHHKa BHemHeH 3)lC, HMeIOT 

rrpHMoyroJibHYIO ¢opMy. 

6.2.4. npenOMneHMe M OTpa>KeHMe BOnH B MeCTe 
v 

conpJl>KeHMJI ABVX OAHOPOAHblX nMHMM 

IlycTb BOJIHa cpl' 6erymM OT HCTO'IHHKa 3)lC no OJJ;HOpOJJ;HOH JIHHlflf, HMeromeii: 

BOJIHOBOe corrpOTlfBJieHire Zp JJ;OCTHrJia KOHUa 3TOH JIHHHH, B KOTOpOM IIOCJie;J;H.R.R 

coeJJ;HHeHa c .upyroii: OJJ;HOpOJJ;HOH JilfHHeH, HMeromeii: BOJIHOBOe corrpoTHBJieHtte Z2 . 

06o3Ha'IHB HaIIpH)KeHHe H TOK B rrepBOH JIHHHH 'lepe3 U1 H ii ' a BO BTOpoil - qe

pe3 U2 H i2' B MeCTe corrp.H)KeHHH o6ettx JIRHHH HMeeM U1 = ~ H ii = i2. IlpeJJ;no

JIO)KHM, 'ITO BO BTOpoii: JIHHHH J];O rrp:n:xo.ua BOJIHbl H3 rrepBOH JIHHHH HaIIp.H)KeHHH 

He 6brno. Tor.ua Herrocpe,ucrneHHo rrocJie rrp:n:xoJJ;a BOJIHbI K MecTy corrp.R)Kett:n:.R JIH

HHH BO BTOpOH JIHHHH MO)KeT B03HHKHYTb JIHillb BOJIHa cp2' 6ery1IIM B TOM )Ke Ha

rrpaBJieHHH, 'ITO H BOJIHa cpl ' H Ha3bIBaeMM npeJtOM.lleHHOU BOJIHOH, B TO BpeMH KaK 

B rrepBOH JIHHHH, KpoMe BOJIHbl cp1 , Ha3bIBaeMOH naoa10w,eu BOJIHOH, IIpR z2 :;>t z1 

o6H3aTeJibHO B03HlfKHeT BOJIHa <!>1 ' 6erymM B o6paTHOM HarrpaBJieHHH H Ha3bIBaeMM 
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ompa31CeHHOU BOJIHOH, TaK KaK 1rnaqe He MOryT 6bITb YJlOBJieTBopeHhl ycJIOBHH pa

BeHCTBa Harrp.H:>r<eHHH HJIH TOKOB B MecTe corrp.H:>r<eHHH JIHHHH. IloaToMy, OTMeqaH 

HHl(eKCaMH <1'1' <!>1 H <1'2 COOTBeTCTBeHHO IIal(aIOm;He, OTpa:>r<eHHbie H rrpeJIOMJieHHhie 

BOJIHhI, B MeCTe corrpH:>r<eHHH JIHHHH HMeeM: 

u1 = u'1'1 + u~, = u'1'
2 

= u2 ; 

i1 = ( u'1'1 - u~1 ) / z1 = u'1'2 / z2 = i2 , 

OTKyl(a 

(6.22) 

113 3aBHCHMOCTeH (6.22) CJie,Zl;yeT, qTQ B l(aHHOM CJiyqae rrpeJIOMJieHHhle H OT

pa:>r<eHHhle BOJIHhI HMeIOT TY :>Ke ¢opMy, qTO H IIal(aIOm;He BOJIHhI. 0THOIDeHHH 

( u'1'2 / u'1'1 ) H ( i'1'2 / i'1'2 ) MO:>r<Ho paccMaTpHBaTh KaK Koa¢¢mi:HeHThI rrpeJIOMJie

HHH, a OTHomeHHH (u$1 / u'1'1) = qu H (i$1 / i'1'1) =qi - KaK Koa¢¢11ri:11eHThl OTpa

:>r<eHHH. 

lfa Bhrpa:>r<eHHH, IIOJiyqeHHhlX ,Zl;JIH rrpeJIOMJieHHhIX H oTpa:>r<eHHhIX BOJIH, CJie,Zl;yeT' 

qTo rrpeJIOMJieHHhie BOJIHhI HaIIpH:>r<eHHH H TOKa HMeIOT TOT :>Ke 3HaK, qTO H IIal(aIO

mHe, a H3 OTPa:>r<eHHhIX BOJIH Ol(Ha coxpaHHeT 3HaK rral(arom;eli BOJIHhl, a l(pyra.H 

HMeeT o6paTHhlH 3HaK. 

IlpH Z1 < Z2' qTo, HaIIpHMep, HMeeT MeCTO rrpH rrepexol(e BOJIHhl H3 Ka6eJibHOH 

JIHHHH B B03l(ymHyIO, rrpeJIOMJieHHaH BOJIHa HarrpH:>r<eHHH 6oJihme IIal(aIOmeli, a rrpe

JIOMJieHHaH BOJIHa TOKa MeHbille rral(aromeli. q TO KacaeTCH OTpa:>r<eHHhlX BOJIH, TO 

BOJIHa Harrp.H:>r<eHHH OTpa:>r<aeTCH 6e3 rrepeMeHhl 3HaKa, a BOJIHa TOKa - c rrepeMeHOH 

3HaKa, rrp11qeM ITO a6coJIIOTHOH BeJIHqHHe o6e :'.lTH BOJIHhI MeHbme COOTBeTCTBYIO

mHX IIal(aIOmHX BOJIH. IlpH :'.lTOM BCJie,ll;CTBHe HaJIO:>KeHHH OTpa:>r<eHHhlX BOJIH Ha rra

,ll;aIOmHe TOK B rrepBOH JIHHHH yMeHhmaeTCH, a HarrpH:>r<emi:e B03pacTaeT, HO He 6oJiee 

qeM B ,Zl;Ba pa3a. Ha pHC. 6.3 IIOKa3aHhI IIal(aIOmHe, rrpeJIOMJieHHhie H OTpa:>r<eHHhie 

BOJIHhI rrpH Z2 > Z1 . 3aMeTHM, qTo ,Zl;a:>r<e rrpH oqeHb 6oJihillHX 3HaqeHHHX Z2 rrpe

JIOMJieHHaH BOJIHa Harrp.H:>r<eHHH He MO:>KeT rrpeBbICHTh IIal(aIOIIlYIO BOJIHY 6oJiee qeM 

B ,ll;Ba pa3a. 

IlpH Z1 > Z2 rrpeJIOMJieHHaH BOJIHa HaIIpH:>KeHHH MeHbille IIal(aIOm;eli, a rrpeJIOM

JieHHaH BOJIHa TOKa 6oJihme rral(aromeli. B aToM cJiyqae rrpH oTpa:>r<eHHH 3HaK H3Me

HHeTcH ,ll;JIH BOJIHhI aarrpH:>r<eHHH, a a6coJIIOTHhie BeJIHqHHhI o6eHX OTpa:>r<eHHhIX 

BOJIH OIIHTh 6y,Z1;yT MeHbme, qeM BeJIHqHHhI COOTBeTCTBYIOIIlHX IIal(aIOIIJ;HX BOJIH. 

BcJie,ll;CTBHe HaJIO:>KeHHH OTpa:>r<eHHhIX BOJIH Ha BOJIHhI IIal(aIOmHe HaIIpH:>KeHHe 

B rrepBOH JIHHHH yMeHhillHTCH, a TOK B03pacTeT, HO He 6oJiee qeM B ,Zl;Ba pa3a 

(pHC. 6.4). 3aMeTHM, qTO ,Zl;a:>r<e rrpH oqeHh 6oJibIDHX 3HaqeHHHX Z2 rrpeJIOMJieHHaH 

BOJIHa TOKa He MO:>KeT rrpeBhICHTh IIal(a10my10 BOJIHY 6oJiee qeM B ,Zl;Ba pa3a. 



6.2. nepexoAHble npo1..1eccb1 e 1.1em1x c pacnpeAeneHHblMH napaMerpaMH 
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PHc. 6.3. IlaAaIOlIIHe, npeJIOMJieHHhle H oTpax<eHHhle BOJIHbl npH Z1 < z2 

Uq>t -
; x 

; x 

PHc. 6.4. IlaAaIOlIIHe, npeJIOMJieHHbie H 0TpaJKeHHb1e BOJIHbl npH z 1 > z2 

PaccMaTp11Brui: MOIIJ:HOCTh p B MecTe corrp.si:)KeHH.si: JIHHHH, HMeeM: 

p = u1i; = U2 i2 

lIJIH 
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H, CJie.n;oBaTeJihHO, 

HJIH 

(6.23) 

r.n;e PcpP p~P pcp2 - MOII(HOCTH rra.n;aIOII(HX oTpa:>KeHHhIX H rrpeJIOMJieHHhIX BOJIH. 

}fa (6.23) CJie.n;yeT, 'ITO 'IaCTh MOII(HOCTH rrap;aIOII(HX BOJIH, paBHa.51 MOIUHOCTH 

rrpeJIOMJieHHhIX BOJIH, rrepexo.n;HT BO BTopyIO JIHHHIO, a OCTaJihHa.51 'IaCTh, paBHa.51 

MOII(HOCTH OTpa:>KeHHhIX BOJIH, B03BpamaeTC.sI o6paTHO B rrepByIO JIHHHIO. 

}fa H3JIOJKeHHOro CJie.n;yeT, 'ITO rrpH rrepexo.n;e BOJIHhl Harrp.si:>KeHH.sI H3 JIHHHH 

c MeHhIIIHM BOJIHOBhIM corrpOTHBJiemreM B JIHHHIO c 6oJihIIIHM BOJIHOBhIM corrpo

THBJieHHeM Harrp.si:>KeHHe yBeJIH'IHBaeTC.sI H B rrpep;eJie MOJKeT y.n;BOHThC.sI. IloaTOMY 

Harrp.si:>KeHHe B03pacTaeT rrpH rrepexo.n;e BOJIHhl H3 Ka6eJihHOH JIHHHH B B03.ll;YIDHYIO 

H H3 JIHHHH rrepe.n;a'IH B o6MOTKH TpaHc¢opMaTOpOB, KOTOphie rrpe.n;cTaBJI.sIIOT co6oIO 

IIeIIH, o6Jia.n;aIOII(Me 3Ha'IHTeJibHhIM BOJIHOBhIM corrpOTHBJieHHeM, rrpeBOCXO.ll;.sIIUHM 

BOJIHOBOe corrpOTHBJieHHe B03.ll;YIIIHhIX JIHHHM. 

BOJIHhI, B03HHKaIOII(He B JIHHH.sIX, pacrrpocTpaH.sIIOTC.sI c KOHe'IHOM CKOpOCThlO 

H MOryT rroaTOMY BhI3hIBaTh 3Ha'IHTeJihHhie rrepeHarrp.si:>KeHH.sI Me:>K.n;y coce.n;HHMH 

TO'IKaMH IIeIIH, B OAHY H3 KOTOphIX BOJIHa Harrp.si:>KeHH.sI y:>Ke rrpHmJia. 3TH rrepeHa

rrp.si:>KeHH.sI TeM 60JibIIIe, qeM Kpyqe ¢poHT BOJIHhI, H HaH60Jiee 3Ha'IHTeJibHhI rrpH 

OTBeCHOM ¢poHTe BOJIHhI. B CB.sI3H c aTHM rrepBbie BHTKH o6MOTOK TpaHc¢opMaTO

poB B COOTBeTCTBYIOIUHX CJIJ'Ia51X BhIIIOJIH.sIIOT co 3Ha'IHTeJibHO ycHJieHHOM H30JI.sI

IIHeM. 

6.2.5. OTpa>KeHMe eonH OT KOH .... a nMHMM 

IlycTh 6erymwe BOJIHhl Harrp.si:>KeHH.sI H TOKa ,JJ;OCTHfJIH KOHI!a o.n;Hopo.n;HOH JIHHHH, 

HMeIOII(eH BOJIHOBOe corrpoTHBJieHHe z H 3aMKHYTOM Ha CKOJih yro.n;HO CJIOIKHYIO 

I!eIIh c cocpe.n;ornqeHHbIMH rrapaMeTpaMM. B pe3yJihTaTe OTpa:>KeHH.sI rra.n;aIOII(HX 

BOJIH cp OT KOHI!a JIHHHH B03HHKHYT OTpa:>KeHHbie BOJIHhl <I> ' H .ll;JI.sI Harrp.si:>KeHH.sI u 
H TOKa i B KOHI!e JIHHHH HJIH, HHhIMH CJIOBaMH, ,JJ;JI.sI Hanp.siJI<eHH.sI Ha 3aJI<HMax OKO

He'IHOM IIeIIH H TOKa B Hell IIOJIJ'IHM: 

2ucp = zi + u. 

}fa aTOM rrpOCTOM 3aBHCHMOCTH CJie.n;yeT, 'ITO TOK i MO/KHO HaMTH KaK TOK, B03-

HHKaIOII(HM B aKBHBaJieHTHOH cxeMe, BKJIIO'IaeMOM rro.n; Harrp.si:>KeHHe 2ucp H COCTO.sI

me:li H3 aKTHBHOro corrpOTHBJieHH.sI, paBHOro BOJIHOBOMY corrpOTHBJieHHIO z JIHHHH, 

H IIOCJie.n;oBaTeJihHO coe.n;HHeHHOM c HHMH OKOHe'IHOM I!eITH. 
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Orrpe.nemrn TOK i ITO 3a,z:J;aHHblM ucp' z H rrapaMeTpaM OKOHeqHOH u,errn, MOJKHO 

HattTH OTpa:>KeHHbie BOJIHbl HaIIp.H:>KeHH.H H TOKa H3 COOTHOIIIeHn.H: 

. . u$ 
u$ = ucp - z l ; 1$ = - - . 

z 

PaccMoTpHM, IIOJih3Y.HCb aTHM crroco6oM, oTpa:>KeHHe BOJIH OT rrpocTelirnwx 

OKOHeqHbIX u,erreli B rrpe.nrroJIOJKeHMII, qTO 3)lC HCTOqHnKa rra.naIOIIJ,HX BOJIH rro

CTO.HHHa. 

IlycTb 0.Z(HOpO.Z(Ha.H JIHHH.H c BOJIHOBbIM corrpOTHBJieHHeM z 3aMKHYTa Ha corrpo

THBJiem1e ro. Tor.na 3KBHBaJieHTHa51 cxeMa COCTOHT H3 IIOCJie,Z(OBaTeJibHO coe.Z(HHeH

HbIX corrpoTHBJieHHll z H ro ' H Mbl HMeeM: 

. 2 ucp . r0 - z . u$ z - r0 . l=--; U =U -Zl=--U l =--=--1. 
z+10 $ cp 10+2 cp' $ z z+10 cp 

TaKHM o6pa30M, B paccMaTpHBaeMOM CJiyqae rroJiyqeHbl TaKHe :>Ke COOTHOIIIe

HH.H Me)l(.ny OTpaJKeHHbIMH H rra.naIOIIJ,HMH BOJIHaMH, KaK H B cJiy'Iae OTpaJKeHH.H 

BOJIH B MeCTe corrp.H:>KeHH.H ll:BYX JIHHHH c TOH JIHIIlb pa3HHIJ,ett, 'ITO BMeCTO BOJIHO

Boro conpoTHBJieHH.H BTOpoli JIHHHH BOIIIJIO corrpoTHBJieHHe ro' Ha KOTopoe 3a

MKHyTa JIHHH.H. 

IlpH aTOM .Z(Jl}I MOIIJ,HOCTH p = u i B KOHIJ,e JIHHHH HMeeM: 

u - u u2 u2 

p=ui=(u +u) cp $ =i _ _j__=p -p, 
cp $ z z z cp $ 

TO eCTb 3Ta MOIIJ,HOCTb, norJIOIIJ,aeMM rrpHeMHHKOM, paBHa pa3HOCTH MOIIJ,HOCTett 

rra.naro111,wx H oTpa)l(eHHhIX BOJIH. EcJIH corrpoTHBJieHne 10 paBHo BOJIHOBOMY corrpo

THBJieHHIO JIHHHH z' TO OTpa:>KeHHblX BOJIH He B03HHKaeT, H BC.H MOIIJ,HOCTb rra,z:i;aro-

111,HX BOJIH rrorJioIIJ,aeTC}I rrpHeMHHKOM. 

lb IIOJiy'IeHHbIX Bblpa.JKeHHH MOJKHO ycTaHOBHTb COOTHOIIIeHHe MeJK;ri;y rra,z:i;aro-

111,HMH H OTpaJKeHHbIMH BOJIHaMH B CJIYlJae OTpa:>KeHH.H BOJIH OT KOHIJ,a pa30MKHYTOH 

HJIH KOpOTK03aMKHYTOH JIHHHH. IlpH pa30MKHYTOH JIHHHH, IIOJiarM ro = 00' B KOH

u,e JIHHHH HMeeM: 

a rrpH KOpOTK03aMKHYTOH JIHHHH, IIOJiarM 10 = 0 ' B KOHIJ,e JIHHHH IIOJIY'JHM: 

u$ = -ucp ; i$ = icp , 

To ecTh B aTHX CJIY'JMX OTPa.JKeHHbie BOJIHhI HMeIOT TY :>Ke BeJIH'IHHy, 'ITO M rra,z:i;a10-

111,ne, IIpH'IeM rrpH pa30MKHYTOH JIHHHH c rrepeMettoli 3HaKa OTpa.JKaeTC}I BOJIHa TOKa, 

a rrpH KopOTK03aMKffYTOH JIHHHH c rrepeMeHOH 3HaKa OTpaJKaeTC}I BOJIHa Harrp.HJKe

HH.H (pwc. 6.5). TaKHM o6pa30M, B pe3yJlbTaTe HaJIO:>KeHM oTpa:>KeHHhlX BOJIH Ha rra

.na10111,ne B pa30MKHYTOH JIHHHM Harrp.H:>KeHMe Ha ee KOHIJ,e B03pacTaeT B .Z(Ba pa3a, 

a B KOpOTK03aMKHYTOH JIMHHH TOK B ee KOHIJ,e B03paCTaeT TaKJKe B .Z(Ba pa3a, 'ITO 

MOJKHO IIOJIY'JHTb H3 MCCJie.Z(OBaHH.H OTpa:>KeHH.H BOJIH B MeCTe corrp.HIKeHIDI ..'l;BYX 

JIHHMH, IIOJiara.H COOTBeTCTBeHHO HJIH Z2 = 00 ' HJIM Z2 = 0 . 

6 No 6063 
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PHc. 6.5. 0TpalKeHHe BOJIH OT KOHI(a JIHHHH 

3TO MOJKHO II051CHlITb CJiei'IyIOID;lIM o6pa30M. l1 rrpH XOJIOCTOM XOi'Ie, II rrplI KO

poTKOM 3aMbIKaHHlI IIa,llaIOm;He BOJIHbI c rrpHcym;eii HM 3HeprHeH IIOJIHOCTbIO OTpa

JKaIOTC51 OT Kom1a JIIIHIIII, TaK KaK B KOHIJe JIIIHIIII 3HeprH51 He IIOTpe6JI51eTC51. Ilo-

3TOMY B TOH qaCTlI JIIIHIIII, i'IO KOTOpoH i'IOIIIJIII OTpaJKeHHbie BOJIHbI, 3HeprH51 B i'IBa 

pa3a 6oJibIIIe ::mepnm IIa,llaIOm;HX BOJIH II, CJiei'IOBaTeJibHO, B qeTbipe pa3a 60JibIIIe 

3Hepr1IH MarHHTHOro IIOJI51 IIa,llaIOm;eii BOJIHbI TOKa, a TaKJKe B qeTbipe pa3a 60JibIIIe 

3HeprnH aJieKTpJiqeCKoro IIOJI51 IIa,lla10m;eii BOJIHbI Harrp51JKeHH51, TaK KaK 3TlI <.mep

rHH paBHbI i'IPYr i'Ipyry. 

IlpH XOJIOCTOM XOi'Ie JIIIHIIII TOK B ee KOHIIe i'IOJIJKeH paBH51TbC51 HYJIIO. Ilo3TOMY 

KOri'Ia IIa,llaIOIIl;a51 BOJIHa TOKa IIpH;'leT K KOHIIY JIIIHIIII, TO B03HlIKHeT paBHa51 e:if ITO 

BeJIJiqJIHe II rrpoTHBOIIOJIOJKHa51 ITO 3HaKy OTpaJKeHHa51 BOJIHa TOKa, II TOK B KOHIIe 

JIHHHH yrra;:i;eT .n:o HYJI.SI, a aHepnrn MarHHTHbIX rroJieH, CB513aHHbIX c rra.n:a10m;eii 

II OTpaJKeHHOH BOJIHaMH TOKa, rrepeii.n:eT B 3Heprmo aJieI<TpHqecKoro IIOJI.SI. YBeJIH

'leHIIe B KOHIJe JIIIHIIII 3HeprHII aJieKTpHqecKoro IIOJI51 B qeTblpe pa3a IIOBJieqeT 3a 

co6o:if B03paCTaHHe HaIIp51)KeHHH B KOHn;e JIHHHH B ;'!Ba pa3a .• :ho IIOBbIIIIeHHe Ha

IIp51JKeHH51, CB513aHHOe c nepeXOi'JOM 3HeprlIH MarHHTHOro IIOJI51 B 3Hepnno 

3JieKTpliqecKoro IIOJI.SI, 6yAeT pacrrpocTpaH51TbC.SI OT KOHIIa JIHHIIH Kee Ha'laJiy. 

IlpH KOpOTKOM 3aMbIKaHlilI JIHHIIH Harrp.si:JKeHIIe B ee KOHIJe i'IOJIJKHO paBH51TbC.SI 

HYJIIO. IIoaToMy KOri'Ia rrai'IaIOm;a51 BOJIHa Harrp51JKeHII51 nptti'IeT K KOHIJY JIHHIIH, TO 

B03HlIKHeT paBHa51 eii no BeJIJiqHHe II rrpoTIIBOIIOJIOJKHa51 ITO 3HaKy OTpaJKeHHa51 

BOJIHa Harrp51JKemrn, II HaIIp51JKemie B KOHIIe JIIIHIIII ynaAeT ;'IO HYJI51, a 3HeprH51 

aJieKTpHqecKlIX IIOJieH, CB.SI3aHHbIX c IIai'IaIOm;eH H OTpaJKeHHOH BOJIHaMH HaIIp51JKe

HlI51, rrepeii.n:eT B 31'IeprHIO MarHHTHoro IIOJI51. YBeJIJiqeHHe B KOHIJe JIHHHH ::meprHH 

MarHHTHOrO IIOJI51 B qeTbipe pa3a IIOBJieqeT 3a co6oii B03pacTaHIIe TOKa B KOHIJe JIH

HlIH B .n:Ba pa3a. TaKoe B03pacTaHHe TOKa, cB.si:3aHHoe c rrepeXOi'JOM aHeprnH aJieK

TpHqecKoro IIOJI51 B 3HeprnIO MarHHTHOrO IIOJI.SI, 6yi'IeT pacrrpoCTpaH51ThC51 OT l<OHIIa 

JIIIHHH K ee HaqaJiy. 

PaccMOTplIM OTpaJKeHHe BOJIH B CJiyqae, KOri'Ja KOHe[( O;'lHOpO;'lHOH JIHHIIII 3a

MKHYT Ha IJeIIb ( r0 , L0 ). Tori'Ia aKBHBaJieHTHa.si: cxeMa cocTOHT II3 rrocJie;'loBaTeJibHO 
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coe,ll;1rneHHbIX conponrnJieH1u1 ( z + r0 ) n HH,ll;yKTHBHOCTH L0 , H npH u'I = const 

,ll;Jl.SI TOKa i noJiyqHM: 

i = ~[1-exp(-!)), z+r0 't 

L 
r,ll;e 't = --0 

- , H ,ll;JI.SI u~ H i~ HaH,ll;eM 
z+r0 

u~ = [;: ~; + ,
0

2
: z exp(-~)]u'I; i~ = [~ ~': - ,

0

2
: z exp(-~)] i'I. (6.24) 

}fa (6.24), IIOJIO:>KHB t = 0' CJie,ll;yeT, qTQ B rrepBbIH MOMeHT OTpa:>KeHHe OT IIeITH 

( 'o' 4 ) rrpoHCXO,ll;HT TaK :>Ke, KaK H OT pa30MKHYTOro KOHIIa JIHHHH. IloJiara.si: t = 00 ' 

BH,ll;HM, qTo c TeqeHHeM BpeMeHH Harrp.si::>KeHHe H TOK rrpn6Jrn:>KaIOTC.SI K 3HaqeHH.SIM, 

KOTopb1e paHee 6bIJIH noJiyqeHbI ,ll;JI.SI JIHHHH, 3aMKHYTOH Ha conpoTHBJieHife r0 • Ha 

pHC. 6.6 IlOKa3aHbl ITa,ll;aIOrn;He H OTpa:>KeHHble BOJIHbI ,ll;JI.SI qacTHOro CJiyqa.si: 'o = 0 ' 
KOr,ll;a: 

j J u 

1: 
I 

<p- <p- 11 .. x .. x 
cp I I 

<p-
.. hi 

<p- 4 .. x x 

... cp~ cpl 
<p- x <p-+""V\ .. x 

~I <p~ .. x <p- ~ x 
I I 

u J_ J_ 
:!"" :!"" 

Puc. 6.6. Ila}l,a!Oll(He H OTpa:>KeHHhle BOJ!Hhl }],JI.ff CJl)"la.H ro ~ 0 

PacCMOTpHM CJiyqaii, KOr,ll;a BOJIHbl OTpa:>KaIOTC.SI OT KOHIJ;a JIHHHH, 3aMKHYTOR Ha 

IIeITb ( r0 , C0 ). Tor,ll;a aKBHBaJieHTHa.SI cxeMa cocTOHT H3 nocJie,ll;oBaTeJibHO coe,ll;HHeH

HbIX corrpoTHBJieHH.SI ( z + 10 ) H KOH,ll;eHcaTOpa eMKOCTbIO C0 , H npH u'I = const ,ll;JI.SI 

TOKa i Mbl HMeeM: 

. 2u<J/ ( t) t=--exp -- , 
z+r0 't 
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r,11;e 't = (z + r0 )C0 , M ,ZJ;Jrn u~ M i~ Haii:,11;eM: 

u = [1- ~exp(-!)] u ; i = [-1 +~exp(-!)] i . ~ r.+z 't <t> ~ r.+z 't <t> 
0 0 

(6.25) 

lfa Bbipa)l(eHMH (6.25) IIPM t = 0 cJie,11;yeT, qTQ B nepBbIH MOMeHT BpeMeHM OT

pa)l(eHMe OT ue1m ( r0 , C0 ), npoMCXO,ZJ;MT TaK )Ke, KaK B JIMHMM, 3aMKHyToii: Ha conpo

TMBJieHMe ro . IloJiaraSI t = 00 ' HeTpy,11;HO y6e,ZJ;MThC.H, qTo c TeqeHHeM BpeMeHH Ha

IIp.H)l(eHMe M TOK npM6JIM)l(aIOTC.H K 3HaqeHM.HM, KOTOpbie Mhl MMeJIM ,ZJ;JI.H CJiyqaSI pa-

30MKHYTOH JIMHHM. Ha pMC. 6.6 IIOKa3aHhl IIa,ZJ;aIOIIIMe M OTpa)l(eHHbie BOJIHhl ,ZJ;JI.H 

qacTHOfO CJiyqaSI ro = 0 ' KOr,ZJ;a Mhl MMeeM: 

TaK KaK ,11;0 npMxo,11;a oTpa)l(eHHhIX BOJIH K HaqaJiy JI106oii: o,11;Hopo,11;Hoii: JIMHHM 

Hanp.H)l(eHHe Ha ee BXO,ZJ;HhIX 3a)l(MMax paBHO IIpOM3Be,ZJ;eHMIO M3 TOKa B HaqaJie 

JIMHMH Ha ee BOJIHOBOe conpoTMBJieHHe, TO M3JIO)l(eHHhIH cnoco6 onpe,11;eJieHM.H 

OTpa)l(eHHhIX BOJIH npMro,ZJ;eH M B Tex CJiyqaSIX, KOr,ZJ;a K OKOHeqHoii: uenM c cocpe

,Zl;OTOqeHHhIMH napaMeTpaMH IIpMCOe,ZJ;MHeHhl Te MJIM MHbie O,ZJ;HOpO,Zl;Hble JIMHMM. IlpM 

9TOM, COCTaBAA.H COOTBeTCTBYIOIIIYIO 9KBMBaJieHTttyIO cxeMy, Ka)l(,ZJ;YIO M3 JIMHHH, He

nocpe,D;CTBeHHO npMCOe,ZJ;MHeHHhIX K OKOHeqHoii: uenM, CJie,11;yeT 3aMeHMTh aKTMBHhIM 

conpoTMBJieHMeM, paBHhIM ee BOJIHOBOMY conpOTMBJieHMIO, He3aBMCMMO OT Toro, qTo 

HaxO,ZJ;HTC.H B KOHIIe 9TOH JIMHMM. Heo6xo,ZJ;MMO, O,ZJ;HaKO, MMeTb B BM,ZJ;y, qTo COCTaB

JieHHaSI TaKMM o6pa30M 9KBMBaJICHTHaSI cxeMa ,11;aeT B03MO)l(HOCTh IlpOM3BO,ZJ;MTh pac

qeTbI JIMIIIh ,11;0 MOMCHTa IIpHXO,ZJ;a OTpa)l(CHHhIX BOJIH K HaqaJiy XOT.H 6b1 O,ZJ;HOH M3 

JIMHMH, yqTeHHhIX B 9TOH cxeMe. 

6.2.6. npo1.1ecc BKJltO"leHM.R OAHOPOAHOM nMHMM 

PaccMOTpMM npouecc BKJIIOqeHM.H II0,11; CMHycoH,ZJ;aJihHOe HaIIp.H)l(eHMe O,ZJ;HOpO,Zl;HOH 

JIHHMM B npe,D;IIOJIO)l(CHMM, qTo ,ZJ;JIMHa JIMHMM MaJia IIO cpaBHCHMIO c ,ZJ;JIMHOH BOJIHhl. 

Tor,11;a, KaK 6bIJIO YKa3aHo BhIIIIe, MO)l(HO npeHe6peqh 3aTYXaHMeM BOJIH B HaqaJihHOH 

CTa,ZJ;MM npouecca BKJIIOqeHMH, a TaK)l(e orpaHMqMThC.H paccMOTpeHHeM BKJIIOqeHM.H 

JIHHMH II0,11; ,11;eii:CTBMe IIOCTO.HHHOfO HaIIp.H)l(eHM.H, paBHOfO MfHOBCHHOMy 3HaqeHMIO 

ttanp.si:)l(eHM.H B HaqaJie JIMHMM B MOMCHT BKJIIOqeHM.H. IlyCTh, KpOMe Toro, BHyTpeH

Hee COIIpOTMBJICHMe reHepaTopa npeHe6pe)l(MMO MaJIO, MHhIMM CJIOBaMM, MOIIIHOCTh 

reHepaTopa BCChMa BCJIMKa. IlpH 9TOM npe,D;IIOJIO)l(CHMM BOJIHhl HaIIp.sI)l(CHM.H M TOKa 

6y,11;yT OTpa)l(aTbC.H OT i:etteparnpa TaK, KaK OHM OTpa)l(alOTC.sI OT KOpOTK03aMKHyToro 

KOHIIa JIMHMH. 

PaccMoTpMM cJiyqaii:, Kor,11;a BKJI10qaeMaSI JIHHHH pa30MKHYTa Ha npHeMHOM KOHIIe, 

H npe,D;IIOJIO)l(HM, qTo ,11;0 MOMCHTa BKJIIOqeHH.sI HaIIp.H)l(CHHe M TOK IIO BCeii: ,ZJ;JIMHe JIH

HMM paeHhI HYJIIO. IIocJie BKJI10qeHHH OT reHeparnpa B,ZJ;OJih JIHHMH HaqeyT pacnpo

CTPatt.si:ThCH BOJIHhl HaIIp.sI)l(CHHH M TOKa, M KOr,ZJ;a OHM ,11;oii:,ZJ;yT ,11;0 KOHIIa JIMHMM, HaIIp.H

)l(CHMe B,ZJ;OJih JIHHMM 6y,11;eT paBHO HaIIp.sI)l(CHMIO reHeparnpa, a TOK - HaIIp.sI)l(CHMIO 
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reHeparnpa, JJ;eJieHHOMY Ha BOJIHOBOe COITponrnJieHHe JIHHHH. L{OHJ];.H J];O pa.30MKHy

TOfO KOHU:a JIHHHH, :::ITH BOJIHbl 0Tpa3.HTC.H, ITpHqeM BOJIHa HaITp.H:IKeHH.H He H3MeHHT 

3HaKa, a BOJIHa TOKa H3MeHHT 3HaK. IlpH J];BH)KeHHH K reHepaTopy OTpa)KeHHa.H BOJI

Ha HaITp.H)KeHH.H, HaJiara.HCb Ha ITa;:J;aIOIIIYIO BOJIHy, ITOBbIIIIaeT HaITp.H)KeHJ:ie B JIHHHH 

J];O YABOeHHOfO HaITp.H)KeHH.H reHepaTopa, a OTpa)KeHHa.H BOJIHa TOKa yMeHbmaeT TOK 

B JIHHHH JJ;O HYJI.H. B TOT MOMeHT, KOr;:J;a :::ITH BOJIHbl J];OHJJ;YT J];O reHepaTopa, TOK ITO 

Bceii JJ;JIHHe JIHHHH 6y;:J;eT paBeH HYJIIO, H BC.H JIHHH.H 6y;:J;eT 3ap.H)KeHa AO HaITp.H)Ke

HH.H, paBHOro YABOeHHOMY HaITp.H)KeHHIO reHepaTopa. BoJIHbI, oTpa3HBIIIHec.H OT pa-

30MKHYTOro KOHU:a, y reHepaTopa ITpeTepIT.HT HOBOe OTpa)KeHHe, ITPH KOTOpOM BOJIHa 

HaITp.H)KeHH.H H3MeHHT 3HaK, a BOJIHa TOKa coxpaHHT 3HaK, TaK qTo ITOJiyqHTC.H OTpH

u:aTeJibHa.H BOJIHa HaITp.H)KeHH.H H oTpHn;aTeJihHa.H BOJIHa TOKa, HAYIIIHe OT reHepaTo

pa K KOHU:Y JIHHHH. 0TpHn;aTeJibHa.H BOJIHa HaITp.H)KeHH.H ITPH J];BH)KeHHH K KOHU:Y 

JIHHHH ITOHH)KaeT HaITp.H)KeHHe B JIHHHIO J];O HaITp.H)KeHH.H, paBHOfO HaITp.H)KeHHIO 

reHepaTopa, H OJ];HOBpeMeHHO B JIHHHH B03HHKaeT TOK, ITPOTHBOITOJIO)KHblH ITO Ha

ITpaBJieHHIO ITepBOHaqaJibHOMY TOKy. L{oii;:J;.H J];O KOHU:a JIHHHH, OTPHU:aTeJibHble BOJI

Hbl HaITp.H)KeHH.H H TOKa ITpeTepIT.HT TpeTbe OTpa)KeHHe, B pe3yJibTaTe KOToporo K re

HepaTopy IToii;:J;eT oTpHn;aTeJibHa.H BOJIHa HaITp.H)KeHH.H, CHH)KaIOIIIa.H HaITp.H)KeHHe 

B JIHHHH J];O HYJI.H, H ITOJIO)KHTeJibHa.H BOJIHa TOKa, yMeHhIIIaIOIIIa.H TOK B JIHHHH J];O 

HYJI.H. Kor;:J;a aTH BOJIHbI JJ;OHAYT JJ;O reHeparnpa, JIHHH.H 6y;:J;eT ITOJIHOCTbIO paap.H)Ke

Ha, H HaITp.H)KeHHe H TOK ITO Bceii J];JIHHe JIHHHH 6y;:J;yT paBHbl HYJIIO. 3THM H 3aBep

IIIHTC.H ITOJIHbIH U:HKJI ITpou:eccoB, KOTOpbIH ITPH CJ];eJiaHHbIX HaMH ITpeJJ;IIOJIO)KeHH.HX 

6y;:J;eT ITepHOJ];HqecKH ITOBTOp.HTbC.H. 0TJJ;eJibHbie xapaKTepHbie cpa3bl paCCMOTpeHHOro 

U:HKJia ITpou:eccoB ITpe;:J;cTaBJieHbI Ha pHc. 6.7. 
IloJIHbIH U:HKJI ITpou:ecca J];BH)KeHH.H H OTpa)KeHH.H BOJIH B paCCMOTpeHHOM CJiyqae 

COBepmaeTC.H B ITpoMe)KyTOK BpeMeHH 

T=~=4lJiC, 
v 

r;:J;e I - JJ;JIHHa JIHHHH, a v - CKopoCTb pacITpocTpaHeHH.H BOJIH B Hell. 

3ToT ITpoMe)KyToK BpeMeHH T Ha3hIBaIOT ITepHOJJ;OM co6crneHHbIX KoJie6aHHH 

JIHHHH. EcJIH 6b1 HHAYKTHBHOCTb H eMKOCTh JIHHHH 6bIJIH cocpe;:J;oToqeHbI, TO ITepn

OA T0 co6crneHHbIX KOJie6aHHH TaKoro KOHTypa H3 KaTymKH c HHAYKTHBHOCThIO L I 
H KOHJJ;eHcaTopa eMKOCTbIO CI 6bIJI 6b1: 

T = 2rc~Ll CI= 2rc/ JLG, 
TO ecTh B 7t / 2 paaa 6oJibIIIe, qeM T. 

HaJIHqHe ITOTepb B JIHHHH BeJ];eT K TOMy, qTo BOJIHbl HaITp.H)KeHH.H H TOKa ITOCTe

ITeHHO 3aTyxaIOT, a BeJIHqHHbl HaITp.H)KeHH.H H TOKa ITpH6JIH)KaIOTC.H K TeM 3HaqeHH

.HM, KOTOpbie OHR J];OJI)l(Hbl HMeTb ITPH yCTaHOBHBIIIeMC.H pe)KHMe XOJIOCTOro XOJ];a. 

B CJiyqae BKJIJOqeHH.H JIHHHH, KOHeu: KOTopoii 3aMKHYT HaKOpOTKO, BOJIHa Ha

ITp.H)KeHH.H, pacITpOCTpaH.HIOIUa.HC.H OT reHepaTopa, OTpa)KaeTC.H OT KOHU:a JIHHHH 

c ITepeMeHOH 3HaKa, a BOJIHa TOKa - 6e3 ITepeMeHbl 3HaKa. 0Tpa)KeHHa.H BOJIHa 

HaITp.H)KeHH.H, HaJiara.HCb Ha ITaJ];aIOIIIYIO BOJIHy, ITOHH)KaeT HaITp.H)KeHHe B JIHHHH J];O 

HYJI.H, a B pe3yJibTaTe HaJIO)KeHH.H OTpa)KeHHOH BOJIHbl TOKa TOK B JIHHHH y;:J;BaHBa

eTCH. Kor;:J;a OTpa)KeHHbie BOJIHbl J];OHJJ;YT J];O reHeparnpa, TO HaITpH)KeHHe BO Bceii 



166 r11asa 6. 311eKTp1114eCKl!le L1en111 C pacnpe,i:ie11eHHblMlll napaMeTpaMlll 

JIHHHH 6y,ll,eT paBHO Hymo, a TOK - Y.ll.BOeHHOMY rrepBOHaq<L!IhHOMY TOKy. TaK KaK 

rrpH Bcex IIOCJie,ZJ;yrom:nx OTpa:>KeHHHX H OT reHepaTopa H OT KOpOTK03aMKHYTOro 

KOHIJ;a JIHHHH BOJIHa HarrpH:>KeHHH OTpa:>KaeTCH c rrepeMeHOM 3HaKa, TO HaIIpH:>KeHHe 

B JIHHHH H3MeHHeTCH Me:>K,ll,Y HyJieM H HarrpH:>KeHHeM reHepaTopa. 

0Tpa:>KeHHe BOJIHhI TOKa H OT reHepaTopa H OT KOpOTK03aMKHYTOro KOHIJ;a JIHHHH 

Ka:>K,ll,hIM pa3 rrpOHCXO,ll,HT 6e3 rrepeMeHhI 3HaKa. IloaToMy TOK B JIHHHH IIOCJie Ka:>K

,ll,Oro OTpa:>KeHHH B03pacTaeT Ha BeJinqnHy nepBOHaqaJibHOro TOKa (pnc. 6.8) . 

• • u 

I • •X ...... •X 

... I 
~ •X •X 

9 •X F •X 

~ •X ::d3 •X 

I • • I • • 
PHc. 6. 7. <l>a3hl rrpo11ecca BKJIJoqeHirn O/.\HOPO/.\HOH JUIHIUI 

: : 
u 

_____ __..j--. _____ x 

•X 
______ ,___ ____ x 

•X ------------· x 
PHc. 6.8. Ilpo11eccbl B 0,llHOpO/.\HOH JllfHl!lf, 3aMKHyTOH B KOH1(e HaKopOTKO 

HaJinqne noTeph B JIHHHH BhI3hrnaeT 3aTyxaHHe BOJIH H orpaHnqnBaeT HapacTa

HHe TOKa. Ilo Mepe 3aTyxaHHH BOJIH HaIIpH:>KeHHe H TOK rrpn6JIH:>KaIOTCH K TeM 3Ha

qeHHHM, KOTOphie OHM ,ll,OJI:>KHl>I HMeTb rrpH ycTaHOBHBIIIeMCH pe:>KHMe KOpOTKOro 

3aMbIKaHHH. 
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EcJrn: wnrna JIHHHH cpaBHHMa c ,n;JIHHOH BOJIHhl, TO 3a BpeMJI KaJK,n;oro npo6era 

BOJIHhl B,l{OJlh JIHHHH Hanp51)l(eHHe Ha 3aJKHMax reHepaTopa B HaqaJie JIHHHH ycneBa

eT 3aMeTHO H3MeHHThC51. IlpH paCCMOTpeHHH npoI(eCCOB B JIHHHH STO H3MeHeHHe 

,ll;OJI)l(HO 6hITh npHHJITO BO BHHMaHHe. 

6.2.7. npoXO)KJ:leHMe BOnH npM HanM'IMM 
peaKTMBHOro conpOTMBneHMJI 
B MeCTe conp.R>t<eHM.R OAHOPOAHblX nMHMM 

IIycTh Me)l(,n;y ,n;ByMJI o,n;Hopo,n;HhIMH JIHHHJIMH c BOJIHOBhIMH conpoTHBJieHHJIMH z1 

H z 2 BKmoqeHa nocJie,n;oBaTeJihHO peaKTHBHM KarymKa c HH,ll;JKTHBHOCThIO L0 • To

r,n;a, npeHe6perM eMKOCThIO Me)l(.l{y BHTKaMH o6MOTKH KaTymKH, B MeCTe conp51)l(e

HH51 JIHHHH HMeeM: 

H B cJiyqae nepexo,n;a BOJIH Hanp51)l(eHH51 H TOKa H3 nepBOH JIHHHH BO BTopy10 MO

)l(eM HaITHCaTh: 

OTKy,n;a 

2 - Lo d U~2 Z2 + Z1 
U~1---d +---U~2· 

z2 t z2 

IlpH np51MoyroJihHOH cpopMe na,n;aIOIIIeH BOJIHhl HMeeM u~I = const H, CJie,n;oBa

TeJibHO, 

2z2 [ ( t )] . 2z1 [ ( t )] · u~2 = --- 1- exp - - u~ 1 ; 1~2 = --- 1- exp - - 1~1 , 
Z2 + Z1 't Z1 + Z2 't 

r,n;e t = L0 /(z1 + z2), H rnr,n;a ,ll;JIJI u~ 1 H i~ 1 Hail:,n;eM: 

(6.26) 
. [ Z1 - Z2 2 Z1 ( t )] · 1~ 1 =-------exp -- 1~ 1 . 

Z2 + Z1 Z2 + Z1 't 

Ifa (6.26) CJie,n;yeT, qTQ B ,n;aHHOM CJiyqae npeJIOMJieHHbie BOJIHhI U~2 H i~2 Ha

pacTaIOT ITOCTeneHHO OT 3HaqeHHH, paBHhIX HYJIIO npH t = 0' ,n;o 3HaqeHHH, KOTOphie 

Mhl HMeJIH B CJiyqae OTCYTCTBHJI peaKTHBHOM KaTymKH. 1ITo )Ke KacaeTCJI OTpa)l(eH

HhIX BOJIH U~1 H i~1 ' TO B nepBblM MOMeHT OHM HMeIOT TaKHe )Ke 3HaqeHH51, KaK 

npH OTpa)l(eHHH OT pa30MKHyToro KOHI(a JIHHHH, a 3aTeM ITOCTeneHHO npH6JIH)l(a

IOTC51 K 3HaqeHHJIM, KOTOphie MhI HMeJIH npH oTCYTCTBHH KaTymKH. TaKHM o6pa-

30M, B pe3yJihTaTe BKJI10qeHH5! peaKTHBHOM KaTymKH cppOHT npeJIOMJieHHhIX BOJIH 
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rrpHo6perneT rroJiorHll: xapaKTep .ua)Ke rrpH OTBecHoM cppottTe rra.ua10:ru;Hx BOJIH. IihI

cTpoTa HapacTaHH.H Harrp.H)KeHH.H H TOKa BO BTOpoll: JIHHHH TeM MeHhllle, qeM 6oJib

IIIe IIOCTO.HHHa.H BpeMeHH 't =Lo /(zl + Zz)' T. e. TeM MeHbllle, qeM 6oJibIIIe HH.ZJ;yK

THBHOCTb KaTyIIIKH. Crna)KHBaHHe cppOHTa npeJIOMJieHHbIX BOJIH B .ZJ;aHHOM CJiyqae 

060.HCH.HeTC.H TeM, qTo 3HeprHH rra.ua10:ru;ell: BOJIHbl qaCTHqHo rrepexO.ZJ;HT B 3HeprHIO 

MarHHTHOfO IIOJI.H, CB.H3aHHOfO c peaKTHBHOM KaTyIIIKOM. IlpHMeHH.H peaKTHBHble 

KaTyIIIKH .ZJ;JI.H crJia)KHBaHH.H cppoHTa rrpeJIOMJieHHbIX BOJIH, CJie.n;yeT HMeTb B BH.ZJ;y, 

qTo B pe3yJihTaTe HaJIO)KeHH.H OTpa)KeHHOM BOJIHbl Ha rra.ua10:ru;yIO BOJIHY Harrp.H)Ke

HHe B rrepBOM JIHHHH B nepBble MOMeHTbI BpeMeHH y.n;BaHBaeTc.H. 

Ha pHc. 6.9 rroKa3aHbI rra.ua10:ru;He, npeJIOMJieHHbie H OTpa)KeHHhie BOJIHhl .ZJ;JIH 

CJiyqa.H Z1 = Zz ' Kor.ua Mbl HMeeM: 

u$1 = exp (- ~) ucp1 ; i$1 = - exp (- ~) icpl' 

r.ue 't = L0 / 2 z1 = L0 / 2 Z 2 • 

z 
Jro z 

z 
JLo 

u I I 
<i>1- I I .. x <i>l- I 

~ I 

<i>1- cp1+3J., ., <pz <i>1- I\ .. <pz .. x 

~:~, .. 
I 

<Pi -L.-- ~z s'" .. x 
I u I 

z $Co z z $Co 

z 

.. x 

.. x 

.. x 

z 

PHC. 6.9. Ila11aKJll(l!e, rrpeJIOMJieHHble II OTpaJKeHHbie BOJIHbl l\Jlll qacTHOro cJiyqaJI Z1 = Zz 

IlycTb B MeCTe conpH)KeHH.H JIHHHM BKJIIOqeHO OTBeTBJieHHe, co.uep)Ka:ru;ee KOH.ZJ;eHca

TOp, eMKOCTb Kornporo paBHa C0 • Tor.ua B MecTe conp.H)KeHHH JIHHHM HMeeM: 

- . ·-c du2 . U1 -Uz, l- odt+l2 

H B CJiyqae nepexo.ua BOJIH HarrpH)KeHH.H H TOKa H3 rrepBOM JIHHHH BO BTopyIO MO

)KeM HaIIHCaTb: 

H, CJie.ZJ;OBaTeJibHO, 



6.2. nepexoAHb1e npo1.1eccb1 e 1.1ensix c pacnpeAeneHHb1M1o1 napaMeTpaM1o1 169 

Ilpn rrp.si:MoyroJihHOH cpopMe na,a;a10:ru;eii BOJIHhI uq>1 = canst MhI no11yqnM: 

uq>2 =_5_[1-exp(-!)]uq>1; iq>2 =~[1-exp(-!)]iq>1' 
Z2 + Z1 't Z1 + Z2 't 

Z1Z2 C 
r,a;e 't = --- 0 , H Tor,a;a AJI.SI u$1 H i$1 Hali,a;eM: 

Z1 +z2 

u$1 =[ 22 
-z1 -~exp(-!)]uq>1 ; i$1 =[ 21 

-z2 +~exp(-!)]iq>1 . (6.27) 
Z2 + 21 22 + 21 't 22 + 21 22 + 21 't 

Bb1pa%eHH.SI (6.27) ,llJl.SI uq>2 H iq>2 aHaJiornqHhl Bbipa%eHH.SIM (6.26), H B COOT

BeTcTBHH c 3THM npeJIOMJieHHhie BOJIHhl HapacTaIOT IIOCTeileHHO OT HyJI.SI ,llO Tex 

3HaqeHHH, KOTOphre OHM HMeIOT rrpn OTCYTCTBHH OTBeTBJieHH.SI. Ilpn 3TOM 6bICTpOTa 

HapacTaHH.SI nx, onpe,a;e11.si:eMa.si: rrocTo.SIHHOH BpeMeHn t = ~ C0 , TeM MeHhIIIe, 
21 +22 

qeM 60JibIIIe eMKOCTh KOH,lleHCaTopa Co . q TO KacaeTC.SI OTpaJKeHHhIX BOJIH u$1 H i$1 ' 

TO B nepBblll MOMeHT BpeMeHH OHM HMeIOT TaKHe )Ke 3HaqeHH.SI, KaK rrpH OTpa%eHHH 

OT KOpOTK03aMKHyToro KOHn;a JIHHHH, a 3aTeM IIOCTerreHHO rrpn6JIH)KaIOTC.SI K 3Haqe

HH.SIM, KOTOpbie Mhl HMeJIH rrpH OTCYTCTBHH OTBeTBJieHH.SI. 

TaRHM o6pa3oM, B pe3yJihTaTe HaJinqn.si: eMI<OCTHoro OTBeTBJieHH.SI cppoHT rrpe

JIOMJieHHhIX BOJIH, KaK H B rrpe,llhI,'l;y:ru;eM cJiyqae, npno6peTaeT IIOJIOI'Hll xapaKTep 

,a;a)Ke npn OTBeCHOM cppoHTe na.uaro:ru;nx BOJIH. Cnra)KHBaHHe cppoHTa rrpeJioMJieH

HhIX BOJIH B ,a;aHHOM CJiyqae 060.SICH.SieTC.SI TeM, TITO aneprmz rrap,a10:ru;eif BOJIHbl TJac

THqHo rrepexo,a;HT B 3Heprnro aJieKTpnqecKoro IlOJI.SI koH,lleHcaTopa. 

IlpH npHMeHemrn eMKOCTHOro OTBeTBJieHH.SI ,llJI.SI CrJia)KHBaHH.SI cppOHTa npeJIOM

JieHHhlX BOJIH OTpa)KeHHa.SI BOJIHa Hanp.SI)KeHH.SI B nepBbIH MOMeHT BpeMeHH paBHa no 

BeJmqnHe H rrpOTHBOilOJIO)J(Ha no 3HaKy na,a;aroru;eii BOJIHe, H Hanp.si:%eHHe B nepBOll 

JIHHHH B MOMeHT npnxo.ua BOJIHhl K MeCTY conpJ.1%eHH.SI JIHHHH rra.uaeT ,'l;O HYJIJ.I, 

a 3aTeM nocTeneHHO HapacTaeT. Ha pnc. 6.9 rroKa3aHhI na,a;aroru;ne, rrpeJIOMJieHHhie 

H OTpa)KeHHbie BOJIHbI ,'l;JI.SI C.7IY'£a.SI 21 = 22 : 

(6.28) 

6.2.8. npoXO>KAeHMe aonH npM HanM'IMM aKTMBHOro 
" conpOTMBneHMJI B MeCTe OAHOPOAHblX nMHMM 

IlycTh Me%,a;y .llBYM.SI O,llHOpO,llHhIMH JIHHH.SIMH c BOJIHOBhIMH conpoTHBJieHH.SIMH Z1 

H Z2 BKJIIOqeHO IlOCJie,llOBaTeJihHO c HHMH aKTHBHOe conpoTHBJieHHe ro . Tor,a;a B Me

CTe conp.SI%eHHJ.I JIHHHH HMeeM: 
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H B CJiyqae rrepexo.n;a BOJIHhI uq>! H3 rrepBOH JIHHHH BO BTopyIO MO)KeM HaIIHCaTh: 

u'l'1 - u$1 _ u'l'2 • _ To d u'l'2 
--, uq>1 +u$1 ___ d +uq>2' 

Z1 z2 z2 t 

H, CJie.n;oBaTeJihHO, 

(6 .. 29) 

Ifa Bhipa)KeHHH (6.29) BH.n;Ho, qTO HaJIHqHe corrpoTHBJieHH$1 T0 yMeHhmaeT rrpe

JIOMJieHHYIO BOJIHY HaIIp$1)KeHH$1 H qTo .n:a)Ke rrpH 6oJihillOM 3HaqeHHH Z2' yBeJIHqH

BM To ' ee MO)KHO .ll:OBeCTH .n;o CKOJih yro.n;Ho MaJIOH BeJIHqHHhI.. 0Tpa)KeHHM BOJIHa 

u$1' rrpH Z2 > Z1 c yBeJiffqeHHeM To B03paCTaeT, HO He MO)KeT rrpeB30HTH BeJiffqH

HY uq>t" 

·2 To 2 
Mo:ru;HOCTh, BhI.n;eJI$1IOII(MC$1 B corrpoTHBJieHHH T0 , paBHa p = T0l2 = 2 u'l'2 , B TO 

Z2 
u2 

v q>I 
BpeM$1 KaK MOII(HOCTh rra.n;a10:ru;eH BOJIHhI p'l'1 = - . 

Z1 
,l{JI$1 OTHomeHH$1 3THX MOII(HOCTeH HMeeM: 

2 
p T0z1 U'l'2 4T0z1 

=-2--2-= 2' 
Pq>1 Z2 uq>t (z2 + Z1 +To) 

rrpHqeM rrpH To = Z2 + Z1 3TO OTHOmeHHe .ll:OCTHraeT MaKCHMyMa, paBHOro 

z1 /(z2 + z1). TaKHM o6pa30M, 3HaqHTeJihHM qacTh MOII(HOCTH rra.n;a10:ru;ell: BOJIHhI 

MO)KeT 6hITh rrorJio:ru;eHa corrpoTHBJieHHeM T0 JIHillh rrpH z1 > > z2 , T. e. Kor.n:a rrpe

JIOMJieHHM BOJIHa HaIIp$1)KeHH$1 MaJia no cpaBHeHHIO c rra.n;a10m:ell:. 0.n;HaKO rrpH JII0-

6oM COOTHOmeHHH Me)K.n;y Z1 H Z2 ' B3$1B To = Z2 + Z1 ' Mhl IIOJiyqHM uq>2 = 
= uq>I Z2 /(z1 + Z2)' H Tor.n;a rrpeJIOMJieHHM BOJIHa HaIIp$1)KeHH$1 6y.n;eT B .n;Ba pa3a 

MeHhme, qeM rrpH OTCYTCTBHH corrpOTHBJieHH$1 To (pHC. 6.10). 

PHc. 6.10. IIa,n;aromHe, rrpeJIOMJieHHb1e H oTpaiKeHHhre BOJIHhI llJIH qacTHoro cJiyqaH r0 = z2 + z1 
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)lm1 Toro qTo6br ITepeHaITp5DKeHIUI, B03HHKIIIHe Ha OAHOM yqaCTKe JIHHHH, He 

pacITpOCTpamIJIHCh ITO BCeH ee AJIHHe, MeJKAY OTAeJibHhIMH yqaCTKaMH JIHHHH BKJIIO

qaroT aKTHBHble COITpOTHBJieHmI, yMeHblllaIOll1He, KaK Mhl TOJlhKO qTo BHAeJIH, BeJIH

qHHY BOJIH HaITpHJKeHm1 ITPH HX ITpoxoJKAeHHH H3 OAHOro yqacTKa B Apyroii. TaK 

KaK AJIH a<t><t>eKTHBHOfO AeHCTBmI :'lTH COITpOTHBJieHHH AOJIJKHbl HMeTb BeJIHqHHY 

ITOPHAKa 500-600 OM, TO ITapa1111eJihHO c HHMH BKJiroqaroT pear<THBHhre KaTyIIIKH, 

HMeIOrrrHe He3HaqHTeJibHOe COITpOTHBJieHHe Ami TOKa HOpMaJihHOH qacTOThl, HO OKa-

3bIBarorrrHe B ITepBbie MOMeHThl 3HaqHTeJibHOe COITpOTHBJieHHe BOJIHaM. 

IIycTb TeITeph B MeCTe COITpHJKeHHH JIHHHH BKJIIOqeHO OTBeTBJieHHe, HMerorrree 

TOJihKO ar<THBHoe coITpOTHBJieHHe r0 • TorAa B aTOM MeCTe 

. U2 . 
U1 =u2 ; 11 =-+12 , 

ro 

H B c11yqae ITepeXOAa BOJIHhl uq>l H3 ITepBOH JIHHHH BO BTopyro MOJKeM HaITHCaTb: 

uq>1 - u$1 uq>2 uq>2 
uq>I +u$1 =Uq>2; =-+-

Z1 ro Z2 

H, CJieAOBaTeJibHO, 

lfa :'lTOfO BhITeKaeT, qTo HaJIHqHe aKTHBHOfO OTBeTBJieHHH yMeHbIIIaeT ITpeJIOM

JieHHYIO BOJIHY HaITpHJKeHHH, ITpHqeM, yMeHblllaH ro ' ee MOJKHO AOBeCTH AO CKOJlh 

yroAHO MaJIOH BeJIHqHHhl. 0TpaJKeHHaH BOJIHa u~I c yMeHbllleHHeM ro B03pacTaeT 

ITO a6coJIIOTHOH BeJIHqHHe, HO He MOJKeT ITpeB30HTH BeJIHqHHY uq>I . 
u2 

MorrrHOCTh, BhIAeJIHeMaH B OTBeTBJieHHH, paBHa p = ~' B TO BpeMH KaK MOIII
ro 

u2 
HOCTh ITai'.];arorrreii BOJIHhl pq>I = ~. )lJIH OTHOIIIeHHH :'lTHX MOIIIHOCTeH HMeeM: 

Z1 

p 

r0 ( Z2 + Z1 + z~:2 r ' 
ITpHqeM ITPH ro = Z1Z2 /(z1 + Z2) :'lTO OTHOIIIeHHe AOCTHraeT MaKCHMyMa, paBHOfO 

2z2 /(z1 + z 2). TaKHM o6pa3oM, B paccMaTpHBaeMOM c11yqae ITPH z 1 << z2 , KOrAa 

ITpeJIOMJieHHaH BOJIHa HaITpHJKeHHH 3HaqHTeJibHO ITpeBOCXOAHT ITai'.];arorrryro, 6oJiblllaH 

qacTb M0ll1HOCTH ITOCJieAHeH ITOfJIOll1aeTCH B aKTHBHOM OTBeTBJieHHH. IlpH :'lTOM, 

B3HB ro = Z1Z2 /(zl + Z2)' Mhl ITOJI)"IHM uq>2 = [z2 /(z1 + Z2)]uq>I' H TOfAa ITPH JII060M 

COOTHOIIIeHHH MeJKAY Z1 H Z2 ITpeJIOMJieHHaH BOJIHa HaITpHJKeHHH 6yAeT B ABa pa3a 

MeHhIIIe, qeM ITPH OTCYTCTBHH OTBeTBJieHHH (pHC. 6.11 ). 
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--I ll<pi 

PHc. 6.11. IlaAaIOII.1He, rrpeJIOMJieHHhie H oTpa)J(eHHhie BOJIHhI AJill cJiyqal! r0 = z,z2 /(z1 + z2) 

Bo JI36e)l(amre rrpoxo)l(p;emrn: qepe3 OTBeTBJiemre CKOJib-Htt:6yp;b 3Haqtt:TeJibHoro 

TOKa rrpM HOpMaJibHOH pa6oTe JIMHMM IIOCJiep;oBaTeJibHO c corrpoTMBJieHMeM To 

BKJIIoqaIOT KOHl(eHCaTop, He OKa3bIBaIOII(MH cym;ecTBeHHOro corrpoTMBJieHMH rrpoxo

)l(l(eHMIO qepe3 Hero BOJIH, HO MMeIOII(MH l(OCTaToqHo 6oJibIIIOe corrpoTMBJieHMe l(JIH 

TOKa HOpMaJibHOH qacTOTbl. 

B 3aKJIIOqeHMe OTMeTMM, qTo AJIH aHaJIM3a rrepexonHhIX rrpo11eccoB B JIMHMHX 

c pacrrpep;eJieHHblMM rrapaMeTpaMM MO)l(HO BOCIIOJib30BaTbCH orrepaTOpHbIM MeTO

l(OM. B cJiyqae rrptt:MeHeHMH orreparnpHoro Mernna K aHaJIM3Y rrepexop;HbIX rrpo11ec

coB B 11errHX c cocpep;oToqeHHbIMM rrapaMeTpaMM, KaK Mbl Blil(eJIM, o6hIKHOBeHHbie 

nmp<J:>epeHI1MaJibHbie ypaBHeHMH AJIH optt:rMHaJIOB rrepeXOl(HT B aJire6patt:qeCKMe 

ypaBHeHMH AJIH MX M3o6pa)l(eHMH. CooTBeTCTBeHHO, rrptt:MeHeHMe aToro MeTona 

K MCCJiep;oBaHMIO rrpo11eccoB B JIMHMHX c pacrrpep;eJieHHbIMM rrapaMeTpaMM rrpMBOl(MT 

K 3aMeHe p;tt:<J:><J:>epeHI1HaJibHblX ypaBHeHMH B qaCTHbIX IIpOM3BOl(HbIX l(JIH p;eHCTBM

TeJibHbIX TOKOB M HarrpH)l(eHMH o6bIKHOBeHHblMH ntt:<P<J:>epeHllMaJibHbIMM ypaBHe

HMHMH l(JIH MX orrepaTOpHbIX M3o6pa)l(eHM:H:. 

KoHTponbHble eonpocb1 K rnaee 6 
6.1. q TO rrpep;CTaBJIHIOT co6o:H: aJieKTptt:qecKtt:e 11errtt: c pacrrpep;eJieHHbIMM rrapa

MeTpaMtt:? 

6.2. KaKMMM ypaBHeHMHMM orrtt:cbrnaIOTCH aJieKTptt:qecKMe rrpo11eccb1 B onttopop;HbIX 

JIMHMHX? • 

6.3. KaKMMM ypaBHeHMHMM OIIHCbIBaIOTCH aJieKTptt:qecKMe rrpo11eccb1 B onttopop;HbIX 

JIHHMHX rrptt: yCTaHOBMBIIIHXCH ctt:ttycott:p;aJibHbIX pe)l(tt:Max? 

6.4. KaKMMM ypaBHeHMHMM OIIMCbIBaIOTCH aJieKTptt:qecKMe rrpo11eccb1 B op;Hopop;HbIX 

JIMHHHX rrpH rrepexol(HbIX pe)l(HMax? 
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MaTeMaTM'lecKaJI MOAenb 
3neKTpOMarHMTHOrO nonJI 

7.1. BeKTOpb1 3neKTpoMarHMTHoro nonst 
3JieKTPOMarHHTHOe noJie (3MIT) MOJKHO paccMaTpHBaTb KaK oco6oe CBOHCTBO Ma

TepHH. 0Ho xapaKTepH3yeTCH qeThiphMH BeKTOpHhIMH BeJIHqHHaMH: E - HanpH

JKeHHOCThIO aJieKTpHqecKoro noJIH (3IT); jj - aJieKTpHqeCKOH HH,ll;YKIIHeii; jj -
HanpHJKeHHOCThIO MarHHTHoro noJIH (MIT); B - MarHHTHoii HH,ll;YKIIHeii. Onpe.ne

JIHTh 3MIT B HeKoTopoii o6JiaCTH npocTpaHCTBa - 3HaqHT YKa3aTh aTH BeKT<!,{)h!. B 

JII06oii ee roqKe. TaKHM o6pa3oM, 3MIT npe.ncraeT KaK coBoKynHocrh 3IT ( E, D) 
H MIT ( H, B ), Haxo.nHmHxCH Bo B3aHMHoii 3aBHCHMOCTH. )leJieHHe 3MIT Ha aTH 

,ll;Be COCTaBJIHIOmHe OTHOCHTeJibHO, OHO 3aBHCHT OT ycJIOBHH Ha6JI10,neHHH H B03-

MOJKHO TOJibKO npH MaKpOCKOnmeCKOM paccMOTpeHHH HBJieHHH. ITpH ,ll;BHJKeHHH 3a

PHJKeHHOro TeJia B OKpyJKa10meM IlpOCTPaHCTBe B03HHKaeT 3MIT, H Heno,nBHJKHbIH 

Ha6JI10,naTeJih o6HapyJKHT 3IT H MIT no MeXaHHqecKHM CHJiaM, ,neiicTByiomHM Ha 

npo6HbIH 3apH,n H MarHHTHYIO CTpeJIKy. 0,nHaKO Ha6JIIO,ll;aTeJib c npo6HhIM 3apH,ll;OM H 

MaTHHTHOH CTpeJIKOH, ,ll;BHJKymeiicH BMecre c 3apHJKeHHhIM TeJIOM, He o6HapyJKHT OT

KJIOHeHHH MafHHTHOH CTpeJIKH, a OTMeTHT TOJlhKO B03,ll;eHCTBHe Ha npo6HhIH 3apH,n. 

,llJIH TaKoro Ha6JI10,naTeJIH cymecTByeT TOJihKO 3IT, a MIT oTcyTcrnyeT. 

ITpH MHKpOCKOnHqecKOM paCCMOTpeHHH Bcer.na o6HapyJKHBaIOTCH o6e CTOpOHbl 

3MIT. HanpHMep, npH paccMoTpeHHH Heno,nBHJKHoro 3apHJKeHHoro TeJia Heo6xo

,nHMo yqecTh TaKJKe MIT ,ll;BHJKymHxCH no CBOHM op6HTaM aJieKTpOHOB, H3 KOTOphIX 

cJiaraeTrn o6mHii 3apH,n TeJia. 0,nHaKo H3-3a xaoTHqecKoro pacnoJioJKeHHH aTHX 

aJieMeHrapHhIX TOKOB HX MIT qpe3BbNaiiHo 6blcrpo y6hrnaer c yBeJIHqeHHeM pac

CTOHHHH OT TeJia. ITpH MaKpOCKOITHqecKOM no.nxo.ne BOKpyr HeITO,ll;BHJKHOro 3apH

JKeHHOfO TeJia yqHThIBaeTrn TOJihKO 3IT. 

IToCKOJibKY MOJKHO C03.ZJ;aTb ycJIOBHH, rrpH KOTOpbIX npOHBJIHeTCH O,ll;Ha H3 co

CTaBJIHIOIIIHX 3MIT, B03MOJKHo H pa3,neJibHoe H3yqeHHe 3IT H MIT. 3rn coorneTCT

ByeT pH.n;y npaKTHqecKHX 3a.ZJ;aq, Kor.na B aJieKTpOTeXHmeCKOM ycTpOHCTBe npe.n

CTaBJIHeT HHTepec onpe,neJieHHe TOJihKO O,ll;HOfO H3 IlOJieii. 
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7.2. AHanMTM1.1ecKaJ1 CBJ13b Me~y 
3neKTpMl.leCKMMM M MarHMTHblMM JIBneHMJIMM 

7 .2.1. 3aKOHbl nonHoro TOKa M <l>apaAe.A 
Atta.JUfTHqecK<UI CBH3b Me:>K,ZJ;y 3.JieKTp:u:qecKHMH :u: MarHHTHhIMH BeI<TopaM:u: 3MIT 

cq>OpMy.JI:u:poBaHa B BHJJ:e JJ:Byx 3aKOHOB. 

ITocI<o.JibKY BCHKHH 3.JieKTp:u:qecKHH TOK o6a3aTe.JibHO corrpoBOJKJJ:aeTcH MIT, TO 

MIT He:u:36eJKtto CBH3atto c 3.JieI<Tp:u:qecKHM TOKOM. CBH3h MeJKJJ:Y 3.JieKTp:u:qecKHM 

TOKOM :u: ttarrpaJKeHHOCTbIO MIT ycTaHaB.JIHBaeTcH 3aKOHOM rro.JIHoro TOKa 

:fiidl=l, (7.1) 
l 

TO ecTb KpHBO.JIHHettHh!_.H HHTerpa.JI BeKTopa ttarrpaJKeHHOCTH MIT H no .Jiro6oMy 

3aMKHYTOMY KOHTYPY I paBeH IIO.JIHOMY TOI<Y I, rrpoxoJJ:HIUeMy CKB03b rroBepx

HOCTh, orpatt:u:qeHHYIO 3THM KOHTypoM. ITocpeJJ:CTBOM 3TOro ypaBHeHHH ycTaHaB.JIH

BaeTCH OJJ:Ha H3 Ba.IKHeii:urnx cmrneii: Me.IKAY 3.JieKTp:u:qecKOH H MarHHTHOH CTOpOHaMH 

3.JieI<TpoMarn:u:THhIX HB.JieH:u::H. 0Ho orrpeJJ:e.JIHeT MIT, B03HHKaro:mee rrp:u: JJ:BH.IKeHHH 

3.JieKTpHqeCKH 3apH.1KeHHbIX qaCTHU H rrp:u: H3MeHeHHH 3IT. 06o6:meHH<UI <PopMy.JIH

pOBKa rrepBoro ypaBHett:u:H, JJ:aHH<IB MaI<cBe.JI.JIOM, rrpeJJ:cTaB.JIHeTCH B BHJJ:e 

:f iidf = ff8dS, (7.2) 
l s 

rJJ:e rro.l{ B rrott:u:MaeTca II.JIOTHOCTh Bcex BHJJ:OB 3.JieKTp:u:qecKoro ToKa: 

B = Bnp + BCM + Bnep , (7.3) 

BK.Jiroqaro:maa Bnp = yE - ~II.JIOTHOCTh TOKa rrpoBOJJ:HMOCTH ( y - YJJ:~.JibH<UI ~.JieKTp:u:
qecK<UI rrpOBOJJ:HMOCTb, E - 3.JieKTp:u:qecK<UI HanpH.IKeHHOCTb); 0 = aD I at -
II.JIOTHOCTh TOKa cMeIUeHHH ( fJ = eE - 3.JieI<Tp:u:qecK<UI HHAYKUHH, e CM - AH3.JieKTpH

qecI<<UI rrpoH:u:uaeMoCTh cpeJJ:bI); Bnep = p(v+ - v_) - rr.JioTHOCTh ToKa rrepeHoca 

( p - II.JIOTHOCTb 3.JieI<TpHqecKOI'O 3apHJJ:a; V+, V_ - CKOpOCTH rrepeHOCa IIO.JIO.IKH

Te.JibHbIX H OTp:u:uaTe.JibHbIX 3apHi'l;OB ), s - II.JIOIU<!JJ:b ceqeHHH, qepe3 KOTOpoe rrpo

TeKaeT cyMMapHbIH TOI<. YpaBHeH:u:e (7.2) tta3bIBaeTCH nepBblM ypaBnenue.M Mmc
cBeJlJla, 3arr:u:caHHOe B HHTerpa.JibHOH <PopMe. 

ITpn: H3MeHeHHH MarHHTHOI'O TOKa BO BpeMeHH IIOHB.JIHeTCH 3IT. 3Ta CBH3b ycTa

HOB.JieRa <I>apaJJ:eeM H c<PopMy.JI:u:poBaHa HM B BHJJ:e 3aKOHa 3.JieI<TpOMarHHTHOH HH

AYKUHH A.JIH KOHTypa (p:u:c. 7.1): 

a\f 
e ---

1 - at' (7.4) 

rJJ:e el - 3.JieKTPOJJ:BH:lKYIU<IB CH.Jia (3,llC) B KOHType /; \f - IIOTOKOcuerr.Jiett:u:e. 

MaI<cBe.JI.JIY rrp:u:HaJJ:.Jie.IK:u:T 3ac.Jiyra o6o6iuett:u:a 3Toro 3aI<oHa JJ:.JIH mo6o:H cpeJJ:hI. 

ITo <PopMy.JI:u:poBKe MaKcBe.JI.Jia: 3,llC, B03HHI<aIOIU<IB B Kottrype rrp:u: H3MeHeHHH 

MarHHTHOI'O IIOTOI<a, rrpOXOJJ:HIUero CKB03b IIOBepXHOCTb, orpatt:u:qeHHYIO KOHTypoM, 
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paBHa B3.HTOM co 3HaKOM MHHyc CKOpOCTH H3MeHeHH.H 3TOro IIOTOKa. BTopoil: 3aKOH 

MaKcBeJIJrn B o6o6rn;eHHOM BH,D;e rrpe,D;cTaBJrneTc.H cJie,D;yIOrn;HM o6pa3oM: 

:f £di = - a'I' = -w a<JJ = -w ~ J J ii ds , 
I fJt f)t fJt S 

(7.5) 

r,D;e w - qncJIO BHTKOB; <I> - MarHHTHbIM IIOTOK O,ll;HOro BlITKa; jj - IIJIOTHOCTb 

MarHHTHOro IIOTOKa ( jj = µH' µ - MarHHTHa.H rrpoHmi;aeMOCTb cpe,D;bl). 

e 

PHc. 7 .1. KottTyp, rrepeceKaeMhIH MarHHTHhIM rrOTOKOM 

YpaBHeHH.H (7.2) n (7.5) .HBJI.HIOTC.H ocHOBHhIMH ypaBHeHH.HMH 3MII, rrpe,D;cTaB

JieHHhlMH B lIHTerpaJibHOM cpopMe. 

7.2.2. YpaeHeHMJI MaKceenna 
B AM<l><l>epeH1.1ManbHOM <l>opMe 
HccJie,D;y.H 3MII, Heo6xo,D;HMO orrpe,D;eJI.HTh Bee BeJinqnHhI, ero xapaKTepH3YIOIIJ;He, 

B KaJK,D;OM rnqKe rrpoCTpaHCTBa. IloaToMy MhI He MOJKeM y,11;0BJieTBopHThC.H HHTe

rpaJihHOM cpopMOM ypaBHeHHM lI ,ll;OJIJI<Hbl rrpe,D;CTaBHTb HX B ,ll;HcpcpepeHIJ;HaJibHOM 

cpopMe. KpoMe Toro, pemeHne HHTerpaJihHhIX ypaBHeHHM CB.H3aHo, KaK rrpaBHJIO, 

c 6oJihmHMH aHaJIHTnqecKHMH TPY,D;HOCT.HMH. 

Bhlpa3HM B p;ncpcpepeH11;naJihHOM cpopMe rrepBoe ypaBHeHne MaKcBeJIJia (7.2). 
CorJiacHo 3TOMY ypaBHeHHID, KPHBOJIHHeMHhIM HHTerpaJI BeKTopa Harrp.HJI<eHHOCTH 

MII, B3.HToro rro 3aMKHyToMy KOHTypy, MOJI<eT paccMaTpHBaThC.H KaK Mepa aJieKTpn

qecKoro TOKa, rrpoXO,ll;.Hrn;ero CKB03b IIOBepXHOCTb s' orpaHnqeHHYIO 3THM KOHTy

poM. Op;HaKo rro BeJinqnHe aToro HHTerpaJia HeJib3.H cy,D;HTh o pacrrpe,D;eJieHHH TOKa 

IIO IIOBepXHOCTH s . q T06hl pemHTb 3TOT BOIIpoc, Heo6XO,ll;HMO BOCIIOJlb30BaThC.H 3THM 

JKe ypaBHeHHeM B ,ll;HcpcpepeHIJ;HaJibHOM cpopMe . .ZJ:orrycTHM, qrn Heo6XO,ll;HMO Bhl.HCHHTb, 

IIpOXO,ll;lIT JIM TOK CKB03b MaJIYIO IIOBepXHOCTb !lS ' Ha KOTopoil: paCIIOJIOJI<eHa TOqKa A, 
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H KaKOBa IIJIOTHOCTb TOKa B ::ITOH TO'IKe (pnc. 7.2). JlHHeHHbIH HHTerpaJI BeKTO

pa ii ' B351TbIH B,UOJib MaJIOro KOHTypa, orpaHH'IHBaIOI11ero IIOBepXHOCTb !i5 ' paBeH 

MaJIOMY TOKY Ai , rrpoxo.um11eMy CKB03b aTy rroBepxHoCTn: 

f iidl =Ai 
I 

n MOJKeT CJIYJKHTb Mepoii: TOKa. BeJIH'IHHa Ai 3aBHCHT OT pa3MepoB rroBepxHOCTH 

!i5. 

N 

8 = rotH 

Puc. 7.2. IlpoXOJKj\emi:e MafHHTHOro IIOTOKa CKB03b MaJIYID IIOBepXHOCTb 

)lJIH IIOJiyqeHHH BIIOJIHe orrpe,ueJieHHOH BeJIH'IHHbl Ai pa3,UeJIHM JieByIO H rrpa

BYIO 'IaCTH paBeHCTBa Ha !i5 H Ha:H,ueM rrpe,ueJI, K KOTOpOMY CTpeMHTCH OTHOIIIeHHe, 

Kor.ua !i5 --> 0 , CTHrHBa»Cn K TO'IKe A: 

f iidl 
lim 
ill--+0 

I = lim 
!i5 &~o 

(7.6) 

BeJIH'IHHa, CTOHllla» B JieBo:H 'IaCTH (7.6), rrpe,uCTaBJIHeT co6o:H 11poeKI1HIO Ha Ha

rrpaBJieHne HOpMaJIM K IIOBepXHOCTH s B TO'IKe A BeKTOpa, Ha3bIBaeMOro BHXpeM, 

HJIH poTopoM, BeKTOpa ii . 
Bnxpn BeKTopa ii o6o3Ha'IaIOT rot ii : 

f iidf 
rot ii = lim I = On . 

n &~o /i5 (7.7) 

EcJIH aJieMeHT rroBepxHOCTH pacrroJIOJKHTb TaK, 'IT06n1 rroJIOJKHTeJII>Ha» HopMaJib 

K HeMy COBIIa,uaJia c HarrpaBJieHHeM BeKTOpa IIJIOTHOCTH TOKa, TO rrpe,ueJI OTHOIIIeHHH 

Ai/ AS rroJiyqHT Han6oJII>rnee 3Ha'IeHne, paBHoe IIJIOTHOCTH TOKa B TO'IKe A, rrpn

'IeM HarrpaBJieHHe IIOJIOJKHTeJibHOH HOpMaJIH CBH3bIBaeTCH rrpaBHJIOM rrpaBoro BHHTa 

c HarrpaBJieHHeM o6xo.ua no KOHTYPY· Tor.ua rrepBoe ypaBHeHne MaKcBeJIJia (7.2) 
B .umpcpepeHIJ;HaJibHOH cpopMe 3arrnrneTCH B BH,Ue 

rotii = 8. (7.8) 

AHaJiorH'IHhle .ue:HcTBHH MOJKHO BbIIIOJIHHTb co BTopnIM ypaBHeHHeM MaKcBeJI

Jia (7.5). 
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N 

Puc. 7 .3. Cm!3b Me)J(L(y TOKOM KOHTypa H MafHHTHbIM JIOTOKOM 

Ilpn: 3TOM, paccMaTpHBa.51 ITOJie B HeITO,ZJ:BHJKHbIX cpe.n:ax, 3aMeHHM ITOJIHYIO ITpo

H3BO.lJ:HYIO ITO BpeMeHH qacTHoil: ITpon:3BO,n:Hoil:. CocrnBHM mrneil:HI>Iil: HHTerpaJI 

Be1nopa HaITp51JKeHHOCTH 3II ITO MaJIOMY KOHTypy, orpaHH'IHBaIOIIIeMy MaJIYIO ITO

BepxHOCTb ~s (pnc. 7.3), pa3,n:eJIHM era Ha BeJIH'IHHY ITOBepxHOCTH H Hail:,n:eM 

ITpe,n:eJI, K KOTOpoMy CTpeMHTC51 ITOJiyqeHHOe OTHOlleHHe, KOr,n:a ITOBepxHOCTb Af 
cTpeMHTC51 K HYJIIO, CT51rHBa51Cb B HeKoTopoil: TO'IKe A ITOJI5I. IlpH aTOM IToJiyqaeM 

ITpoeKIIHIO Ha HaITpaBJieHHe HOpMaJIH K Bb16paHHOMY 3JieMeHTY ITOBepXHOCTH 

B TO'IKe A BHxp51 BeKrnpa E : 

lim 
&~o 

:f Edl 
1 = rotnE. 

Af 
(7.9) 

B ITpaBOH qacTH ypaBHeHH51 (7.5) ITOTOKOC1IeITJieHn:e ~'I' ' ITpOXO.li:51IIIee CKB03b 

ITOBepXHOCTb Af ' Heo6xo,n:HMO pa3.ZJ;eJIHTb Ha ITOBepXHOCTb Af H HaHTH ITpe,n:eJI, 

K KOTOpoMy CTpeMHTC51 3TO OTHOmeHn:e, KOr,n:a Af--+ 0. IlpH 3TOM ITOJiyqaeTC51 co

CTaBJI51IOIIIa51 BeKTopa MarHHTHOH HH.li:YKIIHH B B TO'IKe A, HopMaJinHa.51 K B1>16paH

HOMy ::meMeHTY ITOBepXHOCTH: 

OTKy,n:a 

- aii 
rot E=---n. 

n at 
Bn16epeM ITOJIOJKeHHe 3JieMeHTa ITOBepXHOCTH TaK, 'IT06nI HOpMaJib K HeMy COB

ITa,n:aJia c BeKTOpOM -aB I at . Torti:a B JieBOH qacTH paBeHCTBa ITOJIYlJHM BHXpb BeK

rnpa E: 
- aii 

rotE =--. at (7.10) 

HaITpaBJieHHe BeKTOpa aii I at - HaITpaBJieHn:e, K KOTOpOMY CTpeMHTC51 HaITpaB

JieHn:e ITpn:pa111eHH5I ~ BeKTopa MarHHTHOH HH.lJ:YKIIHH, ITpon:cxo,n:51111ero 3a ITpo

MeJI<yToK BpeMeHH ~ t , Kor.n:a ~ t --+ 0 . EcJIH BeKrnp B H3Mem1eTC.H He TOJibKO no 
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BeJIWUme, HO H no HarrpaBJieHHIO, TO rrpOH3BO,l(HaR oB I ot He HanpaBJieHa no O,l(

HOH np.si:Moii: c BeKTopoM B . 
YpaBHeHH.H MaKcBenna, 3arrttcaHHbie B BeKTopHoii cpopMe (7.8), (7.10), HHBapH

aHTHbI B oTHomeHHH CHCTeM Koop;:i;HHaT. ,[{eiicTBHTeJibHO, rot ii H rot E rronHo

CTbIO onpe;:i;eJI.HIOTC.H BeKTOpOM ITJIOTHOCTH TOKa H rrpoH3BO,l(HOH ITO BpeMeHH OT BeK

Topa MafHHTHOH HHJJ:YKQHH B ;:i;aHHOH ToqKe, KOTOpbie, ecTeCTBeHHO, He 3aBHC.HT OT 

BbI6opa CHCTeMbI KOOp,l(HHaT. O;:i;HaKO Bbipa)l(eHH.H i'];Jl.H COCTaBAAIOII(HX BHXp.H HeKO

Toporo BeKTopa A rronyqaroTc.si: pasnHqHbIMH B pasHhIX cHcTeMax Koop,l(HHaT. Ecntt 

BOCIIOJib30BaTbC.H o6o6II(eHHOH opToroHaJibHOH KpHBOJIHHeHHOH CHCTeMOH KOopnH

HaT {q11 q2 ,q3 }, To rot A (A= [H,E]) MO)l(HO rrpencTaBHTb cnenyroll(HM o6pa30M: 

eq, eq, eq, 

rot A= rotq Ae + rotq Aeq + rotq Ae = 
a a a 

(7.11) 
t qt 2 2 3 q3 8q1 8q2 8q3 

Aq, Aq, A q, 
rne e (i = 1, 2, 3) - e,n;HHHqHbie OpTbI ITO OC.HM {q11 q2,q3 } COOTBeTCTBeHHO; 

- q, Aq, ( i = 1, 2, 3) - COCTaBJI.HIOII(He BeKTOpa ITO COOTBeTCTBYIOII(HM QC.HM. 

lfa (7 .11) cne.n;yeT: 

rot A= _q_, - _q_, e + _q_, - _q_, e + _q_, - _q_, e + - (aA aA ) (aA aA J (8A 8A J 
aq2 aq

1 
q, aq

1 
aq

3 
q, aq

1 
aq2 q, 

1[a() a( )j +----eA --eA ee 8q q,q, oq q,q,. 
q, q, 1 2 

(7.12) 

licrroJib3Y.H (7.11 ), (7.12), B neKapTOBbIX KOOpJJ;HHaTax (qi = x, q2 = y, q3 = z) 

eq, = eq, = eq, = 1 ypaBHeHH.H MaKcBenna (7 .8 ), (7 .10) MoryT 6bITb 3arrHcaHbI 

B BH,l(e: 

&E, &Ey &Bx &Ex &E, 
-----=---, -----
ay &z at az ax 

7 .2.3. TeopeMa raycca M nocrynaT MaKceenna 
B AM<l><l>epeH~ManbHOM <1>opMe 

(7.13) 

TeopeMa faycca B rrpttMeHeHHH K 3II rnacttT: IIOTOK BeKTopa HaIIp.H)KeHHOCTH 3II 
CKB03b 3aMKHYTYIO IIOBepxHOCTb B O,l(HOpO,ll;HOH H H30TpOIIHOH cpene paBeH OTHO

meHHIO KOJIHqecTBa 3JieKTpHqecTBa, 3aKJIIOqeHHOfO B o6'beMe rrpocTpaHCTBa, orpa

HHqeHHOro 3TOH IIOBepXHOCTbIO, K i'];H3JieKTpHqecKOH rrpOHHQaeMOCTH E cpe,l(bI: 

ff £&=q/e. (7.14) 
s 
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Puc. 7 .4. IloTOK BeKTopa 3JieKTpn:qecKon Harrp.11JKeHHOCTH qepe3 3aMKHYTYIO rroaepxHOCTh 

O~HaKo no BeJilflIHHe aToro HHTerpana ern:e HeJin3H cy~HTb o pacrrpe~eJieHHH 
aJieKTpHqecTBa BHYTPH o6neMa, orpaHHqeHHOro 3aMKHYTOM noBepxHOCThIO. ,[{JIH 
aToro cJie~yeT rrpHMeHHTh TeopeMy faycca B ~mpcpepeHIJJ'lMhHOH cpopMe. ,[lorryc
THM, qTo Heo6xo~HMO BhrnCHIITb, HaXO~HTCH JIH 9JieKTpJiqecTBO B MMOM o6neMe 
Liv , 3aKJI10qa10:w:eM B ce6e ToqKy A, II KaKoBa o6neMHaH rrJIOTHOCTh aJieKTpHqecTBa 
B STOM ToqKe (pHc. 7.4). IloTOK BeKTopa E cKB03h MMYIO rroBepXHOCTh, orpaHJiqJI
Ba10rn:yro o6neM Liv , paBeH ~eJieHHOMY Ha £ MMOMY 3apH~Y Liq , 3aKJIIOqeHHOMY 
BHYTPH aToH: rroBepxttocTH: 

ff i&=Liq/e. (7.15) 
s 

Pa3~eJIHM o6e qacTH ypaBHeHHH (7.15) Ha Liv II ttaH:~eM npe~eJI, K KOTopoMy 
CTpeMHTCH OTHOIIleHIIe rrpH Liv --+ 0 : 

ffidS 
lim 5 = lim Liq 
8v~o Liv 8v~o £ Liv 

(7.16) 

BnrpaJKeHHe, cToJ:i:rn:ee B JieBoH: qacTII ypaBHeHHH (7.16), Ha3nIBaeTcH pacxo:J1CiJe
HUeM, HJIH Ou6epiem1,ueu, 6eKmopa E II KpaTKO o6o3HaqaeTcH div E. B rrpaBoH: 
qacTH (7.16) rroJiyqaeTCH o6neMHaH ITJIOTHOCTb 9JieKTpJiqecKoro 3apH~a B ~aHHOM 
ToqKe rrpocTpattcTBa, ~eJieHHaH Ha £. TaKIIM o6pa30M, TeopeMa faycca B ~Hcpcpe
peHI1HMhHOM cpopMe rrpHHHMaeT Bil~ 

div E = p/E. (7.17) 
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TepMMH «pacxoJK,neHne~ xopomo xapaKTepn3yeT oco6eHHOCTM nom1 B Tex Mec

Tax, r.ne p 7: 0 ' H B Tex MeCTax, r.ne p = 0 . IlOJIOJKHTeJibHbIH 3apH,n MO/KHO pac

CMaTpMBaTb KaK «HCToqHMK~ JIHHHM HanpHJKeHHOCTH 3II (pnc. 7.5, a). 0TpHD,a

TeJibHbIM 3apH,n - «CTOK~ JIHHHM (pnc. 7.5, 6). Ilpn OTCYTCTBHH 3apH,na B HeKOTO

poM o6neMe Liv ( p = 0 ) JIHHHH HanpHJKeHHOCTH He HaqHHaIDTCH H He KOHqaroTCH, 

a JIHIBb npoxo,nHT (pnc. 7.5, a). 

divE* 0 divE= 0 

a 6 6 

p>O p <O 

B TaKOM o6JiacTH 3II Ha3bIBaIDT coJtenouoaJlbHbtM. PacxoJK,neHHe BeKTopa E BO 

Bcex MeCTax paBHO HyJiro: div E = 0 . 
3HaqeHHe pacxoJK,neHHH BeKTOpa He 3aBHCHT OT Bb16opa CHCTeMbl KOop,nHHaT, 

H, COOTBeTCTBeHHO, ypaBHeHMe (7 .17) HHBapttaHTHO B OTHOilleHMH CMCTeMbl KOOp

,ll;HHaT. 0,nHaKo BbipaJKeHMH pacxoJK,neHMH HeKornporo BeKTopa A qepe3 cocTaB

JIHIDIIIHe IIOJiyqaIDTCH pa3JIHqHbIMH B pa3HbIX CHCTeMax KOOp,ll;HHaT. 

B o6o6meHHOM oprnroHaJibHOM KpHBOJIHHeMHOM CHCTeMe KOOp,ll;HHaT {q" q2' q3} : 

div A = 1 [_!!__ (e e A ) + ~ (e e A ) + ~ (e e A )] . e e e aq q, q, q, aq q, q, q, aq q, q, q, 
q,q,q, 1 2 3 

(7.18) 

B qacTHOCTM, ,ll;JIH ,neKapTOBOM CMCTeMbl KOOp,ll;MHaT X, y, z: 

d. A~ BAX BAY BA, 
IV =--+--+--. ax ay oz (7.19) 

0KoHqaTeJibHO TeopeMy faycca B .nmp<t>epeHIJ,HaJibHOH <t>opMe MOJKHO 3aIIMCaTb 

B BH,ll;e 

(7.20) 

r.ne -9 - Ha6Jia, npe,ncTaBJIHeT co6oii: CHMBOJIHlfeCKMM .nn<P<t>epeHIJ,HaJibHbIH BeK

TOpHbIM onepaTOp faMHJlbTOHa. 

B cJiyqae Heo,nHopo,nHoii: H aHM30TponHoii: cpe,nbl, r.ne .nmmeKTpnqecKaH npoHM

n:aeMoCTb HBJIHeTCH nepeMeHHOM BeJIMqMHOM no pa3Hb1M KOOp,ll;HHaTHblM OCHM 

( E - var ), Heo6xo,nMMO BBecTM E no.n 3HaK HHTerpaJia, a BMecTo E HCIIOJib30BaTb 

BeKTop aJieKTpnqecKoro cMe1IIeHMH ( aJieKTpnqecKyro MH.ll;YKU:MID) i5 = EE , oTKyi'(a 

BMeCTO (7.20) IIOJiyqaeM 
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divD=V D=p. (7.21) 

3aMeTHM rrorryTHO, qTo Bh1paiKeHY1e rot A MOiKeT 6b!Tb 3arrncaao qepe3 3HaK V 
B BHAe BeKTopHoro rrpomBeAeHmr V x A HJIH [V, A]. 

7.3. npMHL\Mn HenpepblBHOCTM 
MarHMTHOrO nOTOKa M TOKa 
IIpnmrHrr HerrpephIBHOCTH MarHHTHoro noToKa yTBepJKAaeT, qTo MarHHTHbJe JIJ1-

HHH HHfAe He HMeIOT HH HaqaJia, HH KOHI.[a - OHH BCIOAY HerrpepbIBHbI, TO eCTb 

MafHHTHbIH IIOTOK, rrpoXOASIII(HH CKB03b JII06yro 3aMKHYTYIO IIOBepxHOCTb B na
rrpaBJieHHH BHenrne:ii: HOpMaJIH, paBeH HyJIIo (B JIHTepaType OH TpaKTyeTCSI KaK no
CTyJiaT MaKcBeJIJia): 

ff BdS=O. 
s 

B AH<pcpepeHI.[HaJibHOH cpopMe ypaBHemre (7.22) npnMeT BHA 

div ii= o. 

(7.22) 

(7.23) 

AHaJiornqHo BhifJISIAHT npHHifHII Henpepb!BHOCTH aneKTpnqecKoro ToKa. IloJI
HbIH TOK - npOBOAHMOCTH, nepeHoca H CMelI(eHHSI, npOXOASIIIIHH CKB03b mo6yro 
3aMKHYTYIO noBepxHOCTb B nanpaBJiemm BneurneH: HopMaJIH, paBeH HYJIIO: 

ff5&=0, (7.24) 
s 

HJIH B AHcpcpepeHI.[HaJibHOH cpopMe 

div5 = 0. (7.25) 

Bn1pa1KeHHSI (7.23) H (7.25) cnpaBeAJIHBbI BO Bcex rnqKax npoCTpaHcTBa. 

7.4. TeopeMbl OcrporpaAcKoro M CTOKca 
TeopeMbI OCTporp~cKoro H CToKca HMeroT qncrn reoMeTpnqecKHH CMbICJI H cnpa
BeAJIHBhI AJISI npoH3B0.7IbHOro BeKTopa A . 

Teope.Ma OcmpoipaiJc1eow. ,llJISI JII06oro BeKTopa A , HenpepbIBHoro BMecTe co 
CBOHMH nepBbIMH npOH3BOAHbIMH B o6JiaCTH v H Ha IIOBepXHOCTH S: 

JJ AdS = JJJ div Adv. (7.26) 
s v 

YpaBHeHHe (7.26) SIBJISieTcSI cpopMyJinpoBKOH TeopeMbl OcTporp~cKoro H nMeeT 
reoMeTPHqecKHH CMbICJI rrpeo6pa30BaHHSI o6neMHoro TpOHHOfO HHTerpaJia B no
BepXHOCTHbIH. ,llJISI nanpSiiKennocTH E 
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ff EdS=fff divEdv, (7.27) 
s v 

'ITO cJienyeT H3 paHee npHBeneHHhIX ypaBHeHHH. 

Teope.Ma Cmmcca. )l.7151 Jiro6oro BeKTopa A , HenpepornHoro BMecTe co CBOHMH 

nepBhlMH npOH3BOAHhlMH Ha noBepxHOCTH s H Ha KOHType l : 

j Adl = fJ rotAdS. (7.28) 
I S 

)lAA Hanp51)J(eHHOCTH ii : 
j ii dl =ff rot ii dS, (7.29) 
l s 

'ITO TaKJKe CJienyeT H3 paHee npHBeneHHhIX ypaBHeHHH. 

YpaBHeHH51 (7.28), (7.29) HMeIDT CMI>ICJI npeo6pasoBaHH51 noBepxHOCTHoro HHTe

rpaJia B KpHBOJIHHeHHhIH HHTerpaJI no KOHTYPY· 

IlpHBeAeHHhle TeopeMhl BaJKHhl npH paCCMOTpeHHH xapaKTepHCTHK n0.7151 Ha co

np51JKeHHhlX noBepXHOCT51X, OTAeAAIDII(HX OAHY o6JiaCTh OT npyroil:; npH BhIBOAe 

rpaHH'IHhIX ycJIOBHH. 

7.5. nonHa.H CMCTeMa ypaeHeHMM MaKCBenna 
BeKTOptto1e ypaBtteHH51 (7.8), (7.10) 

- - - a.B rotH=O, rotE=--
&t 

nonoJIH51IDTC.H ABYM51 CKa.7151pHhIMH COOTHOIIIemrn.MH (7.21), (7.23): 

div i5 = p , div B = 0 . 

CooTttoIIIeHHe (7.21) MO)J(HO ncnoJio30BaTo A.7151 onpeneJieHH51 nJIOTHOCTH aJieK

TpH'leCKoro 3ap51na p, a (7.23) 03Ha'laeT, 'ITO B npnpone He cylI(ecrnyeT CBo6oAHhlX 

MarHHTHhlX 3ap51AOB. CHJIOBI>Ie JIHHHH BeKTopa B 3aMKHYThl. 

3.l(eCb npe.l(CTaBJieHa nOJIHa.H CHCTeMa ypaBHeHHH 3MII, no3BOJI51IDJ:na.H onpene

JIHTh xapaKTepttoie BeKTOphl noAA - B, ii, D, E, 8. IlJIOTHOCTh TOKa 8, KaK oTMeqa

JIOCh paHoIIIe (7.3), Mo)l(eT 6oITh BI>IpaJKeHa qepe3 TPH cocTaBJI.HIDJ:nHe: 

- - ai5 o = yE + - + p v . 
&t 

IlpH 3TOM HaAO HMeTh B BHAY, 'ITO no caMOMY CMhICJIY nepBOH H TpeToeil: co

CTaBAAIDII(HX OHH He MOryT HMeTb MecTa B OAHOH H TOH )J(e TO'IKe npocTpaHCTBa 

OAHOBpeMeHHO. )lBe nepBoie COCTaBJl51IDII(He MOryT HMeTh MeCTO OAHOBpeMeHHO 

B noJiynpoBOMII(eii cpene. OnHaKo B xopoIIIo npoBOA511I(HX Beinecrnax Bcerna MO)J(

HO npeHe6pe'lh BTOpoil: CJiaraeMOH no cpaBHeHHID c nepBOH H B H30JIHPYIDinlfX Be

II(ecrnax o6ol'IHO npeHe6pe'lo nepBoil: cJiaraeMoil: no cpaBHeHHID co BTopoii. 
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IlpH <f>opMyJIHpOBKe 3~aqu 0 pacrrpocTpatteHHH 3MII B 6eCKOHeqHoH cpe,a;e 

cncTeMa TOJihKO qTo paccMoTpeHHhIX ypaBHeHHH ,a;om1rna 6hrTh ,a;orroJIHetta ycJio

BH5IMH B HaqaJie CHCTeMhI KOOpll;HHaT H B 6ecKoHeqHOCTH. Ilpu 3TOM cJie,a;yeT rrpu

H51Th BO BHHMaHHe, qTo MOIU;HOCTH HCTOqHHKOB 3MII B HaqaJie KOOpll;HHaT orpaHH

qeHhI, CJie,a;oBaTeJihHO, orpattuqeHhl 3JieKTpHqecKHe H MafHHTHhie Harrp5I)KCHHOCTH 

H n:x npoH3BOll;Hhre. B 6ecKoHeqttocru - aJieKTpnqecKHe H MarHHTHhIC HarrpH)KeH

HOCTH H HX npoH3BOll;Hhie CTpeM5ITC51 K :Hymo. 

7 .6. npeo6pa3oeaHMe ypaeHeHMM MaKceenna 
,QJIH Toro qTo6br npHBecTn: ypaBHemrn MaKCBeJIJia K BHAy, y,a;o6HoMy ,a;Jisi: HaXO)Kl];e

HH51 HarrpmKeHHOCTeH E, fr , Heo6xoll;HMo, cqnTa.H, qTo IIJIOTHOCTh TO Ka 

- - afJ o = yE +- (TOKOM rrepeHoca rrpette6peraeM), rrpeo6pa3oBaTh ypaBHeHne (7.8) at 
nyTeM AH<f>cpepeHIIHPOBamrn (B35IB OT Hero rot): 

- - [ - ad) rot rot H = rot o = rot yE + fu . (7.30) 

yqHThIBM ypaBHeHHe (7.10) n: H3BCCTH0e rrpeo6pa3oBaHHe BCKTOpHOH aJire6pbI 

(CM. rrpHJIO)KeHn:e 2): 

rotrot Ji= grad(div A)-AA, A= fr,£, 
rl(e A - JiarrJiacn:aH, rroJiyqHM 

-+ &fr a2 fr 
rot rot H = -yµ ot - eµ at2 • 

AttaJiornqttoe ypaBHeHHe MO)KHO rroJiyqHTh n: l);JI51 ttarrpH)KeHHocTH E : 
-+ &E IJ2E 

rotrotE = -yµ--eµ--. at at2 

(7.31) 

(7.32) 

EcJIH yqecTh, qrn div ii= 0 Bcerl(a, a div E = 0 - B o6Jiacrnx, r,a;e oTcyTcTBy

roT 3ap5Ill;hl (3TO COOTBeTcTByeT YCJIOBH5IM pacnpocTpaHeHH51 3MII B HeIIpOBOi'.(5IIIIell: 

cpeAe), ypaBHeHH51 (7.31), (7.32) rrpeo6pa3y10Trn K BH.n;y 

-+ afr a2 ii 
AH +yµ at +eµ at2 =0, (7.33) 

-+ ai a2i 
AE + yµ&+eµ at2 = o. (7.34) 

YpaBHeHH51 (7.33) H (7.34) Ha3hIBaIOTC51 60.ll.H06bl.MU ypa6HeHwuiu H rro3BOJI51-

IOT orrpe,a;eJIHTh nreCTh HCH3BCCTHhIX: TPH COCTaBJI5IIOIIIHe MarHHTHOH HaIIp5I)KCHHO

CTH H TPH COCTaBJI5IIOIIIHe 3JieKTpH':leCKOH Hallp.H)J(CHHOCTH. 
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1.1. noTeH'-'11anb1 3Mn 

7.7.1. BeKTOpHblM M CKanS1pHblM noTeHL\Manbl 3Mn 
B ,D;aJibtte:ihneM 6y.neM paccMaTp1rnaTb rapMOHHqecKHe BO BpeMeHH KoJie6amrn:, HMe» 

B BH,11,y, qrn HerapMOHHqecKHe KoJie6aHH5l MOryT 6bITb H3yqeHbl nyTeM pa3JIO)Kemrn 

B p».ZJ;, HJIH HHTerpaJI, <l>ypbe no rapMOHHqecKHM COCTaBAAIOIIJ;HM. 

IlpHHHMa» BO BHHMaHHe, qTo BeKTOp MarHHTHOll HarrpH)K~HHOCTH ii HBJI»eTCH 

coJieHoH.ZJ;aJibHbIM (div ii= 0 ), MO)KHO BBecrn: BeKTop A H ¢yHKu;H10 <p B BH,11,e 

ii= (1/µ)rotii, 

E = jroA-gradcp. 

(7.35) 

(7.36) 

B (7.35)-(7.36) BeKTop A Ha3bIBaeTrn Be1Ct11opHbl.M nomeHUiUaJlOM, <p - CKa
.1UlpHbl.M nomeHUiUaJlO.M 3MII. 

3aMeTHM, qTO noTeHu;HaJibI A , <p, 3a,n;a10ru;He rroJie {ii, E}, orrpe,n;eJIHIOTC5I Heok 

H03HaqHo, c ToqHOCTbIO .no rrpoH3BOJibHOH ¢YHKD;HH F : 

Ai =A+ grad F, <p1 = <p + j roF. (7.37) 

BBe,n;eM ,11,orroJIHHTeJibHOe ycJIOBHe, CB5l3bIBaroru;ee rroTeHu;HaJibl A , <p , KOTOpoe 

Ha3brnaeTc» ycllOBUeM JlopeH11ia: 

div A - (j k2 /co) <p = 0, 

r,11,e k - BOJIHOBOe qfiCJIO ( k = .Jroyµ ). 
Bb!6Hpa» ¢YHKD;HIO F H3 ypaBHeHH» 

AF + k2 F = (j k2 
/ ro) <p - div A, 

(7.38) 

(7.39) 

MO)KHO IIOKa3aTb, qrn ITOTeHD;HaJlbl (7.35), (7.36) Yi'l.OBJieTBOp5IIOT ycJIOBHIO (7.38). 
lfa ycJIOBH» JiopeHu;a (7.38) cJie,n;yeT, qrn rroTeHD;HaJibI A H cp y,11,oBJiernop»10T 

ypaBHeHHIO [ eJibMfOJlbD;a: 

AA+k2A =0, 

Acp+ k2cp= 0. 

(7.40) 

(7.41) 

TaKHM o6pa30M, JI106oe 3MII rrpe,11,cTaBHMO qepe3 BeKTOpHbIH H CKaJISipHbIH rro

TeHD;HaJibI, KOTOpbre y,11,oBJieTBop»roT ypaBHeHAAM (7.35), (7.36) H ycJioBHIO (7.38). 
Mo)KHO rroKa3aTb o6paTHoe: ecJIH rroTeHD;HaJibI A H <p y,n;oBJiernop»IOT ypaBtte

HH»M (7.35), (7.36) H ycJIOBHIO (7.38), TO IIOJie {H,E} SlBJISleTCSI 3MII, T. e. y,n;oB

JieTBOp»eT cacTeMe ypaBHeHHH MaKcBeJIJia (7.8), (7.10). 
B pe3yJibTaTe rrpH rroMomu BeKrnpttoro rroJI» A H CKaJISipHoli ¢yHKD;HH <p OTbI

cKaHHe rnecTH CKaJISlpHblX COCTaBJI5IIOIIJ;HX BeKTOpOB {H,E} CBO.ZJ;HTC5l K HaXO)Ki'J;e

HHIO qeTblpex CKaJI5IpHblX BeJIHqHH - ¢YHKD;HH <p H Tpex COCTaBJI5IIOIIJ;HX BeKTO

pa A. 
AHaJIOfHqHO, HCITOJib3YSl COJieHOH,n;aJibHOCTb BeKTopa aJieKTpHqecKOH Harrp5I)KeH

HOCTH (div E = 0) , MO)KHO rrpe,n;CTaBHTb rroJie {H, E} B BH,n;e 
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ii= -j roA* - gradq>, 

E = (1/e')rotA*. 

(7.42) 

(7.43) 

II pH ycJIOBHH div A• + (j k2 
/ ro) q>* = 0 rroTemi:ttaJibI A*, q>* y;:i:oBJieTBOp51IOT 

ypaBHeHH51M feJibMroJibIJ;a (7.40), (7.41). 

7 .7.2. 3neKTpM"leCKMM M MarHMTHblM 
noTeH~Manb1rep~a 

CooTttometttte Jlopettri:a (7.38) rro3BOJI51eT coKpaTHTb qncJio CKaJI5IPHhIX rrOTeHIJ;HaJIOB, 

orrpe,l(eJI5IIOIIJ;HX 3MII, ,l(O TPeX, T. e. 3MII MO:>KeT 6bITb rrpe)l;CTaBJieHO qepe3 O,IUfH BCITO

MoraTeJibHbIH BeKTOp ft . IloJIO:>KHM 

A= -U k2 I ro)ft. 

Tori'(a ycJioBHe (7.38) 6y.zi:eT BhlITOJIHeHo, ecmi 

q> =-div ft. 

ffa (7.45) CJie.n;yeT, qTQ ft y.n;oBJieTBop51eT ypaBHeHHIO 

6.ft + k2ft = o . 

(7.44) 

(7.45) 

(7.46) 

Mo)KHO rroKa3aTb, qTO <l>YHKIJ:H51 q> (7.48) y.n;oBJieTBop51eT ypaBHeHHIO (7.44) 
npH ycJIOBHH (7.45). IIo.n;cTaBJI5151 (7.44), (7.45) B (7.8), (7.10), rroJiyqaeM rrpe;:i:
CTaBJietttte 3MII qepe3 BeKTOP ft : 

ii = - j roe' rot fi , 

E = grad div ft + k2ft = rot rotfi. 

BeKTop ft Ha3hIBaeTC51 3Jletcmpu'l.eCICUM BeKmopoM I'epu,a. 
AHaJiornqHo, rroJiarM 

A* = -(j k2 
/ ro)Il*, q>* =-div fi•, 

r.n;e ft• y;:i:oBJieTBOp51eT ypaBHeHHIO (7.10). 
lfa (7.10) ITOJiyqaeM npe.n;CTaBJiettne 3MII qepe3 BeKTOp ft•: 

ii = grad divfi* , 

' E = j ro µ rotfi* + k2Il* = rot rotfi* . 

(7.47) 

(7.48) 

BeKTop ft• Ha3hrnaeTc51 MamumHbtM BetcmopoM I'epu,a. B AaJihHeiimeM npn 
paCCMOTpeHHH pacnpocTpaHemrn: 3MII B MHOroCJIOHHbIX cpe.n;ax qacTo 6y.n;eT HC

ITOJib30BaTbC51 BeKTOp IlOHHTHHra fj ' HMeIOill;HM pa3MepHOCTb y.n;eJibHOM MOIIJ;HOCTH. 
Ero He CJie.n;yeT nyTaTb c BeKTopaMH fepua - fi ' ft• ' KOTOpbie OTMeqeHbI HeCKOJib-
KO HHbIM HanHCaHHeM. 
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7 .8. 3neKTPOMarHMTHOe none 
B HM3KO'laCTOTHOM npM6nM>KeHMM 

IlpH paccMOTpeHHH 3a,n;aq no pacqeTy 3MTI B MHOfOCBH3HbIX o6Jiacrn:x HaJIHqHe 

napaMeTpa MaJIOCTH ex= kb' r,n;e b - ,n;HaMeTp TeJia, n03BOJIHeT HCnOJib30BaTb npH

eM, OCHOBaHHbIH Ha 6JIH30CTH TaKOH 3a,n;aqH K 3a,n;aqaM MarHHTOCTaTHKH H :-meKTpo

CTaTHKH. )lonycTHM, qTo MaJIOe TeJio HJIH o6oJIOqKa MaJIOH TOJI:CU:HHbl noMe:rn;eHbl 

B 3MTI. II nycTb JIHHeHHhlH pa3Mep TeJia b MM no cpaBHenmo c ,n;JIHHOH BOJIHbI: 

kb < < 1, T. e. b < < 'A , r,n;e 'A = (21t / k) - ,ZJ;JIHHa BOJIHI>I. TaK KaK BOJIHOBOH xapaK

Tep noJIH npOHBJIHeTCH B MaCIIITa6ax ,ZJ;JIHHbl BOJIHbl, TO B MaCIIITa6ax ,ZJ;HaMeTpa H3y

qaeMOfO TeJia IIOJie HBJIHeTCH CJia6o MeH.HIO:CU:HMCH H MO:>KeT paccMaTpirnaTbCH KaK 

3JieKTpocTaTHqecKoe HJIH MarHHTOCTaTHqecKoe. CTporo MaTeMaTHqecKH 3TOT Kaqe

CTBeHHbIH nepexo,n; ocy:rn;ecTBJIHeTcH H3 ypaBHeHHH MaKcBeJIJia. YMHO:>KaH ypaBHe

HHH (7.1), (7.2) Ha COOTBeTCTBYIO:CU:He nOCTOHHHbie, noJiyqHM 

C1rotE = jcxii, c1 = b(e' / µ)0
•
5

, 

C2rotii = -jcxE, C2 = b(µ/e') 0
•
5

• 

PacKJia.l(bIBaH noJIH no MaJioMy napaMeTpy ex : 

IIOCJie 110,Zl;CTaHOBKH B (7.49) noJiyqaeM 

c1f exkrot.Ek = jf exk+!fik, 
k=O k=O 

c2f exkrotiik = -jf exk+1£k. 
k=O k=O 

(7.49) 

(7.50) 

Ilpene6peraH Bem1q1rnaMH nopH,n;Ka MaJIOCTH a,, 3anHChlBaeM ypaBHeHHH MaK

cBeJIJia B HH3KoqacTOTHOM npH6JIH:>KeHHH: 

rotH0 = 0, rotE0 = 0. (7.51) 

Ha ocnoBaHHH (7.51) noJIH E0,ii0 MOryT 6hITb npe,n;cTaBJieHI>I qepe3 3JieKTpo

cTaTHqecKHH noTeHu;HaJI u H MarHHTOCTaTHqecKHH noTeHD;HaJI v B BH,ZJ;e 

E0 = -gradu, fi0 = -gradv. 

B cooTBeTCTBHH c ycJioBHHMH (7.51): divE0 = 0, divH0 = 0 o6a noTeHu;HaJia 

y,n;oBJieTBOpHIOT ypaBHeHHIO JianJiaca: 

Ll <JJ = 0, <JJ E [u, v]. (7.52) 

B CJiyqaHx, Kor,n;a BeJIHqHHOH kb HeJib3H npene6peqb H3-3a COH3MepHMOCTH 

reoMeTpHqecKHX pa3MepoB CHCTeMbl H ,Zl;JIHHbl BOJIHbl 3MTI, Heo6xo,n;HMO npH pe

IIIeHHH ,n;mppaKD;HOHHblX 3a,n;aq HCnOJib30BaTb nOJIHbie BOJIHOBbie ypaBHeHHH. 
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IIocKOJihKY B i'J:aJihHeii:nreM rrpH perneHHH 33,l{aq mrnKoqacTOTHoro 3MII 6yi'.(eM 

IIOJih30BaThC.H ypaBHeHH.HMll JiarrJiaca (7.52) i'.(JI.H CKaJI.HpHbIX IIOTeHllllaJ!OB, rpaHJfq

Hble ycJIOBH.H Ha o6oJioqKax pa3ttoro THrra TaKiKe tteo6xo1i:HMO rrpeo6pa3oBaTh B rpa

HHqHhre ycJIOBll$I i'.(JI.H IIOTeHI1HaJIOB. 

DOJiee IIOi'.(po6Ho 0 CKaJI.HpHbIX ll BeKTopHbIX IIOTeHllHaJiaX 3MII MOJKHO rrpoqH

TaTb B (7.1], (7.2]. 

7 .9. YpaaHeHMfl MaTeMaT111.1ecKOM <l>M3MKM, 
OnMCblBalOLQMe 3Mn 
KaK CJiei'.(yeT ll3 pa3AeJIOB 7.4-7.7, 9MII MOJl<HO OIIHCaTb ypaBHeHH.HMll MaTeMaTH

qeCKOll qlll3HKH. CaMhIH 06111H:H BIIA HecTaUIIOHapHoro 3MII MO)KeT 6bITh rrpei'J:

cTaBJieH BOJIHOBhlMll ypaBHeHII.HMII (7.33), (7.34): 

- aii a2ii 
till + yµ 8t + eµ 8t2 = 0' 

- aiJ a2JJ 
M +yµat+eµ 8t2 = 0. 

Ecmr 3MII MOJI<Ho paccMaTpIIBaTh KaK KBaJHCTaTII'!eCKoe II HCIIOJih30BaTh rrpH 

paccMoTpeHHH cIIMBOJIH'!eCKHH MeTOi'J:, ypaBHeHII.H MaKcBeJIJia MoryT 6b1Th rrpIIBe

i'.(eHhI K ypaBHeHH.HM feJibMfOJih1Ia: 

OJlR 11.anpa:m:e11.11.ocmeii :JMH FE [E,H] 

LiF+k2i=o, 
dJlR Bexmop11.ow F u cxQ.Jl.Rp11.ow <P nomeu~utl.7Z06 

LiF+k2i=o, 

6<P + k2<P = 0' 
r1i:e F E [A, A*] - cooTBeTCTBeHHO BeKTOpHhIH MarHIITHhIH II BeKTOpHhIM aJieKTpH

'!eCKHM llOTeHI1IIaJlhl, <P E [ <p, <p*] - COOTBeTCTBeHHO CKaJI.HpHblll aJieKTpHqecKIIH 

II CKaJI.HpHblll MafHHTHhlll IIOTeHI1IIaJihI; 

OJlR nome11.~Utl.ll06 I'ep11ia 

6 F+k2 F=O, 
ri'.(e F E [Il, Il*] coorneTCTBeHHO MarnIITHhIH II aJieKTpII'IeCKIIH rroTettuHaJihI 

fep11a. 

Jl:JI}l HH3KoqacTOTHhIX KBa3HCTaTH'lecKHX rroJiell: ypaBHeHH.H MaKcBeJIJia rrpHBO

MTrn K ypaBHeHH.HM JiarrJiaca HJIH Ilyaccotta: 

OJlR cxaJ1Rp11.blX nome11.~utl.llo6 

fi'.(e <PE [u, v] - COOTBeTCTBeHHO MafHHTHhlM H 3JieKTpHqecKHH CKaJI.HpHhie IIOTeH

UllaJihI; 
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dJUI BeKmopuow nomeuu,uaJla 

)l1u1 cTan1qec1mx rroJieH ypaBHemu1 MaKcBeJIJia TaK)Ke rrpHBO,ZVITC.H K ypaBHe

HH.HM JiarrJiaca HJIH Ilyaccotta. 

KoHTponbHb1e aonpocb1 K rnaee 7 
7.1. qTO rrpeJJ:CTaBJI.HeT co6o:H: 3MTI? 

7.2. KaKHMH BeJIHqHHaMH MO)KHO 011eHHTh KaqecTBeHHbre H KOJIHqecTBeHHhre 

xapaKTepHCTHKH 3 MTI? 

7.3. KaKHe ypaBHeHH.H rroJio)KeHhI B octtoBy MO,ZJ;eJIH 3MTI? 

7.4. KaKHe IIOJI.H MO)KHO OTHeCTH K cTaTHqecKHM, KBa3HCTaTHqeCKHM H rrepe

MeHHhIM? 

7.5. KaKHMH ypaBHeHH.HMH MaTeMaTHqecKoH ¢H3HKH MO)KHO orrHCaTh cTaTttqe

cKHe 3Il, MTI? 

7.6. KaKHMH ypaBHeHH.HMH MaTeMaTHqecKoH cPH3HKH MO)KHO orrttcaTh KBa3HCTa

THqecKHe 3Il, MTI? 

7.7. KaKHMH ypaBHeHH.HMH MaTeMaTHqecKoH cPH3HKH MO)KHO orrncaTh rrepeMeH

Hhre 3MTI? 

7.8. KaKHM crroco6oM MO)KHO yMeHhIIIHTh pa3MepHOCTh ypaBHeHHH, orrnchrna

IOIIIHX 3MTI? 

7.9. 060.HCHHTe cPH3HqecKHH CMhlCJI CKaJI.HpHoro H BeKTOpHOro MarHHTHbIX rro

TeH11HaJIOB. 

7.10. KaKHM o6pa30M orrpe.neJI.HeTc.H BeKTOpHhIH MarHHTHhIH rroTeHIIHaJI H KaK OH 

BBO,ll;HTC.H? 

7.11. qTO rrpe,D;CTaBJI.HeT co6o:H: CKaJI.HpHbIH 3JieKTpHqecKHH IIOTeHIIHaJI H KaK OH 

BBO,ll;HTC.H? 

7.12. 060.HCHHTe cPH3HqeCKHH CMhICJI TeopeMbl faycca. 

7.13. 060.HCHHTe cPH3HqecKHH CMhICJI TeopeMhI OCTporpa.ncKoro. 

6M6nMorpa<1>M1.1ecKMM cnMCOK K rnaee 7 
7.1. Eeccouoe JI. A. TeopeTHqecKHe ocHOBhr aJieKTPOTeXHHKH. 3JieKTpoMarHHTHoe 

rroJie. - M.: BhrcIII. IIIKOJia, 1978. - 212 c. 

7.2. EyxlOll'btli r. PacqeT 3JieKTpHqeCKHX H MarHHTHhIX IIOJieH. - M.: 11JI, 1961. -
712 c. 

7.3. foeop1we B. A. 3JieKTpHqecKHe H MarHHTHhre rroJI.H. - M.: 3HeprH.H, 1968. -
487 c. 
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7.4. Karl.Ml1tc1euu A. E., Jibtce1t1eo A. II., II01wmo6C1'UU JI. C. TeopenrqecKHe ocHOBhI 

aJieKTpoTexmrKH. - M.: BbICIII. IIIKoJia, 1972. - 447 c. 

7.5. Heii.Atall JI. P., J/.eMupwm K. C. TeopeTHqecKHe ocHOBhI aJieKTpoTeXHHKH. T. 2. 
q. 4: Teopmr aJieKTpoMam11THoro rroJUI. - JI.: 3Hepm.SI, 1967. - 234 c. 

7.6. HemyutUJL A. B., Il0Jtu6a1toe K. M. OcHOBhI aJieKTpoTeXHHKH. q. 3: Teop11.SI 

aJieKTpoMarmrTHoro rroJI.SI. - M.,JI.: f3M, 1956. - 191 c. 

7.7. Hu1eoJtbC1'UU B. B. TeopH.SI aJieKTpoMarHHTHoro rroJI.SI. - M.: BbICIII. mKoJia, 

1964. - 384 c. 
7.8. llIUM01tu K. TeopeTHqecKa.SI aJieKTpoTeXHHKa. - M.: M11p, 1964. - 773 c. 



rnasa 8 

"laCTHble MOAenM 
sneKTpoMarHMTHoro nonfl 

8.1. MoAenM CTaTM'leCKMX .... 
3neKTpoMarHMTHblX noneM 

8.1.1. 06ll,\Me BMAbl CTaTM"leCKMX MOAeneit M noneit 
PaHee 6brJia paccMOTpetta rroJIHa51 MOJ(eJib 3Mil. qam.e rrpHXOAHTCR BCTpe'IaTbCR 

c qacTHblMH MOi'];eJIRMH 3Mil. Ha HMX MO:>KHO Bbii'];eJIHTb cTaTHqecKHe MOJ(eJIH. 3TH 

MOJ(eJIH IIOJIR COOTBeTCTBYIOT ycJIOBHRM, KOri'];a OTCYTCTBYIOT ll3MeHeHHR BO BpeMe

HH H HeT aJieKTpH'IeCKHX TOKOB, TO eCTb 

a --=0, 8=0. at 
B :=!TOM CJiyqae OCHOBHbie ypaBHeHH51 rrpHMYT BHJ( 

rotii = 0, rotE = 0, 

divB = 0, divD = p, 

B=µiI, D=EE. 

(8.1) 

(8.2) 

B ypaBHettnax (8.2) oTcyTcTByeT CBRab Me:>KAY aJieKTpnqecKHMH H MarHHTHbIMH 

BeJinqnHaMH. B COOTBeTCTBllll c :=!THM MO:>KHO OTJ(eJibHO paccMaTpMBaTb MOJ(eJib 

aJieKTpocTaTHqecKoro IIOJI51 (3Cil): 

rotE = 0, div.8 = p, D =EE 
H MOJ(eJib MarHHTOCTarHqecKoro IlOJI51 (MCil) 

rotH = 0, divB = 0, B =µii. 

(8.3) 

(8.4) 

Ha ypaBHeHHH (8.3), (8.4) cJieJ(yer, qrn 3Cil n MCil MOryT cym.ecTBOBaTb co

BeprneHHO HeaaBHCHMO Apyr OT Apyra. 
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8.1.2. 3neKTPOCTaTM'leCKOe none 
3CII o6pa3yeTC5I CHCTeMOH HeIIOi1:BHJKHbIX OTHOCMTeJibHO Ha6JIIOi1:aTeJI5I 3ap5IJKeH

HbIX TeJI IIPH OTCYTCTBHH 3JieKTpHqecKHX TOKOB. ECJIH B CHCTeMe HeT HaMarmtqen

HbIX TeJI, TO MII oTcyTcTByeT. CJiei1:0BaTeJibHO, BCIOi1:Y 

~=0, B=O, H=O. 
Jfa CHCTeMbl ypaBHeHHH 3MII OCTaeTC5I COBOKYIIHOCTb ypaBHeHHH (8.3): 

rotE=O, divD=p, D=EE. 
YcJioBue rotE = 0 CBIIi1:eTeJibCTByeT, qTo 3CII HMeeT 6e3BHxpeBo:H xapaKTep. 

Cornactto TeopeMe CrnKca (7.28), i1:JI5I JII06oro 3aMKHyToro KOHTypa HMeeM 

a 

p>O 

f idT =ff rot£&= o. 
I S 

div£"" 0 

6 

p<O 

div£= 0 

6 

...._______.... 
p=O 

PHc. 8.1. IloTeHI~ua.n 3CII B ToqKe A 

TaKHM o6pa30M, ycJIOBHe rotE = 0 BhlpaJKaeT BaJKttoe rroJioJKeHHe: B 3CII JIH

HeHHbIH HHTerpan BeKrnpa E Bi1:0Jib JII06oro 3aMKHyrnro KOHrypa paBeH HYJIIO. Co

oTBeTcTBeHHO B 3CII JIHHeHHhlH HHTerpan BeKTopa E , B35ITbIH OT ToqKH A i1:0 Toq

KH B, He 3aBHCHT OT BbI6opa rryTH HHTerpHpOBaHH5I H TIOJIHOCTbIO orrpei1:eJI5IeTC5I 

B 3~aHHoM rroJie rroJioJKettneM ToqeK A H B. 3To o6cT05ITeJibCTBO i1:aeT B03MOJK

HOCTb BBeCTH IIOH5ITHe 0 IIOTeHIJHaJie 3CII. IloTeHIJHaJI 3CII B TQqKe A orrpei1:eJI5I

eTC5I B BHi1:e (pHC. 8.1) 
p 

q>A = f EdZ' 
A 

rroTeHIJHaJI B rnqKe P paBeH HYJIIO. JlHHeHHbIH HHTerpan BeKTopa E Bi1:0Jih HeKoTo

poro rryTH OT ToqKM A i1:0 TOqKH B eCTb pa3HOCTh rroTeHIJHaJIOB cp" B ToqKax A H B: 
B 

q> = f EdZ = q> A - q>8 . 

A 

PacqeT rroTeHIJHaJia q> MoJKeT 6hITh BhIIIOJIHeH no ypaBHeHHIO IlyaccoHa 

div grad q> = \72
q> = -p / e, (8.5) 

HCIIOJih30BaB 3aBHCHMOCTH (9.3) B BHAe divE = £., E = -gradq>. 
E 
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B ToqKax He3ap.~DKCHHOH o6Jiacrn: ( p = 0 ) rroTCHUHaJI <p rroi'J;qHH5.ICTC5.I ypairne

HHIO JlarrJiaca: 

'V2<p = 0. (8.6) 

A:HaJIOIWIHhie ypaBHCHH5.I BTOporo rrop5.li'J;Ka MOJKHO rro~Th H i'J:Jl5.I BCKTopa E , HC

IIOJlh3Y5.1 H3BCCTHoe TO:>Ki'J:CCTBO BeKTOpHoro aHaJIH3a (CM. rrpHJio:>KeHHe 3 ): rot rot E = 
=grad div£ - v2£. 

IIcrroJih3Y5.I 3aBHCHMOCTH (8.5), rroJiyqaeM ypaBHCHHe 

(8.7) 

(8.8) 

8.1.3. MarHMTOCTaTM'lecKoe none 
EcJIH paccMaTpHBaTh o6JiaCTH, He coi'J;ep:>KamHe TOKa ( B = 0 ), TO cHcTeMy ypaBHe

HHH i'J;JI5.I MarHHTOCTaTHKH MOJKHO 3aIIHCaTh B BHi'J;e (8.4) 

rotii = 0, divB = 0' B =µii. 
IIepBoe H3 i'J:HcpcpepeHUHaJihHhIX ypaBHCHHH II03BOJI5.leT BBeCTH 

ii = -grad <pM, (8.9) 

fi'J;C <pM - MarHHTOCTaTHqecKHH IIOTCHUHaJI. 

lf3 (8.9) CJICi'i:YCT, qTQ B Oi'J;HOpOi'J;HOH cpei'J;e ( µ - const) MarHHTOCTaTHqecKHM 

IIOTCHUHaJI IIOi'J;qHH5.ICTC5.I ypaBHCHHIO JlarrJiaca: 

\72<pM = 0. (8.10) 

KaK cJiei'J;yeT H3 ypaBHeHHH (8.9) H (8.10), 3ai'J;aqH MarHHTOCTaTHKH H aJieKTpo

cTaTHKH orrHChIBaIOTC5.I Hi'J:CHTHqHo. A 3HaqHT, perneHH5.I MarHHTOCTaTHqecKHX 3ai'J;aq 

MOryT 6hITh rroJiyqeHhI H3 perneHH5.I COOTBCTCTByIOmHx 3JICKTpOCTaTHqecKHX 3ai'J;aq 

rrpocrn:li 3aMeHOH BCJIHqHH E Ha ii H £ Ha µ . 

8.2. MoAenM MarHMTHoro nonJ1 
cra~MOHapHblX TOKOB 

8.2.1. Pac'leT nonR c noMOll\blO 
eeKTOpHoro noTeHqMana 
EcJIH ornJieqhc5.I OT BpeMeHHhIX H3MeHeHHH JII06oro BHi'J;a, T. e. B ypaBHCHH5.IX MaK

cBeJIJia (7.8) H (7.10) cqHTaTh, qTQ f) I at= 0' HO yqHThIBaTh MIT IIOCT05.IHHhIX BO 

7 No 6063 
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BpeMeHH TOKOB, IIOJiyqHM OCHOBHbie ypaBHeHH.H 3JieKTPOll:HHaMHKH CTaUHOHapHbIX 

TOKOB: 

rotH = 3, rotE = 0, divB = 0, div.5 = p. (8.11) 

B 3TOM cJiyqae y)l(e cym:ecTByeT CB.H3b Me)l(ll:y aJieKTpHqecKHMH H MarHHTHbIMH 

BeJmqHffaMH, BblpaJKaeMa.H ypaBHeHH.HMH 

f, = yE , rotii = yE . (8.12) 

MaTeMaTHqecKH 3aAaqa COCTOHT B orrpell:eJieHHH BHXpeBoro IIOJI.H 6e3 HCTOqHH

KOB no ero BHXpHM. YpaBHeHIIe divB = 0 AaeT B03MOJKHOCTb Bhlpa3HTb B qepe3 

BeKTOpHbIH IIOTeHUHaJI (8.38): 

s = rot:A. 

BeKTOp ii TaKJKe rrpHH.HTO orrpell:eAATb qepe3 BeKTOpHhlH rroTeHUHaJI. Ho 6oJiee 

Jiornqtto cqHTaTb, qTo BeKTOpHbIM rroTeHUMaJIOM orrpell:eJI.HeTc.H HMeHHo BeKTop B . 
,lleiicTBMTeJibHO, paBeHCTBO div B = 0 crrpaBelJ:JIHBO Bcerll:a, TOrll:a KaK paBeHCTBo 

div ii = 0 BbIIIOJIH.HeTC.H TOJibKO B OlJ:HOPOll:HOH cpelJ:e. 

BeKTop A MOJKHO orrpeAeJIHTb H3 ypaBHeHH.H rotH = B rrocJie ero rrpeo6pa3o

BaHHH: 

rot rot A = grad div A - M = µB . (8.13) 

IloJiara.H divA = 0, rroJiyqHM 

M=-µB. (8.14) 

,llJI.H KOHeqHoH o6JiaCTH, orpaHnqeHHOH IIOBepXHOCTbIO a ' HMeeM 

- 1 JJJ M 1 JJ aA. 1 1 JJ - a 1 A=-- --dv+- ---da-- A--da. 
41t v r 41t a an r 41t a an r 

PacrrpocTpaH.H.H HHTerpnpoBaHHe Ha BCIO o6JiaCTb, B KOTOpoiI f, ~ 0 ' IIOJiyqHM 

A=~ fff~dv. 
47t v r 

(8.15) 

C rroMOIUbIO BeKTopHoro rroTeHUMaJia A MoJKeT 6bITb paccqHTaH MarHHTHbIH rro

TOK, cuerrJieHHbIH c 3aMKHYThlM KOHTypoM, orpaHHqMBaIOm;HM IIOBepXHOCTb a : 

<1> =ff Bda =ff rot Ada. 
a 

Ho no TeopeMe CToKca (7.28) 

ff rotAda = f Adl 
a L 

KpHBOJIHHeHHbIH HHTerpaJI BeKTOpHoro rroTeHUMaJia no 3aMKHYTOMY KOHTYPY paBeH 

MarnMTHOMY rrornKy, cuerrJieHHOMy c <iTHM KOHTypoM. 
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KaK 6bIJio rroKa3aHo, BeKmpHbIH rroTefilWaJI A MrpaeT rrpmmHIIHaJibHO TY iKe poJib 

.ll)UI MIT (H ,ZJ,pyrnx BHXpeBbIX rroJieif), KaK crournpHbIH rroTeHIJ;HaJI <p3 
- .ll)UI 9CIT. 

Ha rrpaKTHKe, O,ZJ,HaKo, BeKTOpHbIM rroTeHUHaJIOM IIOJib3YIOTCJI ropa3,ll,O peiKe. 9To 

o6~JICHJieTCJI TeM, qTO ,ll,JIH H3MepeHHJI pa3HOCTH aJieKTpHqecKHX IIOTeHUHaJIOB cy

iuecTByIOT rrpOCTbie H3MepHTeJibHbie rrpH6opbI (MJI M3MepeHMJI BeKTOpHoro TIOTeH

UHaJia rrpH6opoB He cyiuecrnyeT), a TaKiKe M TeM, qTo aTa pa3HOCTb IIOTeHIJ;MaJIOB 

Herrocpe;i;CTBeHHO yqacTByeT B BblpaiKeHJm MOIUHOCTH, KOTOpaH HrpaeT 6oJibIIIYIO 

rrpaKTmecKy10 poJib. KpoMe Toro, B rrpaKTmecKMX 3aAaqax tterrocpe;i;crneHHO BH;i;eH 
u .9 

CMbICJI rpaHmHhIX 3HaqeHMH <p ' KOTOphle 3aAaIOTCJI oqeHb npocTO, B TO BpeMJI KaK B 

MIT cyiuecTBYIOIUHe ;J;JIH A rpaHMqHhle ycJIOBMJI JIMIIIeHbI TaKoii HarJIJI,ll,HOCTM 

H ;J;OJliKHhl 6bITb orrpe,ZJ,eJieHhI qepe3 rpaHmHhie ycJIOBHJI ,ll,JIH ii M jj . 
CpaBHMBaJI ypaBHeHHJI, CBJI3bIBaIOIUHe B H 5 , c ypaBHeHHJIMH, CBJI3bIBaIOIUMMH 

.Ans: 

rrpHXO,ll;HM K CJie,Zl;yIOIUeMy 3aKJiroqeHHIO: eCJIM pacrrpe,Zl;eJieHHe MarHHTHOH HH,Zl;YKIJ;HH 

npH l];aHHOM pacrrpe,Zl;eJieHMH TOKa 3aMeHHTb q>HKTHBHhIM pacrrpe,Zl;eJieHHeM IIJIOTHO

CTH TOKa ~I' TO !PHKTHBHaJI MarHHTHaJI HH,Zl;YKUHJI jjf, COOTBeTCTBYIOIUaJI TaKOMY 

pacrrpe,Zl;eJieHMIO TOKa, COBTia,Z1;aeT c MCKOMbIM BeKTOpHbIM IIOTeHUHaJIOM (pttc. 8.2). 

Puc. 8.2. PacnpeAeJieHIIe MIT OKOJIO KpyroBoro KOJibu;a c TOKOM 

CMhlcJI npHBel];eHttoro BbIBO,ll;a 3aKJ110qaeTCJI B TOM, qTo OH rro3BOJIJieT ttaiiTtt Ka

qecTBeHHyro KapTHHy, KOTOpaJI MO:>KeT 6b1Tb IIOJie3Ha MJI OTblCKaHHJI KOJimecTBeH

HbIX pe3yJibTaTOB. 

HpUMep 8.1. PaccMOTPHM rroJie 6ecKotteqtto ,Zl;JIHHHOro rrpHMOJIHHeiiHoro IIpOBO,Zl;a. 

Bee aJieMeHThl ,Zl;JIHHHoro rrpJIMoro npoBo,Zl;a B ,ZJ,aHHOM CJiyqae HarrpaBJieHbI OtJ:HHaKoBo, 
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HarrpHMep no OCH + z (pHC. 8.3), II03TOMY H BeKTOP ii MO)KeT HMeTb TOJibKO z-co
CTaBJI.mo:w;yro: 

(8.16) 

z= +L 

R 
z 

z 
r 

z= -L 

Puc. 8.3. MIT rrp.HMomrneil:ttoro rrpoBo,'1.a 

EcJIH L 6e3rpaHHqHo BeJIHKO, HHTerpaJI pacxo.n:HTC.H TaK )Ke, KaK rroTeHIJ;HaJI 

6ecKOHeqHo i'IJIHHHoro rrpoBOi'Ia c JIHHeHHbIM 3ap.Hi'IOM. 0.n:HaKO e.n:HHCTBeHHa.H co

CTaBJI.HIOIIIa.H ttarrp.H)KeHHOCTH MTI 

H - _ _!_ aAz - Ir JL dz 
<p - µO or - 47t -L (r2 + z2)1,5 

(8.17) 

HMeeT y)Ke KOHeqHoe 3HaqeHHe rrpH L -+ 00 . 3ttaqeHHe 3Toro HHTerpaJia rrpHBOi'IHT

C.H K Bbipa:>KeHHIO 

(8.18) 

llpUMep 8.2. Tpe6yeTc.H paccqHTaTb MTI i'IBYX rrapaJIJieJibHbIX mHH c rrocTO.HH

HbIMH TOKaMH I H -/. CeqeHHe mHH ah, paccTO.HHHe Me:>K.n:y HHMH b (pHc. 8.4). 
MarnHTHa.H rrpottm1aeMoCTb mHH H oKpy:>KaIOIIIeH cpe.n:b1 µ - const. 

MTI B mHttax orrHcbrnaeTC.H .n:ByMepHbIM ypaBHeHHeM Ilyaccotta i'IJI.H BeKTopttoro 

rroTeHIIHaJia Az (B .n:eKapTOBhlX Koop.n:Httarnx x, y, z) 
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82 A 82 A 
--2' + --2' = -µo, · ax ay 

PHc. 8.4. MIT l\ByxrrpoBOl\HOtt JIHHHH H3 rrpoBOl\OB rrpHMoyroJibHOro ceqeHHH 

BHe IIIHH npaBa.51 qacTb ypaBHeHmI (8.24) paBHa Hymo. 

06rn,ee peIIIeHHe ypaBHeHH5I (8.24) MOJKHO 3a1rncaTb B BH,ll;e 

A = l:..Jff~dv, 
' 47t r v 

yqHTbIBa.51 paBeHcTBo HyJIIo aJire6pattqecKOH cyMMbI TOKOB JIHHHH. 
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(8.19) 

ToK B KaJK,n;o:il: IIIHHe pacnpe,n;eJieH no ceqeHHIO paBHOMepHo, noaToMy nJIOTHOCTb 

TOKa B o6ettx IIIHHax o, =I/ ah. 
B ;i:i;eKapTOBhIX Koop.n;HHaTax x, y, z A, 3anHIIIeTC5I B BH;i:i;e 

O +oo +O,Sh -0,Sb dx 

A, = ~~ £dz -lh dy -al.Sb ~r.,2 + Z 2 

O +oo +O,Sh a+O,Sb dx 
-~fdzf dy I 

47t I 2 2 
-oo -0,Sh O,Sb "r2 + Z 

HJIH 

A, =-Jdz J dy J 
µI oo +O,Sh [ -0,Sb dx 

27tah 2 2 
0 -0,Sh -a-0,Sb ~ 1j + Z 

a+O,Sb dx l 
I 2 2 • 
O,Sb ~12 + Z 

(8.20) 

3,n;ecb 

5IBJI5IIOTC5I pacCT05IHH5IMH OT TOqKH (X, Y, 0), B KOTOpo:il: onpe,n;eJI5IeTC5I BeKTOpHbIH 

noTeHii;HaJI A,(X, Y), ,n;o rnqeK (x, y, 0) ceqeHH5I cooTBeTcTBeHHO nepBo:H H BTOpo:H 

IIIHHbI. lIHTerpHpOBaHHe npOH3BO,ll;HTC5I no BCeMy o6'beMy, 3aH5ITOMY TOKOM: no x 
H y - B npe,n;eJiaX ceqeHH5I IIIHH, no z - B npe;i:i;eJiax i'J;JIHHbI IIIHH. 

lIHTerpHpOBaHHe BbipaJKeHH5I ( 8.20) i'J;JI5I pacqeTa A, ( X, Y) B IIIHHax HJIH B6JIH3H 

OT HHX 3aTpy,n;HHTeJibHO. EcJIH JKe paccMaTpHBaTb MIT Ha paccTo5IHH5IX, 3Ha'!HTeJibHO 
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6oJibIIIHX, qeM rrorrepeqHhie pa3Mepbl IIIHH, 1j H r2 MO:>KHO cqHTaTb paccTOHHHHMH 

.n:o ueHTpOB IIIHH, Tor.n:a HHTerpHpOBami:e no x H y ,n:aeT COOTBeTCTBeHHO a M h . 
Tor.n:a 

HJIH 

A, (X,Y) = µJ ln ~(X + O,Sa + O,Sb)2 + y2 

2n ~(X-0,5a-0,5b)2 +Y2 
(8.21) 

lfa Bbipa:>KeHHH (8.21) rrocpe,n:CTBOM ,n:HcpcpepeHUHPOBaHHH MOryT 6hITh orrpe.n:e-

JieHbI CJiaraeMbie HarrpH:>KeHHOCTH IIOJI.H: 

H = _!. aA, H = _ _!. aA, 
x µay' y µax 

lfaBeCTHO, qTQ ypaBHeHHe JIMHHH ii HMeeT BH,n: 

d
dx = Hx ' -Hydx + Hxdy = 0. 
y Hy 

Ilo,n:CTaBAAH Hx H HY H3 (8.23), rroJiyqHM 

aA, dx + aA, dy = dA, = 0 . 
ax ay 

(8.22) 

(8.23) 

(8.24) 

CJie,n:oBaTeJibHO, JIHHHM IIOCTOHHHOro BeKTOpHoro IIOTeHUHaJia dA, = 0 HJIH 

A, - const coBna,n:aIOT c JIHHHHMH ii. 3TH JIHHHH, KaK BH,n:Ho H3 (8.24), rrpe,n:cTaB

JIHIOT co6oii: OKpy:>KHOCTM, aHaJIOrHqHbie OKpy:>KHOCTHM <p3 
- const B IIOJie ,n:Byx rrpo

TMBOIIOJIO)KHO 3ap.H:>KeHHhIX rrapaJIJieJibHhIX rrpOBOi'l:OB. IloTeHUHaJI TaKHX rrpoBOi'l:OB 

HMeeT BH,n: 

<p.3 = _q_ln r2 . 
2ne0 1j 

(8.25) 

Ifa CKa3aHHoro cJie,n:yeT, qTo JIHHMH ii H E opToroHaJihHhI. ,l(eii:cTBHTeJihHO, 

JIHHMH E opToroHaJihHhI JIHHHHM <p3 
- const, a JIHHHM <p3 

- const, KaK 6hmo rroKa-

3aHo, coBrra,n:aIOT c JIMHHHMH A - const, a 3HaqHT, H c JIHHHHMH ii . 

8.3. MoAenM KBa3MCTaTM'leCKMX 
"' 3neKTPOMarHMTHblX noneM 

Ilpette6peraH 3MIT, o6ycJIOBJieHHhIM TOKaMM CMerueHMH ( aD I at ), HO yqHThIBaH 

H3MeHeHHe 3JieKTp~eCKOH H MarHHTHOH Harrp.H:>KeHHOCTeii:, IIOJiyqaeM OCHOBHbie 

ypaBHeHHH 3JieKTpO,n:HHaMHKH rroqTM CTaT~eCKHX, HJIH KBa3HCTaT~eCKHX, 3MIT: 
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rot.if=& divB=O B=µH .... ~="'E ' ' ' u 1- , 

.... a.B .... .... 
rotE=--, divD=p, divB=O. at 
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(8.26) 

B ypaimemrn:x (8.26) cym;ecTByeT y)Ke ,n;oBOJibHO Tecmm CBH3b Me)K,ll;y 3JieK1'pWie

CKHMH H MarHHTHbIMH BeJIWIHHaMH. IlpH HCIIOJib30BaHHH CHMBOJIH'leCKOro MeTo,n;a 

rrpe,n;cTaBJieHHH rapMOHHqeCKHX (B ,ll;aHHOM c~ae CHffYCOH,ll;aJibHbIX) BeJIWIHH ypaB

HeHH}'I (8.26) CBO,ll;}'ITCH K ypaBHeHHHM feJibMfOJibIIa (7.43-744) ,ll;M HarrpH)KeHHOCTeH 

£, H. 

8.4. MoAenb HeCTa~MoHapHblX .., 
3neKTPOMarHMTHblX noneM 
B o6m;eM cJiyqae yqHTbIBaIOTCH Bee BpeMeHHbie H3MeHeHHH, rrpHBO,ll;HI:nHe K cyr:neCT

BoBaHHIO HeCTaIIHOHapHoro 3MII: 

.... 
- - 8D . - - - - -rotH = o+-, d1vB=O, B=µH, o=yE, at 

.... 
- 8B - - -rotE=--, divD=p, D=EE. at (8.27) 

YpaBHeHHH (8.27) rrpHBO,ll;HTCH K ypaBHeHHHM BH,ll;a (7.36) H (7.37), KOTOpbie Ha-

3bIBaIOTCH BOJIHOBbIMH ypaBHeHHHMH. 0HH II03BOJIHIOT orrpe,n;eJIHTb rneCTb HeH3-

BeCTHbIX: Tpex cocTaBJIHIOI:nHX MarHHTHOH HarrpH)KeHHOCTM H M Tpex cocTaBJIRIO

m;Hx aJieKTpnqecKoii: ttanpH)KeHHOCTH E . 
KBa3HCTaTHqecKHe Mo,n;eJIM 3MII oTJIWiaIOTCH OT Mo,n;eJieii: HeCTarrnottapHbIX 

3MII HaJIHqMeM BpeMeHHOfO napaMeTpa, BeJIHqHHa KOTOporo 3aBHCMT He TOJlbKO OT 

CKOpOCTH M3MeHeHHH nporrecca BO BpeMeHM, HO M OT COOTHOIIIeHHH ,ll;JIHHbI BOJIHbI 

3MII H pa3MepoB TeJI, yqacTByIOI:nHX BO B3aHMo,n:eiicTBHM. 

qaCTO o,n;Ha H Ta )Ke 3a,n;aqa MO)KeT 6hlTb OITMCaHa B 3aBMCMMOCTM OT IlOTpe6Ho

CTeii: pacqeTa KaK MO,ll;eJibIO KBa3HCTaTnqecKoro 3MII, TaK H MO,ll;eJibIO HeCTaIIHO

HapHoro 3MII, T. e. Ha OCHOBe o6r:nHx BOJIHOBbIX ypaBHeHHH. 

KoHTponbHble eonpocb1 K rnaee 8 
8.1.qTO IlOHMMaeTCH ITO,ll; CTaTnqecKHMH MO,n:eJIHMH 3MII? 

8.2. HanHIIIHTe ypaBHeHMH, cocTaBJIHIOI:nHe Mo,n;eJib 3CII. 

8.3. HanHIIIHTe ypaBHeHMH, cocTaBJIHIOI:nHe Mo,n;eJib MCII. 

8.4. KaKHe ITOJIH OTHOCHTCH K KBa3HCTaTHqecKHM? 

8.5. HarrHIIIHTe ypaBHeHMH, cocTaBJIHIOI:nHe Mo,n;eJib KBaJHCTaTHqeCKoro 3MII. 

8.6. KaKHe M3 rroJieii: BhI3hlBaIOT HaH6oJihIIIMe TPY.ll:HOCTH npH pacqeTax H rroqeMy? 

8.7. KaK MO)KHO yMeHbIIIHTb Tpy,n;oeMKOCTb pacqeToB? 

8.8. KaKHe BH,ll;bI noTeHIIHaJIOB BBO,ll;HTCH npH pacqeTax noJieii H noqeMy? 
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8.9. KaKHM o6pa3oM rrepexo.zv1T OT rroTeHIJ;HaJIOB K ttarrp5DKeHHocrnM 3II n MIT? 

8.10. Bcer.na JIM IJ;eJiecoo6pa3HO rrpn6eraTh K sse.nettmo rroTeHIJ;HaJIOB rrom1? 

8.11. KaKOH H3 IIOTeHIJ;HaJIOB 6oJiee HH<PopMaTHBeH: CKa.7151pHbIH HJIH BeKTOpHbIH? 

6M6nMorpa<IJM1.1ecKMM cnMCOK K rnaae 8 
8.1. AnoJUto11cKuu C. M. Btterrrnne 3JieKTpoMarHHTHbie noAA aJieKTpoo6opy.nosa

HH51 H cpe.zi;cTBa nx CHHJKeHm1. - CII6.: Ee3orracHocTb, 2001. - 616 c. 

8.2. Karll/Jl11cKuu A.E., Jb1tce11Ko A.II., Ilo;wmoBcKuu JI. C. TeopeTnqeCKne ocHOBhI 

aJieKTpoTeXHHKH. - M.: Bhlcrn. IIIKoJia, 1972. - C. 425-427. 
8.3. HuKOJl'bCKuu B. B. Teopna aJieKTpoMarHHTHoro rroAA. - M.: Bh1crn. IIIKOJia, 

1964. - C. 30-35, 52-53, 95. 
8.4. Eecco110B JI. A. TeopeTnqecKHe ocHOBhI aJieKTpoTeXHHKH. 3JieKTpoMarHHTHOe 

rroJie. - M.: Bh1crn. rnKoJia, 1978. - 212 c. 

8.5. EozocJloBcKuu A. C. MarnHTHhie rroJI.11 n nerrn rrocToHHHoro ToKa. - JI.: 
BBMMOJIY, 1977. - 203 c. 

8.6. EowcJloecKuu A. C. IIocrn..11HHhle aJieKTpnqecKne rroJI..11. - JI.: BBMMOJIY, 
1987. - 121 c. 
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487 c. 
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rnasa 9 

MeTO.Abl pac1.1eTa craTM"leCKMX 
M KBa3MCTaTM"leCKMX -3neKTPOMarHMTHblX noneM 

9.1. MeTOA pa3AeneHMJI nepeMeHHblX 
Peweuue icpae6blX 3aoa'lt ua nJtocicocmu. Ha rrpaKTHKe rrpHXO,[(HTCH BCTpe'IaThCH 

c 3a,[(a'IaMH, B KOTOpbIX HCIIOJib3YIOTCH 3JieKTpO,[(bl c IIOBepxHOCTbIO U:HJIHH,[(pwre

CKOM <t>opMbI. IlpH 3TOM <t>opMa rrorrepe'IHOro ce'!eHHH MOJKeT 6hITh rrpoH3BOJihHOM. 

Ha pHc. 9.1, a rroKa3aHa cxeMa pacrroJioJKeHnSI 3JieKTpO,[(OB B 3JieKTpOHHo-orrTH

qecKOM ycTpoii:cTBe; 3JieKTpO)l;bl 3)l;eCh rrpe,[(CTaBJIHIOT co6oii: IIJiaCTHHbl, rreprreH,[(H

KYJIHpHbie IIJIOCKOcTH qepTeJKa, a oTBepcTHHMH cJiyJKaT iu:eJIH; Ha pHc. 9.1, 6 H3o-

6paJKeHo rrorrepe'!Hoe ce'!eHHe TpHO,[(a, HMe1mu:ero IIJIOCKHM KaTO,[(, ceTKy, COCTOH

IIJ:YIO H3 i'];JIHHHblX rrapaJIJieJihHblX HHTeii:, H IIJIOCKHM aHO,[(. 

a 6 

x 

z z 

PHc. 9.1. K pacqeTy 3Il c11cTeMhI :rneKTpo11oa a 3J1eKTpotttto-011T11qecKoM ycTpoiicrne 

IIpaKTH'!eCKH MOJKHO rrOJIYlfHTh i'J:OCTaTO'IHO xopomee rrpH6JIHJKeHHe, rroJiaraH 

pa3Mepb1 3JieKTp0,[(0B B HarrpaBJieHHH, rreprreH,[(HKYJIHpHOM IIJIOCKOCTH (x, y)' O'!eHh 

6oJihJ1IHMH. B TaKOM CJiyqae BO BCex IIJIOCKOCTHX, rreprreH,[(HKYJIHpHbIX OCH U:HJIHH,[(

pa, pacrrpe,[(eJieHHe rroTeHIIHaJia H CHJIOBhIX JIHHHM O,[(HO H To JKe. B .n;eii:cTBHTeJihHO

cTH, ecJIH KpaR 3JieKTPOi'J:OB y,[(aJieHhI OT paccMaTpHBaeMOM IIJIOCKOCTH Ce'!eHH.SI, HX 
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BJIH.sIHHe CKa3hIBaeTCH He3Ha':IHTeJihHO H pacrrpe,neJieHHe IIOTeHJ:~HaJia rrpaKTH':leCKH 

He 3aBHCHT OT KOOp,nHHaThl z. IlpH ;:)TOM TpexMepHOe ypaBHeHHe JlarrJiaca, OIIHCbI

BaIOmee 3II B TpHO,ne, CBOAHTCH K i'l:BYXMepHOM)' (AJIH o6o3Ha':leHHH aJieKTpH':leCKO

ro IIOTeHJ:J;HaJia HCIIOJih3yeTCH 3,necb H B .ll:aJihHeihneM 6yKBa u, IIOCKOJihKY cp HC

IIOJib30BaHa ,nJI.si o6o3Ha1:1eHHH yrnoBoil: Koop,nHHaThI): 

11U = fiU + 82U = 0 (9.1) 
ax2 ay2 

' 

H aJieKTPH':leCKHH IIOTeHUHaJI u rrpe,ncTaBJI.sieTCH cPYHKUHeH TOJibKO ,n:Byx rrepeMeH

HbIX X Hy. 

IlpHMeHHM ,nJI.si pemeHHH ypaBHeHHH (9.1) MeTO,n pa3,neJieHHH rrepeMeHHhIX. ,l{JI.si 

aToro IIOJIOiKHM, ':ITO HCKOMhlH aJieKTpH':leCKHH IIOTeHUHaJI cp MOiKHO rrpe,ncTaBHTh 

KaK rrpOH3Be,neHHe ABYX cPYHKU:HR, H3 KOTOphlX Ka)K,naH 3aBHCHT TOJihKO OT OAHOH 

rrepeMeHHOH, HarrpHMep? i'l:JIH CHCTeMbl KOOp,nHHaT x H y : 

U(x,y) = X(x)Y(y). 

Ilo,ncTaBHB aTO rrpoH3Be,neHHe B ypaBHeHHe (9.2), IIOJIY':IHM 

y d2 X X d2Y = 0 . 
dx2 + dy2 

(9.2) 

(9.3) 

EcJIH ,naJiee o6e 1:1acTH rroJiyqeHHoro ypaBHeHHH pa3,neJIHTh Ha rrpoH3Be,neHRe 

XY, TO rroJiyqHM 

1 d 2X 1 d 2Y 
x dx2 = - y dy2 ' 

o,n:Ha ':laCTb KOToporo 3aBHCHT TOJibKO OT rrepeMeHHOH x ' a ,npyra.si - TOJibKO OT 

rrepeMeHHOH y. 0TCIO,na CJie.nyeT, ':ITO o6e ':laCTH i'J:OJI)l(Hhl 6nITb IIOCTOHHHhlMH H HMeTb 

Oi'J:HO H TO )Ke 3Ha':leHHe, HarrpHMep k2
• TaKHM o6pa30M, HCXOi'J:HOe ypaBHeHHe B qa

CTHbIX rrpOH3BOi'J:HblX pacrra.naeTCH Ha ABa o6bIKHOBeHHhIX i'J:HcPcl>epeHIJ;HaJihHbIX 

ypaBHeHH.sI 2-ro rrop.si,nKa 

d2X = k2 X d2Y = -k2Y 
dx2 ' dy2 . 

PemeHHe aTHX ypaBHeHHH H3BeCTHo [9.3, c. 363]: 

X(x) = Ashkx+ Bchkx, Y(y) = Csinky + Dcosky, (9.4) 

r.ne A, B, C, D - rrpoH3BOJihHhie rrocTOHHHbie. 

3Ha':leHHe TaK Ha3bIBaeMOH IIOCTOHHHOH pa3,neJieHHH k MOiKeT 6bITb ,neHCTBH

TeJibHhIM, MHHMhIM HJIH KOMIIJieKCHhIM, H BCJie,ncTBHe aToro xapaKTep o6eHx BhI-

6paHHhlX cPYHKUHH B ,neil:cTBHTeJihHOCTH MO)KeT 6bITh o6paTHhlM yKa3aHHoMy. 06-

mee ypaBHeHHt JlarrJiaca rroJiyqHTCH, ecJIH rrpocyMMHpoBaTb Bee HMeromHec.si peme

HHH: 

U(x,y) = E<Ak shkx +Bk chkx)(Ck sinky +Dk cosky). (9.5) 
k=I 
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3HaqeHH.II Bcex BX0,1VU:U:HX B ypaBHeHHe IlOCTO.IIHHblX L(OJDKHbl 6b1Tb onpeL(eJleHbl 

H3 rpaHHqHblX ycJIOBHH. 

YpaBHeHHe Jlannaca }:(JI.II nnoc1<0CTH MOJKHo npeL(cTaBHTb TaKJKe B non.1IpHblX 

KOOpL(HHaTax r, <P: 

L~(r {)U) + J_ {)2U = 0, 
r ar or r 2 {)cp2 (9.6) 

eCJIH nonaraTb, qTO ITOTeH:U:HaJJ He 3aBHCHT OT KOOpL(HHaTbl z . 3TO ypaBHeHHe TaK

JKe MOJKeT 6b1Tb perneHO MeTOL(OM pa3L(eJleHH.II nepeMeHHblX. IloJIOJKHM 

U(r,q>) = R(r)<P(cp). (9.7) 

IlOL(CTaBHB <l>YHK:U:HIO (9.7) B ypaBHeHHe Jlannaca, nonyqHM 

!_.!!__(r dR) + J_ d2<P = 0 
R dr dr <P dcp2 

• 
(9.8) 

AHanorHqHo npeL(blL(yII(eMy BBeL(eM nocTo.1IHHy10 pa3L1;eJ1eHH.1I k2 
, nocne qero 

nonyqHM 

!_.!!__(r dR) = k2, J_ d
2

<P = -k2 • 

R dr dr <P dcp2 
(9.9) 

PerneHH.II 3THX L(Byx L(HQ:>Q:>epeH:a;HaJJbHblX ypaBHeHHH yJKe H3BeCTHbl: perneHH.II 

nepBoro ypaBHeHH.II HMeroT BHL( R = r-~ H R = rk, qTo MOJKHO L(OKa3aTb no,l.{cTa

HoBKOH B HCXOL(HOe ypaBHeHHe. 

06mee perneHHe ypaBHeHH.II Jlannaca B non.IIpHblX KOOpL(HHarnx, yAOBJ1eTBO

p.1I10mee npOH3BOJlbHblM rpaHHqHblM ycJIOBH.IIM, HMeeT BHL( 

U(r,cp) = f(Akrk + B;)<ck sinkcp+ Dk coskcp). 
k~I r 

(9.10) 

Pac'tem n1wcJCo-MepuiJuaHH'blX no.neu. Ecmi aneKTpOL(bl HMeroT oceByro cHM

MeTpH10, TO :u:enecoo6pa3HO npHMeH.IITb KpyroBble D;HJIHHL(pHqecKHe KOOpL(HHaTbl 

r, q>, z. B aToM cnyqae none L(OJIJKHo HMeTb oceByro CHMMeTpH10, T. e. ero noTeH:a;Han 

He 3aBHCHT OT yrna cp. YpaBHeHHe Jlannaca npH 3TOM 3HaqHTeJlbHO ynpoII(aeTc.sr. 

KaK H3BeCTHo, B KoopL(HHaTax r, q>, z 

f!.U = .!.~(r au)+ J_ a
2

u + a
2

u = 0 .. 
r {)r ar r 2 a<p2 {)z 2 (9.11) 

3HaqeHHe ITOTeH:a;Hana He 3aBHCHT OT yrna cp ' eCJIH OCb CHMMeTpHH COBITaL(aeT 

c OCblO z. IlpH 3TOM ypaBHeHHe Jlannaca L(Jl.sJ 3JleKTpttqeCKOfO IlOTeHD;HaJJa npHo6-

peTaeT BHL( 

.!.~(r au)+ a2
U = a

2
U + .!. 8U + a

2
U = 0 

r or ar {)z2 ar2 r ar {)z2 
• 

(9.12) 

B ypaBHeHHH (9.12) ITOTeH:U:HaJJ u 3aBHCHT TOJlbKO OT KOOpL(HHaT r, Z, TO eCTb 

U = U(r,z). (9.13) 
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Yprumemi:e (9.12) u:eJiecoo6pa:mo pemaTh MeToti:oM pa3ti;eJiemrn: rrepeMeHHhIX 

B BHti;e, IIOJIOJKHB 

U(r,z) = R(r)Z(z). (9.14) 

IIo,a;CTaBJI}l}I u B BHti;e (9.14) B ypaBHeHHe (9.12): 

z d2 R + !:_ z dR + R d2 z = 0 
dr2 r dr dz2 

H ,a;eJIH Ha U = RZ , rroJiyqaeM ypaBHeHHe 

1 d2 R 1 dR 1 d2 Z 
R dr2 + rR dr = - Z dz2 ' 

(9.15) 

JieBaH qacTb KOToporo 3aBHCHT TOJihKO OT KOOp,ll;HHaTbl r, a rrpaBaH - TOJihKO OT KO

op,a;HHaTbl z. PaBeHCTBO MOJKeT BhIIIOJIHHThCH TOJlhKO B TOM cJiyqae, Kor,a;a o6e qacTH 

ypaBHeHHH paBHhI o,a;ttoii: H Toii: JKe BeJIHqHHe k2 
, TO ecTh 

!.... d
2 z = k2 H !.... d

2 
R + _!_ dR = -k2 . 

Z dz2 R dr2 rR dr 
(9.16) 

lfraK, ,Zl;JIH orrpe,a;eJieHHH HeH3BeCTHhIX cPYHKU:HM Z H R MhI rroJiyqHJIH ,a;Ba 

o6hIKHoBeHHhIX tJ:HcPcl>epeHU:HaJihHhIX ypaBHeHHH. PemeHHe rrepBoro HMeeT BH,a; [9.3, 
c. 363] 

(9.17) 

EcJIH k - ,a;eM:cTBHTeJihHoe qHcJio, 3TOMY BhlpaJKeHHIO u:eJiecoo6pa3HO rrpH,a;aTh 

BHtJ: 

Z = Achkz + Bshkz. (9.18) 

EcJIH k - qHcTo MHHMoe qHcJio, T. e. k2 = -X2
, r,a;e x - ,a;eM:cTBHTeJihHoe qHc

Jio, To 

Z = Acosxz + Bsinxz. (9.19) 

CJie,a;yeT ti;o6aBHTh, qTQ rrpn JII06hIX 3HaqeHHHX k o6ru:ee pemeHHe MOJKeT 6bITh 

rrpe,a;cTaBJieHO B JII06oM: H3 3THX Tpex cl>opM. IlpH 3TOM, ecTeCTBeHHO, IIOCTOHHHhie 

A H B rroJiyqaIOTCH pa3JIHqHhIMH. 

l{ncl>cl>epeHU:HaJihHhie ypaBHeHHH, cJiyJKaru:ne ,a;JIH orrpeti;eJieHHH cPYHKU:HM R(r) 
H Z(z)' qaCTO BCTpeqaIOTCH BO MHOfHX 3a,a;aqax 3JieKTpoTeXHHKH (HarrpnMep, B 3a

,a;aqax 3KpaHnpoBaHHH). YpaBHeHHH THIIa R(r) nccJieti;oBaJIHCh BrrepBhie fiecceJieM, 

1103TOMY OHM Ha3BaHbl ypaBHeHHHMH fiecceJIH, a cPYHKU:HH, cJiyJKaIIIHe HX pemeHH

eM, - ef>ymcu,UR.Mu liec~JlR. qacTttoe pemeHHe rrpnBe,a;eHHoro 3,a;ech mi:cl>cl>epeHU:H

aJihHoro ypaBHeHHH R(r) Ha3hrnaeTcH f/>YH'ICU,ueii liecceJlR 11yJ1eBow nopaihca H o6o-

3HaqaeTcH J0 (kr), rti;e kr - ee apryMeHT. qT06hI rroJiyqHTh rroJIHoe pemeHHe ypaB

HeHHH, Heo6xoti;HMO HaHTH eru:e O,Zl;HO pemeHHe, He3aBHCHMOe OT rrpe,a;hI,Zl;yIIIero. :'.ho 

pemeHHe Ha3h!BaeTCH fj>yn'ICU,ueii Heil.Mana uyJ1e8ow nopaihca, HMeeT TOT JKe apry

MeHT kr H o6o3HaqaeTCH N0(kr). 0TcIOti;a o6ru:ee pemeHHe ,a;Hcl>cl>epeHU:HaJihHOro 

ypaBHeHHH 6yti;eT HMeTb BHA 
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R(r) = C } 0(kr) + D N0(kr), (9.20) 

r,n:e C H D - rrpoH3BOJibHbre rrocTO.HHHbre. 

EcJIH k - qHCTO MHHMOe qHCJIO, T. e. k2 = -x2
' TO lo(kr) = loUxr). 3Ta 

cPYHKIIH.H BeIIIeCTBeHHa. 

IloJIHOe pemeHHe ypaBHeHH.H (9.12) HMeeT BH,n: 

U(z,r) = Z(z)R(r) = [Achkz + Bshkz)[C j 0 (kr) + D N0 (kr)J. (9.21) 

PemeHHe (9.21) co,n:epJKHT rrpoH3BOJibHYIO IIOCTO.HHHYIO k. OT ee Bhl6opa 3aBH

CHT, KOHeqno, xapaKTep pacrrpe,n:eJieHH.H IIOTeHIIHaJia. ll B STOM CJiyqae MOJKHO H,n:TH 

TaKHM rryTeM: rrpH,n:aBa.H IIOCTO.HHHOM k rrpOH3BOJibHble 3HaqeHH.H, HCCJie,n:oBaTb, Ka

KOMY BH,n:y SKBHIIOTeHIIHaJibHOll IIOBepxHOCTH COOTBeTCTByeT IIOJiyqeHHOe pemeHHe, 

H TeM caMbIM ycTaHOBHTb, ,n:JI.H KaKOM ¢opMbl aJieKTpo,n:oB OHO rrpHMeHHMO. 

YpaBHeHHe JiarrJiaca - JIHHeil:Hoe ypaBHeHHe. IIoaToMy ecJIH nail:,n:eHbI KaKHe-To 

,n:Ba pemeHH.H, HX cyMMa TaKJKe y,n:oBJieTBOp.HeT HCXO,n:HOMY ypaBHeHHIO. ECJIH Tpe-

6yeTC.H HaHTH o6IIIee pemeHHe ypaBHeHH.H ,n:JI.H IIOJI.H c oceBOll CHMMeTpHeil: rrpH 3a

,n:aHHblX rpaHHqHbIX ycJIOBH.HX, TO MO)l(HO HCKaTb ero B BH,n:e p.H,n:a 

U(z,r) = f [Ak chkz +Bk shkz][Ck]0 (kr) + DkN0 (kr)J. (9.22) 
k~1 

3,n:ecb Ak, .. ., Dk orrpe,n:e.IDIIOTC.H H3 rpaHHqHbIX ycJioBHii. 

3HaqeHH.H k qacTo 06pa3y10T p.H,n: HerrpepbIBHbrx, a He ,n:HcI<peTHbIX qHceJI. B Ta-

KOM CJiyqae pemeHHe rrpe,n:cTaBJI.HeTC.H HHTerpaJIOM 

U(z, r) = J [A(k)chkz + B(k)shkz][C(k)j0 (kr) + D(k)N0 (kr)]dk (9.23) 
k 

HJIH B CJiyqae k2 = -x2 
HHTerpaJIOM 

U(z,r) = J [A(x)chxz + B(x)shxz][C(x)J0 (jxr) + D(x)N0 (Jxr)]dx. (9.24) 
x 

9.2. MeTOA KOH<l>OPMHblX OTo6pa>KeHMM 

KomjJopMHbte omo6pa:J1CeHUR. IloH.HTHe KOHcPOPMHOro orn6pa)l(eHH.H OTHOCHTC.H K qH

CJIY Ba)l(Heil:mHx IIOH.HTHil: MaTeMaTHKH. Bo3HHKmee H3 cPH3nqecKHX npe,n:cTaBJieHHH, 

OHO Haxo,n:HT MHoroqHcJieHHbie IIpHJIO)l(eHH.H K Pa3JIWIHblM TemnqecKHM o6JiaCT.HM: 

rH,n:po- H aapo,n:HHaMHKH, TeopHH ynpyrocTH, TeOpHH cPHJibTµaIIHH, TeOpHH TeIIJIOBOfO, 

MarnHTHoro, aJieKTµnqecrmro rroJieil: H ,n:p. [9.4-9.6]. OT,n:eJihHhre 3a,n:aqH, CB.H3aHHhre c 

I<oH¢opMHbIMH orn6pa)l(eHH.HMH, pemaJIH ,ZJ:aJiaM6ep (J. L. D'Alembert, 1717-1783), 
3il:Jlep (L. Euler, 1707-1783) H faycc (K. F. Gauss, 1777-1855). OcHOBhIBa.HCh Ha 

HX pe3yJihTaTax, PHMaH (G. F. B. Riemann, 1826-1866) B cBoeii: ,n:HccepTallHli «Oc

HOBhl o6IIIeil: TeopHH cPYHKIIHH KOMIIJieKCHOfO nepeMeHHOfO» ( 1851) CHCTeMaTH3H

pOBaJI H pa3BHJI TeOpHIO KOHcPOPMHbIX orn6pa)l(eHHH, HCXO,n:.H H3 cPH3HqecKHX npe,n:

CTaBJieHHll. 
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HHHQHanrna urnpoKoro ITpHMeHeHH.sI KOH<PopMHbIX OTo6pa)KeHHH K KOHKpeT

HbIM ITpaKTHqecKHM 3a,n;aqaM H HaH6oJiee ITpHHUHITHaJibHhle pe3yJII>TaTI>I B 3TOM 

HaITpaBJieHHH ITpHHaAJie)KaT pyccKHM yqeHhlM - H. E. )KyKoBcKoMy, C. A. qaIT

JihlrHHy, M. A. JlaBpeHTI>eBy, M. B. KeJIAI>Irny, H. H. MycxeJIHIJIBHJIH, JI. H. Ce

AOBY HAP· 

MeTOA KoH<PopMHI>IX orn6pa)KeHHH qacTo HCITOJII>3yeTc.si: AAA pacqeTa AByxMep

HI>IX 3II H MIT B HeaHaJIHTHqecKHX o6JiaCT.si:x, OITHChlBaeMI>IX ypaBHeHHeM JlaITJiaca. 

OH .si:BJI.si:eTc.si: ITpaKTHqecKHM ITpHMeHeHHeM TeopHH <PYHKUHH KOMITJieKcHoro ITepe

MeHHoro. KoH<PopMHOe ITpeo6pa30BaHHe CBOAHTC.sl K 3aMeHe AeHCTBHTeJibHOro ITOJI.sI, 

KOTOpoe H3-3a CJIO)KHOCTH oqepTaHH.sI ero rpaHHU He ITOMaeTC.sI HeITocpeACTBeHHOMY 

pacqeTy, APYrHM ITOJieM, Ka)KAI>Iii 6ecKOHeqHo MaJII>Iii ::lJieMeHT ITJIOIQa,n;H KOToporo 

ITOA06eH COOTBeTCTBy10meMY eMy 6ecKOHeqHO MaJIOMy 3JieMeHTY 3aMeH.sieMoro ITO

AA, HO oqepTaHHe rpaHHU HMeeT ITpOCTYIO <PopMy, AJI.sI KOTOpoii pacqeTHbie ypaBHe

HH.sI H3BeCTHbI. 

IlOAbICKaHHe <PYHKUHOHaJibHOH 3aBHCHMOCTH, ITpaBHJibHO OT06pa)KaIOmeii 3aMe

HY ITOJI.si:, .sIBAAeTc.si: ocHOBHoii TPYAHOCTI>IO. 

PaCCMOTpHM ITJIOCKOCTb [9.7, c. 224], B KOTopoii paCITOJIO)KeHbl JIHHHH ITOAA 

H 3KBHITOTeHUHaJibHhle JIHHHH, KaK ITJIOCKOCTb KOMITJieKCHOro ITepeMeHHOro 

z = x + jy (pHc. 9.2, a); Bern;ecrneHHI>Ie BeJIHqHHI>I OTKJia,l.l;I>IBaroTc.si: ITO OCH Ox, 
a MHHMI>Ie - ITO OCH Oy . Ka)KAOH TOqKe Ha 3TOH ITJIOCKOCTH COOTBeTCTByeT OITpe

.n;eJieHHOe KOMITJieKCHOe qHCJIO z' Ka)K,Zl;OH JIHHHH - OITpe.n;eJieHHOe ypaBHeHHe, CB.sI-

3bIBaromee KOOpAHHaThl ee ToqeK. HaITpHMep, TOqKe a COOTBeTCTByeT qHCJIO 

z = 1 + j ' a TOqKe e - qHCJIO z = 2 + j3 ' ITp.sIMOH JIHHHH u = 0 ' ITpoBe.n;eHHOH H3 

HaqaJia KOOPAHHaT ITOA yrnoM 45°, COOTBeTcTByeT ypaBHeHHe x = y HT . .n;. 

PaccMoTpHM TeITepI> .n;pyry10 KOMITJieKcHyro BeJiffqHHY w = u + jv , BemecrneH

Ha.si: H MHHMa.sI COCTaBJI.sIIOII{He KOTOpoii .sIBJI.sIIOTC.sI O,Zl;H03HaqHhlMH <PYHKUH.sIMH x 
H y . K~oMY 3HaqeHHIO z = x + jy , orrpeAeAA10meMY ITOJIO)KeHHe HeKoTopoii TO~H 
Ha ITJIOCKOCTH z' COOTBeTCTByeT OITpeAeJieHHa.sI TOqKa Ha IIJIOCKOCTH w (pHC. 9.2, 6). 

PHcyHoK 9.2 CAeJiaH .n;JI.si: cJiyqa.si: w = z2
• Pa3BepHyB KOMITJieKCHI>Ie BI>Ipa)KeHH.si: 

BeJIHqHH w H z, HMeeM 

u + jv = x 2 
- y2 + 2jxy , 

OTKyAa 

u = x 2 
- y 2 

, v = 2xy . (9.25) 

IIepBoe H3 ypaBHeHHH (9.25) COOTBeTcrnyeT rHITep6oJie ITpH u = 4' BTOpoe H3 

ypaBHeHHH (9.25) COOTBeTCTByeT rHITep6oJie ITPH v = 16. 
ToqKe a Ha IIJIOCKOCTP z, HMeromeii KOOPAHHaTI>I x = 1; y = 1, cooTBeTcrnyeT 

TOqKa a' Ha ITJIOCKOCTH W, KOOPAHHaTbI KOTOpoii ITO <PopMyJiaM (9.25) paBHhl: 

u = 0 ; v = 2 ; TQqKe 6 Ha ITJIOCKOCTH z c KOOPAHHaTaMH x = 2, y = 1 COOTBeTCTBy

eT TOqKa 6' Ha IIJIOCKOCTH w c KOOp,Zl;HHaTaMH u = 3, u = 4 HT. A. 

KBaApaT a6Bzoe:J1C3a Ha ITJIOCKOCTH z rrpeo6pa30BaJic.si: B KpHBOJIHHeiiHI>Iii qeThl

pexyroJII>HHK a'6'B'z'o'e'J1C'J'a' Ha ITJIOCKOCTH w. 
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207 

Ou,ettKa H3Mettemrli cpopMbI, pa3Mepa H optteHTau,1m npeo6pa3yeMoro ::iJieMeH
Tapttoro oTpe3Ka .n;eJiaeTc~ c noMolll,bIO mmelittoro Ko::icpcpttuHeHTa npeo6pa3oBaHH~, 
paBttoro npott3Bo.n;tto:H dw /dz , 
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dw = dw dx = ou + j ov = Meje 
dz dx dz ox ox ' 

(9.26) 

HJIH 

dw = dw dy = ov + j ou = Meje 
dz dy dz oy oy ' 

r,ne (9.27) 

ov ou 

tge = ox = - oy . 
ou ov 

(9.28) 

OX {)y 

KoacpcpHI1HeHT ITpeo6pa3oBaHH.SI .SIBJrneTc.SI B o6m:eM cJiyqae KOMIIJieKCHhIM 'IHC

JIOM. IIpeo6pa3oBaHHe MaJioro oTpe3Ka dz npH ITepeHoce ero c IIJIOCKOCTH z Ha 

ITJIOCKOCTh w 3aKJIJO'IaeTc.SI B H3MeHeHHH ero ,n:JIHHhI B M pa3 H B noBopoTe nponrn 

'IacoBoii cTpeJIKH Ha yroJI 0; M H 0 .SIBJI.SIIOTC.SI cpyHKI1H.SIMH Koop,n:HHaT rrpeo6pa-

3yeMoro MaJIOro 0Tpe3Ka. 0,n:HaKO K03cpcpHI1HeHT rrpeo6pa3oBaHH.SI He 3aBHCHT OT 

opHeHTaIIHH rrpeo6pa3yeMoro OTpe3Ka Ha IIJIOCKOCTH z . 
IIycTh B KaKoii-Jrn6o TO'IKe Ha IIJIOCKOCTH z rrepeceKaJIHCh rro,n: HeKoTOphIM yr

JIOM ex ,n:Ba MaJibIX 0Tpe3Ka; IIOCJie rrpeo6pa30BaHmI, T. e. rrepeHoca Ha IIJIOCKOCTb w, 
Ka)l(JJ:bIH 0Tpe30K IIOBepHyJic.SI Ha OJJ:HHaKOBbIH yroJI 0; 3Ha'IHT, yroJI ex Me)l(,n:y 

HHMH coxpaHHJICH. JlHHHH u =canst H v =canst Ha ITJIOCKOCTH w (pHC. 9.2) IIO

BCIO,n:y nepeceKaIOTC.SI no,n: np.SIMblM yrJioM; CJie,n:oBaTeJibHO, COOTBeTCTBYIOIIIHe HM 

KpHBbie u = canst H v = canst Ha IIJIOCKOCTH z TaK)l(e o6pa3yIOT opToroHaJibHYIO 

CHCTeMy, T. e. KaCaTeJihHhie K KpHBhIM B TO'IKax HX nepece'IeHH.SI B3aHMHO nepneH

Jl:HKY JI.SipHhI. 

CHcTeMa TaKHX KpHBhIX MO)l(eT npei'J:CTaBJI51Th co6oii KapTHHY aJieKTPH'IecKoro 

HJIH MarHHTHOro ITOJI.SI, IIOCKOJihKY JIHHHH Hanp.SI)l(eHHOCTH ITOJI.SI (JIHHHH HHi'J:YKI1HH) 

H 3KBHIIOTeHIIHaJihHhie JIHHHH Bcer,n:a nepeceKaIOTC.SI no,n: ITp.SIMhIM yrJIOM. 

lfa Bhrpa)l(eHHH (9.26) BhITeKaJOT TaK Ha3hrnaeMhie ypaBHeHH.SI Konrn-PHMaHa: 

ou ov ou ov 
-=-, -=--
ox oy oy ox 

(9.29) 

<l>yHKIIHH u H v, y,n:oBJieTBOp.SIJOII(He 3THM ypaBHeHH.SIM, Ha3hIBaIOTC.SI conpR-
31CeH1lbLMU. Ka)l(,n:a.SI H3 HHX no,n:'IHH.SieTC.SI ypaBtteHHJO nrna JlanJiaca ,n:JI.SI ABYXMep

Horo ITOJI.SI. B 3TOM JierKo y6e,n:HThC.SI, ITpo,n:ncpcpepeHIIHpoBaB o,n:Ho H3 ypaBHeHHH 

(9.26) ITO x' a ,n:pyroe - ITO y H JIH6o CJIO)l(HB pe3yJihTaThl, JIH6o Bhl'IT.SI OJJ:HH H3 

,n:pyroro. JI106oe H3 ceMeiicrn KpHBhIX ( u = const HJIH v = const) MO)l(eT H3o6pa

)l(aTh JIH6o JIHHHH ITOJI.SI, JIH6o 3KBHIIOTeHIIHaJibHhie JIHHHH. 

Ka)l(JJ:hIH MaJihIH 3JieMeHT rrJiom:a,n:n Ha IIJIOCKOCTH z nocJie nepeHoca Ha rnroc

KOCTh w H3MeHHT CBOH pa3Mep H opneHTaIIHIO, HO coxpaHHT oqepTaHHe: KBa,n:paT 

ocrnHeTc.SI KBa,n:parnM, Kpy)l(oK - KPY)l(KOM. <l>nryphl )Ke KoHe'IHhIX pa3MepoB MoryT 

ITO,n:BepraThC.H 6oJihIIIOMy HCKa)l(eHHIO (CM. pnc. 9.2). 
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Hpu.Mepbt KOH<jJopMHblX omo6pa:HCeHUu. BMecTo HerrocpeJJ;cTBeHHoro OTbICKa

mu:i: OTo6pa)KeHHH, COOTBCTCTBYIOI.U;HX IIOCTaBJICHHOH <l>H3HqecKOH 3ati;aqe, MOJKHO 

CHaqana HJ];TH JJ;pyrHM nyTeM: pacCMOTpeTb, KaKHe peanbHbIC 3al(aqH pernaIOTCH no

cpel(CTBOM Tex HJIH MHblX H3o6pa)KCHHH. B lf,aJibHeH:rneM H3 MHO)KCCTBa IIOJiyqeH

HbIX perneHHH Hal(O 6yl(eT BbI6paTb Te, KOTOpbie 6JIM)KC Bcero ITOl(XOl(HT K IIOCTaB

JICHHOH 3al(aqe. 

Hpu.Mep 1. B Kaqecrne nepBoro npHMepa paccMoTpHM <l>YHKU:HIO [9.6, c. 162] 

W=Z
2

• (9.30) 

PacKpbIB:uJ: aTo Bb1paJI<eHHe: 

u + jv = (x + jy)2 = x2 
- y 2 + j2xy, (9.31) 

HaXOJJ;MM, 'ITO 

u = x 2 
- y 2 

, v = 2xy . (9.32) 

CJiel(oBan~JibHO, aTo rrpeo6pa3oBaHMe rrepeBOlf.HT rrapaJIJieJibHhie npHMhre u = 
= canst H v = canst ITJIOCKOCTH w B rHnep6oJibI x 2 

- y 2 = canst H 2xy = canst B 

IIJIOCKOCTM z. TaK KaK npoH3BOJ];HlUI BO Bcex TO'IKax, KpOMe TOqKH z = 0, He paBHa 

HYJIIO H Ol(H03Ha<£Ha, OTo6pa)KeHHe KOH<t>opMHO, T. e. ceMeHCTBa aTMX rHnep6oJI op

TOfOHaJibHbl. 

B KaTiecTBe rroTettn;MaJibHOH <l>YHKU:HH Bbr6epeM MHHMJIO qacTD, T. e. 6yll.eM cqH

TaTD, 'I:TO IIOTeHU:MaJI Bbipa)KaCTC.SI <l>YHKU:HCH 

v = 2xy. (9.33) 

c IIOMOIIJ:bIO paccMaTpMBaeMoro rrpeo6pa30BaHH.Sl MO)KHO pernaTD BCe 3al(a<£H, 

B KOTOpbIX HarrpaBJIHIOIIJ:aH l{HJIHHJJ;pHTICCKOfO aJICKTpOll,a - rHrrep6oJia, OIIHCbIBae

MaH ypaBHCHHeM 2xy = v0 • MoJI<Ho C'IHTaTD, 'ITO rrpHMaH v0 = 0 (T. e. ocn u) co

OTBeTCTByeT rpaHHU:e rrepBoro KBati;paHTa B ITJIOCKOCTH z (lf.JIH KOTOporo x ~ 0 ' 
y ~ 0 rrpH V ~ 0 ). 

B aToM cJiyq:ae o6JiacTh Olf,Hopoll,Horo IIOJIH B rrJioc1<ocTH w, JieJI<aru:aH MCJI<lf.Y 

aJieI<TpOll,aMM v = 0 H v =Vo' OTo6pa)KaCTCH Ha o6JiaCTb, JieJI<aru:yIO B rrepBOM KBaJJ;

paHTe IIJIOCKOCTM z MCJKJJ;Y KOOpll,HHaTHblMM OC.SIMH, Ha KOTOpbIX v = 0 ' H fHrrep6o

JIOH 2xy = V0 (pHC. 9.3). 
CoCTaBJIHIOru:He HarrpH)KeHHOCTH rroJIH Bbipa)KaIOTCH B BHlf.e 

av av 
E =--=-2y, E =--=-2x. 

x ax y ay (9.34) 

Molf.yJin HarrpH)KCHHocTH 

(9.35) 

KaK BHl(Ho H3 pHc. 9.3, HarrpHJKeHHOCTb ITOJIH Bo3pacTaeT no Mepe Ylf.a.JICHHH oT 

HaTiana KOOpJ];HHaT H IlpH 6oJibIIIHX 3HaqeHHHX x B6JIM3H OCH x CHJIOBbie JIHHHH 

IIOJIH CTaHOBHTCH rrapaJIJICJlbHbIMH OCH y; aHaJIOfH'I:HO rrpH 6oJibIIIHX 3HaqeHHHX y 
B6JIH3H OCH y OHH CTaHOBHTCH napanJieJibHbIMH OCH x. 
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w 

Puc. 9.3. K pacqeTy 3II B 06Jiacn1 011ttopo11ttoro rroJIJI B rrJiocKOCTH w, 
Jie::1rnU1ei1 Me)KAY 3JieKTPOl\aMH v = 0 H v = Vo 

HpUMep 2. PaccMoTpHM £1>yttKUHIO [9.6, c.163] 

w = ln z , r;:i:e z = x + jy = Rejq> . 

B aTaM cJiyqae 

u + jv = ln z = ln Rejq> = ln R + jcp , 

u 

(9.36) 

(9.37) 

TO eCTb ;:i:eHCTBMTCJlbHCUI H MHMMCUI qacTH 4>YHKUHH onpe;:i:emnaTCH caarneTcTBeHHa 
paBeHCTBaMH 

u = 1n ~ x 2 + y2 
, v = cp = arctg ~ . 

x 
Bh16paB B KaqecTBe noTeHJ:~MaJihHaH 4>YHKUMH 

u = ln ~ x2 + y2 , 
Ha:H;:i:eM ypaBHeHHe 3KBMnaTeHUMaJibHbIX JIHHMH ( u-canst): 

ln ~ x2 + y 2 
- canst MJIH x2 + y 2 

- canst, 

TO eCTb 3TH JIHHHH - KattueHTpnqecKHe OKpy:>KHOCTH. 

(9.38) 

(9.39) 

(9.40) 

PaccMaTpHBaeMCUI 4>YHKUHH caaTBeTcTByeT naJIIO 3ap.HJKeHHara npaBa;:i:a, HMeIO
m:era £l>apMy ;:J:JIHHHOfO KpyroBoro UHJIHH;:J:pa. 3ap.H;:i:, npMXO;:J:HIIJ:HRC.H Ha e;:i:HHHUY 
;:J:JIHHhI TaKoro npoBo;:i:a~ no ypaBHeHHIO (9.40) paBeH 

% =Eo(VA -vB)=Eo(0-27t)=-27tEo. (9.41) 

CJie;:i:oBaTeJihHO, 3apH;:i:y - 2m0 caorneTcrnyeT 4>YHKUM.H 

u = ln ~ x2 + y2 
• (9.42) 

3ap.H;:i:y B q pa3 6oJihIIIeMy H noJIOJKHTeJibHOMY no 3HaKy coaTBeTCTByeT 
£l>yttKUH.H 
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u- __ q_ln~x2 + y2 = _ ____q_lnr = ____q_ln.!. 
27tE0 27tE0 21tE0 r 

(9.43) 

)laJiee, TaK KaK ln 1 = 0, noTeHn;HaJI B rnqKe r = 1 paBeH Hymo. EcJm noTpe6o

BaTb, qrn6bI IlOTeHIJ;HaJI paBH.HJIC.H HYJIIO Ha IIOBepXHOCTH KpyroBOro IJ;HJIHHAPa pa

,l{Hyca 10 , noJiyqHTC.H cJie.l{yromee BbipaJKeHHe noTeHn;HaJia: 

u = __ q_In!_ = _q_In ro, 
27tE0 r0 27tE0 r 

(9.44) 

KOTopoMy COOTBeTCTBYIOT: IIOJie KpyroBoro U:HJIHHApa KOHeqHoro PMHyca, IlOJie 

3ap.H)KeHHOM ::JJieKTpHqecKOM OCH H IIOJie KOaKCHaJibHbIX IJ;HJIHffAPOB (pHc. 9.4). 

y 

Pile. 9.4. K pacqeTy IIOJIJI. KpyroBoro ~HJIHH.!(pa KOHeqHoro pal(nyca 

Bb16epeM Teneph B KaqecTBe rroTeHn;HaJibHOM cPYHKU:HH MHHMYIO qacTh w: 

y 
v = <p = arctg-. 

x 
(9.45) 

Tor,n;a, cornacHo pnc. 9.5, a, ::iToMy cooTBeTcTByeT rroTeHn;HaJihHoe noJie ABYX 

IlOJIYTIJIOCKOCTeM, nepeceKaIOII{HXC.H no JIHHHH x = y = 0 ' o6paayIOII{HX Me)K,l{y co-

6oii aa11:aHHhIM yroJI H HMeIOII{HX pa3HI>Ie noTeHJ::(HaJihI. CJieAbI ::lKBHTIOTeHU.liaJihHhIX 

IlOBepxHOCTeH B ,n;aHHOM CJiyqae - npHMhle (B rrpocTpaHCTBe - IIJIOCKOCTH), BhlXO

IJ:.HII{He H3 n;eHTpa. CHJioBI>Ie JIHHHH 06paay10T oKpy)KHOCTH. Ha pHc. 9.5, 6 rroKaaaHo 

3II AByx 6JIH3Jie)KaIIJ;HX IIOJIYilJIOCKOCTeH, HaxOMIIJ;HXC.H ITOA pa3HblMH IlOTeHn;Ha

JiaMH (noJie pacce.SIHHH IIJIOCKoro KOH,n;eHcarnpa). 

Ha pnc. 9.6 noKaaaHo rroJie AByx pacrroJio)KeHHhlx PMOM IIOJIYIIJIOCKOCTeH, 

HMeroll{HX pa3Hble IIOTeHIJ;HaJlbI ( O,l{Ha H3 HHX CJIY)KHT reoMeTpnqecKHM IIpO,l{OJI)Ke

HHeM .l{pyro:H). TaKHM o6paaoM, rrpeo6paaoBaHHe w = lnz orn6paJKaeT rrpHMI>Ie 

v = 0 H v = 1t B IIJIOCKOCTH w Ha pHIJ:OM Jie)Kall{He rroJIY6ecKoHeqttble rrpHMbie 

ITJIOCKOCTH Z. 
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v =-¥ 

\ 
I 

I I Iv =0 

y 

---

//////////////////////////////////////////////////// a 

PHc. 9.5. K pacqeTy 3I1 AByx 6JIH3JieJKamHx rroJiyrrJiocKocTeil, HaxoAJimHxrn 
IIOA pa3Hb!Mll IIOTeHI.(llaJiaMll 

0 

PHc. 9.6. K pacqeTy 3II AByx pacrroJiolKeHHbIX pHAOM rroJiyrrJiocKocTeil, HMeIOmHx pa3Hbie rroTeHI.(llaJibI 

Hpu6J1u:J1CeHHble MemoiJbl KOH</JopMHblX omo6pa31CeHuu. lIMe.H rrpott3BOJihHYIO 

aHaJillTWieCKYIO <l>YHKD;llIO, JierKO ll3)"1llTb KoH<t>opMHOe OTo6paJKeHtte, eIO ocym;ecT

BJI.HeMoe. JlI06a.H o6JiaCTb D, B KOTOpOH <l>YHKD;ll.H w = f (z) O,ll;HOJIHCTHa, c IIOMO

IU;bIO arnii <l>YHKD;HH KOH<t>opMHO orn6paJKaeTCJI Ha HeKoTopyro o6JiaCTh A . TaKHM 

o6pa30M, ,ll;JI.H KaJK,n;Oll TaKOH <l>YHKD;llll Heo6xo,n;HMO IlOJiyqaTh pa3JIWIHhle rrpttMepbl 

KOH<t>opMHbIX orn6paJKeHHH, reoMeTptt'leCKH llJIJIIOCTpttpyromttx ,n;aHHYIO <l>YHKD;HIO. 

0,n;HaKO ,ll;JIJI rrpaKTll'leCKHX u;eJieH 6oJiblllllH llHTepec rrpe,n;cTaBJI.HeT 3Ha'IHTeJihHO 

6oJiee Tpy,n;Ha.H o6paTH,a.H 3a,D;a'la, KOTOpa.H C'IHTaeTC.H OCHOBHOH 3a,D;a'leH Teopttll 

KOH<t>opMHbIX orn6paJKeHHH. 

3a,n;aHhI o6JiacTtt D u A, Tpe6yeTc.H nocTpottTh <l>YHKD;HIO, ocy111;eCTBJIJI10m;y10 

KOH<t>opMHOe orn6paJKeHtte O,ll;HOH o6JiaCTll Ha ,n;pyryro. 

CJie,n;yeT 3aMeTttTh, 'ITO ,n;aHHa.H 3a,n;a'la B o6m;eM Btt,n;e Hepa3pernttMa. Cym;e

CTByeT p.H,n; orpaHWieHHH Ha o6JiaCTH, KOTOpbie MOJKHO KOH<t>opMHO orn6pa3HTb ,n;pyr 

Ha ,n;pyra. tlacTO B npaKTWiecKHX llHJKeHepHbIX rrpHJIOJKeHll.HX IlOJib3yIOTC.H rrptt6JIH

)KeHHbIMM MeTO,n;aMM KOH<t>opMHbIX rrpeo6pa30BaHMH, MCITOJib3YH HHTerpaJihHhle 
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cpyHKilHH. 0.nHoil: H3 TaKHX cpyHKIIHll HBJUieTCH uHTerpaJI KpuCTocpcpe1rn- ll1Bapn:a 

[9.5, c. 227], KOTOpbIH HCIIOJlb3YeTC.sJ mupoKO rrpH pemeHHH aJieKTpoTeXHHqecKHX 
3a.n;aq. Ilpu pemeHHH rn.n;po.n;HHaMHqecKHX 3a.n;aq mupoKO HCIIOJlb3YeTC.sJ llHTerpaJI 

KeJI.l(hima-Ce.n;oBa [9.5, c. 295]. IlocKoJibKY paccMoTpetttte rrptt6JIHJKeHHhIX MeTo.n;oB 

KoHcpopMHhIX orn6paJKeHHH rrpe.ncTaBJIHeT orrpe.n;eJieHHhie TPYAHOCTH H Tpe6yeT 
crren:HaJibHOH IIO,l(fOTOBKH, TO B yqe6ttblX Kypcax aJieKTpoTeXHHKll TaKoe paccMOT

peHHe He rrpOBO,l(llTCH. Ilo.n;po6ttee 03HaKOMHTbC.sJ c npu6JIHJKeHHbIMH MeTO.n;aMH 

KOHcpopMHbIX orn6paJKeHHH MOJKHO B crren:HaJibHOH JIHTepaType [9.5, c. 153; 9.6, 
c. 156]. 

KoHTponbHb1e aonpocb1 K rnaae 9 
9.1. KaKHMH aHaJIHTHqecKHMH MeTO.l(aMH MO)KHO paccqttTaTh cTaTHqecKoe rroJie 

B HerrpOBO.l(.sJIIIeH cpe.ne? 

9.2. KaKue MeTO.z:lbl u;eJiecoo6pa3HO McrroJih30BaTh ,llJIH pacqeTa KBa3HCTaTHqecKoro 

IIOJI.sJ B HenpOBOAHIIIeH cpe.ne? 
9.3. KaK MO)KHO paccqttTaTb cTaTHqecKoe rroJie B npoBo.n;.si:meii cpe.ne? 

9.4. KaK MO)KHO paccqHTaTb KBa3HCTaTHqecKoe rroJie B rrpoBo.n;ameii cpe.n;e? 

9.5. Ha3oBHTe OCHOBHbie rrpe«MymecTBa Mern.n;a 3epKaJihHhIX oTo6pa)KeHuii. 

9.6. B KaKHX o6JiaCTHX c HaH60Jiblleii acpcpeKTHBHOCTbIO MO)KHO HCIIOJlb30BaTb Me

TOA pa3,lleJieHHH nepeMeHHbIX? 

9.7. B KaKHX o6Jiacrnx u;eJiecoo6pa3HO rrpHMeH.si:Th MeTo.n; KottcpopMHhIX orn6pa)Ke

HHil:? 

9.8. B KaKOH o6JiaCTH illHpOKO HCIIOJlb3YIOTC.sJ npH6JIH)KeHHble MeTO,l(bl KOHcpopM

HbIX orn6paxettHii. Ha3oBHTe 1IeKoTOpb1e pacrrpocTpatteHHhie cpopMyJihI orn-

6paxemrn. 
9.9. IlepeqHCJIHTe MeTO,l(bl pacqeTa CTaTHqeCKHX IIOJieH, .n;aromHe HaH60JibillHH acp

cpeKT B IIJIOCKHX H ocecHMMeTpHqecKHX KOHCTPYKIIHHX. 

6M6nMorpacl>MllecKMM cnMcoK K rnaae 9 
9.1. AnoJIJl01-lCKuu C. M., Epo</Jee1-lKo B. T. 3KBHBaJieHTHhie rpaHHqHbie ycJioBH.sJ 

B aJieKTPO.llHHaMHKe. - CI16.: oe3onacttocTb, 1999. - 416 c. 
9.2. AnoJIJl01-lCKUu C. M. 3JieKTpoMarttHTHoe rroJie B Heo.n;ttopo.n;HhIX cpe.n;ax. - CI16.: 

C3TY, 2006. - 538 c. 

9.3. Ka.MKe 3. CrrpasoqHHK rro o6hIKHoBeHHhIM .n;HcpcpepeHI1HaJihHhIM ypaBHeHH.sJM. -
M.: HayKa, fP<l>MJI, 1971. - 576 c. 

9.4. Jlaope1-tm'beo M. A., llla6am E. B. MeTOJJ:hI TeopHH cpyHKIIHM KOMIIJieKcttoro 

rrepeMeHHoro. - M.: HayKa, fP<l>MJI, 1973. - 736 c. 

9.5. <l>UJlbttaKoo II. </:>. IlpH6JIH)Ke1Ittb1e MeTOJJ:hI KoHcpopMHhIX orn6paiKeHHM. 

KHeB: HayK. AYMKa, 1964. - 532 c. 

9.6. IllUMoHu K. TeopeTHqecKaa aJieKTpoTeXHHKa. - M.: MHP, 1964. - 773 c. 
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MeTOAbl pac1.1eTa 
nepexoAHblX npo1.1eccoa 
B 3neKTPOMarHMTHOM none 

10.1. 0 pac'leTe nepexoAHblX npo'-'eccoe 
B 3neKTpOMarHMTHOM none 
Bonpocb1 HCCJie,n;oBaHH.H nepexo,n;HhIX npou;eccoB B 3MII npHo6peTaIOT 6oJibIIIoe 

3Haqemi:e npH pemeHHH 3aAaq 3JieKTpoMarHHTHOM COBMeCTHMOCTH (3MC) H 3JieK

TpOMafHHTHOH 3KOJIOrHH (3M3). Heo6xo,n;HMOCTb B pemeHHH Hx CB.H3aHa, npe)K,n;e 

Bcero, c pa3BHTHeM HMITYJibCHOM TeXHHKH. I1MITYJibCHbie npon;eCCbl IIIHpOKO HC-

110Jlb3YIOTC.H B pa,n;HoJioKan;nH, paAHOHaBnran;HH, TeJieBn.n;eHHH n MHoroKaHaJibHoii: 

CB.H3H, a TaK)Ke B 6bICTpo.n;eii:cTBYIOIIJ;HX KOMIIbIOTepax. 

B HacTo.s1in;ee BpeM.H ,n;JIHTeJibHOCTb HMIIYJihCOB .n;ocTnraeT 10-s ..;-10-10 
c. IlpH 

CTOJib KpaTKOBpeMeHHblX HMITYJibCax oco6oe 3HaqeHHe npHo6peTaeT BJIH.HHHe BHX

peBbIX TOKOB Ha HMIIYJibCHbIH npon;ecc. PacqeT aToro BJIH.HHH.H CB.H3aH c pacqeToM 

npOHHKHOBeHH.H npaKTHqecKH CKaqKoo6pa3HO H3MeH.HIOin;eroc.H BHeIIIHero 3MII 
B np0Bo,n;.s11n;He TeJia, HHaqe roBop.s1, c pacqeToM nepexo,n;HhIX npon;eccoB B 3MII. 

PacqeT nepexo,n;HhIX npou;eccoB B 3MII CB.H3aH c onpe,n;eJieHHhIMH, Tpy,n;HOCT.SIMH, 

B03HHKaIOIIJ;HMH BCJie,D;CTBHe H3MeHeHH.H napaMeTpOB cpe,n; npH nepexo,n;HbIX npo

n;eccax. IlpH IIOCTO.HHCTBe napaMeTpOB cpe.n;, B KOTOpbIX pacnpoCTpaH.HIOTC.H 3MII, 
B03MO)KeH pacqeT KaK KJiaccnqecKHM MeTO,ll;OM, TaK H MeTo,n;aMH Ha.JIO)KeHH.H, cneK

TpaJibHbIM H onepaTOpHbIM. 

B OTJIHqHe OT aJieKTpnqecKHX n;erreii: c cocpe,n;OToqeHHbIMH rrapaMeTpaMH, r.n;e 

HCKOMbie BeJIHqlfHbl (HaIIp.H)KeHH.H H TOKH) .HBJl.HIOTC.H <l>YHKIJ;H.HMH TOJibKO BpeMeHH, 

B 3MII HaIIp.H)KeHHOCTH. 5IBJI5IIOTC.H ¢YHKIJ;H5IMH H KOOp,ll;HHaT, H BpeMeHH. IlonoMy 

rrpH HCIIOJlb30BaHHH KJiaccn:qecKoro MeTo.n;a 3,ll;eCb rrpHXO,ll;HTC.H pemaTb ,n;H¢¢epeH

IJ;HaJibHbie ypaBHeHH.H B qacTHblX rrpOH3BO,ll;HbIX H orrpe,n;eJI.HTb BH,ll; pemeHH.H H rro

CTO.HHHbie HHTerpHpOBaHH.H Ha OCHOBaHHH HaqaJibHbIX H rpaHHqHbIX ycJIOBHM. 

B qacTHOM cJiyqae, Kor.n;a HaIIp5I)KeHHOCTb 3aBHCHT TOJlbKO OT O,ll;HOH KOOp,ll;HHaTbl, 

pacqeT rrepexo,n;HhIX rrpon;eccoB B rroJie cxo,n;eH c pacqeToM rrepexo.n;HhIX rrpon;eccoB 

B ,n;JIHHHhIX JIHHH.HX. PaccMoTpHM HeKOTOpble 3aAaqH, CB.H3aHHbie c Heo6xo.n;HMO

CTbIO pacqeTa rrepexo,n;HhIX npon;eccoB B 3MII. 
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ITycTb rniacTHHa (pHc. 10.1), AJHI KOTopoil: paccMaTpHBaeTc51 noBepxHoCTHblH acp

cpeKT, HaxOAHTCH B cHHycoHAaJibHOM BHemHeM MIT, Kornpoe H3MeH51eTC51 CKaqKo

o6pa3HO. 

H(z, t) 

H. t = 0 

---- -- ....... -- ', 
/ 

/ ' ' / ' / \ 
/ \ 

I \ 
I \ 

I \ 
I t 1 \ 

I .... --- --- \ 
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I I \ \ 
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I I --- ----- ---- .... \ \ --- ----- ............ \ 
I I /- t3 \ 
I ,,.. ......... .................. 

'~ IV 
0 

PHc. 10.1. K pacqety yctaHOBJieHHJI MarHHTttoro rrornKa B rrJiaCTHHe 

Ha npaKTHKe TaKoil: pe)l(HM Ha6moti;aeTc51 B MarHHTonpoBoti;ax HMITYJibCHbIX 

TpaHccpopMaTopoB, ecJIH cqHTaTb, qTo cKopocTH ycTaHOBJieHH51 TOKa B o6MoTKe 

H ero IlOJHI 3HaqHTeJibHO npeBbIIDaIOT CKOpOCTb ycTaHOBJieHH51 MarHHTHOfO IIOTOKa 

B MarHHTOIIpOBOAe. 

/lJHI onpeti;eJieHH51 MTHOBeHHOro 3HaqeHH51 MarHHTHbro IlOTOKa B ITJiaCTHHe Heo6xo

AHMO 3HaTb HffAYKIJ;HIO B K~OH TO~e ITJiaCTHHbI B JII06oil: MOMeHT speMeHH. 

Yti;o6tteil: cttaqaJia paccMoTpeTb rrpon;ecc y6brnaHHH MarHHTHoro rroToKa, T. e. 

cnyqail:, KOrti;a AO MOMeHTa t = 0 TOK B o6MOTKe, o6pa3yIOIIJ;eil: noJie, 6blJI IIOCTOHH

HblM H ttarrp51)KeHHOCTb B JI106oil: ToqKe KaK Btte, TaK H BHYTPH nJiaCTHHbI paBH51JiaCh 

H.' a B MOMeHT t = 0 TOK B o6MOTKe, a 3HaqHT, H Harrp51)1(eHHOCTb BHe IIJiaCTHHbI 

cKaqKoM H3MeHHJIHCb AO HYJI51. B aToM cJiyqae tteo6xoti;HMO yqHTbIBaTb cso6oti;tty10 

cocTaBJI51IOIIJ;yIO rrepeXOAHOro rrpon;ecca. 

ITpH cKaqKoo6pa3HOM H3MeHeHHH TOKa MIT B rrpoBoti;51IIJ;eil: IIJiaCTHHe cKaqKoM 

H3MeHHTbCH He MO)l(eT. Bo3HHKaIOIIJ;He B ITJiaCTHHe BCJieti;CTBHe H3MeHeHH51 MarHHT

HOro IIOTOKa BHxpeBbie TOKH C03ti;aIOT MafHHTHbIH IIOTOK, rrpeII51TCTBYIOIIJ;HH H3Me

HeHHIO BHemHero IIOTOKa. IToaTOMY B MOMeHT t = 0 BO BCex TOqKaX IIJiaCTHHbI Ha

np51)1(eHHOCTb pastta He H TOJibKO Ha noBepXHOCTH rrJiaCTHH pastta ttyJIIO (CM. 

pHC. 10.1), IIOCKOJibKY BHe IIJiaCTHHbI Otta CTaJia paBHOH HYJIIO. ITo OKQHqaHHH rrepe

XOti;Horo rrpon;ecca HaIIp51)1(eHHOCTb IIOJI51 (BblHY)l(AeHHaH COCTaBJI51IOIIJ;aH) H IlOTOK 

B IIJiacTHHe 6yti;yT paBHhI HYJIIO. 
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)::{Jrn: pac'leTa H(z,t) B rrepexo,n:HoM rrpou;ecce tteo6xo,n:MMO pemMTh ypaBBeHMe 

EJ2H &H 
&z2 = yµ &t . (10.1) 

IlpMMemrn: Mern.n: pa3,n:eJieHmI rrepeMeHHhIX M rroJiarM H(z, t) = Z(z) · T(t), 
MO)KHO ITOJI)"IMTb ,n:Ba o6hIKHOBeHHhIX ,n:mp<J:>epeHIJ;HaJihHhlX ypaBHeHml (rroCTOJIHHa.51 

pa3,n:eJieHMH -m2 
): 

1 d2 Z 2 yµ dT 2 
-·--=-m, -·-=-m. 
Z dz2 T dt 

l1x pemeHHJI COOTBeTCTBeHHO paBHhl 

- m2 t 

Z = A cos mz + B sin mz , T = C e yµ 

r,n:e A, B, C - rrpoH3BOJihHhie rrocTOHHHhie. 

qaCTHOe pemeHHe ypaBHeHMJI (10.1) HaXO.ll:HTCJI B BH,n:e 

r,n:e k E [1,oo]. 

(10.2) 

(10.3) 

(10.4) 

L{JIJI orrpe,n:eJieHMJI ITOCTOJIHHbIX HHTerpMpOBaHHJI Ak' Bk' ck H mk tteo6xo,n:HMO 

HCI10Jih30BaTh rpaHH'IHhie ycJIOBHJI. 

113 ycJIOBHJI CMMMeTpMH rroJIJI OTHOCHTeJihHO ITJIOCKOCTH XOY cJie,n:yeT 

H(z,t) = H(-z,t), 

oTKy,n:a Bk = 0 . 
06IIJ;ee pemettMe ypaBHeHHJI ( 10 .1) rrpe,n:cTaBJIJieTcJI B BH,n:e 

oo _mit 
H(z,t) = EDke yµ cosmkz, 

k=I 

r,n:e Dk= AkCk. B MOMeHT t = 0 

(10.5) 

(10.6) 

H(z,O) = EDk cosmkz. (10.7) 
k 

Pacnpe,n:eJieHHe BarrpJI)KeHHOCTH B MOMeHT t = 0 H3o6pa)KaeTcJI KpHBOH rrpJIMo

yroJihHOro BH,n:a, KOTOpa.51 aHaJIHTM'leCKH rrpe,n:cTaBJIJieTCJI pJI,n:OM <l>yphe: 

4 n=oo (-1t+1 2n -1 
H(z,0)=-HeE COS--7tZ. 

7t n=I 2n -1 a 
(10.8) 

CorrocTaBJIJIJI (10..7) H (10.8), ,n:JIJI Koa<j:><j:>m1HeBTOB Dk H mk ITOJIY'IHM 

4He ( -1r+1 2n - 1 
Dk=--· 'mk =--1t. 

7t 2n -1 a 
(10.9) 

BBo,n:JI o6o3Ba'leBHe 
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pernem1e (10.6) MOiKHO 3arrncaTb B BHAe 

4H n=oo (-1)n+l 2 2n - 1 
H(z,t) = _e E e-<2n-l) ~t COS--1tZ. (10.10) 

1t n=l 2n -1 a 

Ilo <l>opMyJie (10.10) MOiKHO orrpeAeJIHTb Harrp.si:iKeHHOCTb B KaiKAOH TOqKe IIJia

CTHHbI AJI.sI JIIo6oro MOMeHTa BpeMeHH. Ha pHC. 10.1 rryHKTHpHbIMH KpHBbIMH IIOKa-

3aH xapaKTep pacrrpeAeJieHmI H AJI.si: HeKOTOpbIX MOMeHTOB BpeMeHH 0 < t1 < 
< t2 < t3. 

MraoBeaaoe 3aaqeaHe MarHHTHoro rroToKa 

O,Sa 

<P(t) = 2hµ J H(z,t)dz = 
0 

8hµH n-oo ( 1)n+1 2 1 10,Sa 
e ~ - -(2n-1)'~t a . n -

=---L.J e -sm--nz 
1t n=l (2n - 1)2 

1t a 0 
(10.11) 

_ 8ahµHe ~ (-1f+1 -(2n-1)'~1 !!_ . 2n -1 
- 2 L.J 2 e sm n. 

1t n=l (2n -1) 1t a 

( 1)n+1 . 2n - 1 1 - sm--n= , 
2 

a MarHHTHbIH IIOTOK, KOTOpbIH 6hIJI B IIJiaCTHHe AO aaqaJia rrepeXOi'J;HOfO rrpouecca, 

<l>o = µHeah, MOiKHO 3aIIHCaTb: 

(10.12) 

HJIH 

<P(t) = o,s1(e-~t + .!.e-9~t + _!__e-25~t + ... ) . 
<P0 9 25 

(10.13) 

lfa (10.13) CJiei'J;yeT, qTQ AJI.sI j3t 2: 0,5 y6brnattne MarHHTHOfO IIOTOKa MOiKHO 

paccqnTbIBaTb c rrorpernaocTbIO Meaee 1 % no <l>opMyJie 

<P (t) = 0, 81e-~1 • 
<Po 

(10.14) 

Ilo aaaJiorHH c rrepeXOAHhIM rrpoueccoM B uerrH r, L rrpH ee KopoTKOM 3aMhIKa

HHH H BKJiroqeHHH Ha IIOCTO.sIHHOe Harrp.si:iKeHHe OTHOCHTeJibHOe HapacTaHHe Mar

HHTHOfO IIOTOKa B IIJiaCTHHe rrpH CKaqKoo6pa3HOM H3MeHeHHH Harrp.si:iKeHHOCTH 

BHeIIIHero IIOJI.sI OT HyJI.si: AO He orrpeAeJIHTC.sI BbipaiKeHHeM 

<P(t) = 1-~ ~ 1 e-(2n-1)2~1 
<Po 1t

2 
n=I (2n -1)2 (10.15) 

IIOCKOJibKY B ::ITOM CJiyqae ycTaHOBHBIIIHHC.sI IIOTOK 6yAeT paBeH <Po . l{JI.si: 13t 2: 0, 5 
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<P(t) = 1- 0,81e-~t. 
<Po 

(10.16) 

IlpH paccMoTpeHHH rrepexOAHOro rrpon:ecca no yrrporu;eHHOH <PopMyJie 3a Ko::i<P

cPHU:HeHT 3aTyxattH51 ycJIOBHO MO)KHO rrpHH51Th ~ = 7t
2 

/ a
2yµ. TorAa H3 IIOJI)"IeH

HhIX Bhlpa)KeHHH CJieAyeT, qTo rrpon:ecc ycTaHOBJieHirn MarttHTHOro IIOTOKa orrpeAe

AAeTC51 TOJilll;HHOH IIJiaCTHHhl, ee yAeJihHOH rrpoBOAHMOCThIO H MarHHTHOH rrpomr

n:aeMOCThIO. 

f pa<i>HKH OTHOCHTeJibHOro y6hIBaHH.R: H HapaCTaHH51 MarHHTHOro IIOTOKa rrpe,ll;

CTaBJICHhl Ha pMc. 10.2. Ifa HHX CJieAyeT, qTo 3HaqeHHe <P(t) / <P0 paBHO 0,98 rrpH 

HapacTaHHH H 0,02 rrpM y6hrnaHHH rrpH ~t = 3, 5 . CJieAOBaTeJihHo, MO)KHO cqHTaTh, 

qTo MarHHTHhIH IIOTOK rrpaKTHqecKH ycTaHaBJIHBaeTC.R: 3a BpeM51 

azyµ z 
tY =3,5-2-=0,35a yµ. 

7t 

<I>( t)/<l>o 

0,8 1--T-----1-.,._----+---~----l 
I 
I 
I 
I 
I 
I 
I 

0,6 i--'..----+-~-----r----+-----; 

0,4 t--1--_.._,~------+----+-----; 
\ 

\ 

' ' 
' ' ', 

o,2H------+-~,~,--1----+-----1 

............... 

---
0 1 2 3 pt 

PHc. 10.2. fpaqmKH H3MeHeHHll MarHHTHOro nornKa 

• 1 
IloTOK AOCTHraeT 0,5<Po rrpH ~t = 0,5' T. e. 3a BpeM51 to.s = 7ty. 

(10.17) 

)l.IDI CTallhHOH IIJiaCTHHhl, HMeIOru;e:H a= 0,0005 M, y = 107 
OM-

1 
· M-

1 
H µ = 1000µ0 , 

ty = 1, 1 MC, to,s = 0, 157 MC. 

Ifa rrpHBeAeHHhIX pacqeToB cJieAyeT, qTo BpeM51 ycTaHOBJieHH51 rroToKa MO)KHO 

co1<paTHTh 3a cqeT yMeHhmeHH51 TOJilll;HHhI a rrJiaCTHHhI HJIH yAeJihHOH rrpoBOAHMo

CTH y MaTepHaJia. y MeHhilleHHe MarHHTHOH rrpoHnn:aeMOCTH µ HeBhirOAHO, IIOCKOJib-
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KY :no yMeHhIIHIT IIOTOK B ycTaHOBimmeMc5! pe:JKHMe. Ilo::noMy B HMIIYJihCHhIX Tpanc

¢opMarnpax MarHHTOIIpOBO)J;bl o6bl'IHO BblIIOJIH5!IOT H3 ¢eppHTa, KOTOpbIH HMeeT Ma

JIYIO y.zi;eJihHyIO IIpOBO)J;HMOCTb, HJIH H3 O'IeHb TOHKHX CTaJibHblX IIJiaCTHH. 

10.3. YCTaHoeneHMe TOKa 
a npoeoAe Kpyrnoro ce'leHMH 
IlpOBOJ.{ Kpyrnoro Ce'IeHH5! paLJ;Hyca ro, l{JIHHbl l IIO)J;KJIIO'IaeTC5! K IIOCT05!HHOMY 

Harrp51:>KeHHIO U0 • Tpe6yeTC5! orrpe.zi;eJIHTh IIJIOTHOCTh TOKa B Ka:>K.zi;oii: TO'IKe rrpoBol{a 

B mo6oii: MOMeHT BpeMeHH H xapaKTep ycTaHOBJieHH5! TOKa, ecmr MarHHTHM IIpOHH

u:aeMOCTb H y.zi;eJibHM rrpOBO)J;HMOCTb MaTepHaJia rrpoBOJ.{a IIOCT05IHHbl ( µ - canst, 

y- canst). 

Mo:>KHO C'IHTaTh, 'ITO B MOMeHT BKJIIO'IeHHH u:erm rrol{ Harrp5!:>KeHne ( t = 0) Ha

rrp5!:JKeHHOCTh 3Il BHe rrpoBo,n:a yCTaHaBJIHBaeTC5! rrpaKTH'IeCKH MrHOBeHHO no cpaB

HeHHIO c rrpou:eccoM ycTaHOBJieHH5! 3Il B rrpoBo.zi;e. lfa ycJioBH5! paBeHcrna Kaca

TeJihHhIX cocTaBJI5!IOIIIHX E Ha rroBepXHOCTH rrpo:so.zi:a ( r = r0 ) Harrp5!:>KeHHOCTh 

E0 = U0 /I H COOTBeTcTBYIOID:M eii: IIJIOTHOCTh TOKa 80 = yE0 TaK:>Ke ycTaHoB5!TC5! 

rrpaI<TH'IeCKH MfHOBeHHO. 

BHyTpH rrpoBo.zi;a ( r < r0 ) B MOMeHT BKJIIO'IeHH5! IIJIOTHOCTh ToKa paBHa HYJIIO, 

IIOCI<OJibKY MrHOBeHHOe H3MeHeHHe TOKa Ha KOHe'IHYIO BeJIH'II1HY corrpOBOiK)J;aJIOCb 

6bI MrHOBeHHblM H3MeHeHHeM MarHHTHOrO IIOTOKa H ::>Heprnn Ha KOHe'IHYIO BeJIH

'IHHy, 'ITO HeB03MOiKHO. 

Mo:>KHo 3arrncaTb ypaBHemre, orrnchrnarom:ee rrpou:ecc ycTaHOBJiemrn: 3IT B rrpo

Bo.zi;e: 

rJ2o 1 a<> a<> 
or2 +;·or =rµ at. 

Ilpel{cTamrn pemeHne B Bn.zi;e 

0TCIO)J;a 

B(r, t) = R(r)T(t), 

1 d 2 R 1 dR 1 dT 2 -·-+-·-=-yµ-=-m 
R dr2 rR dr T dt 

m2 
--t 

T =Ce yµ , 

r.zi:e c - rrpOH3BOJihHM IIOCT05!HHM. 

(10.18) 

(10.19) 

(10.20) 

(10.21) 

IloJiarM x = rm, ypaBHeHne )J;JI5! R MOiKHo cBeCTH K ypaBHeHHIO BecceJI5! Hy

JieBoro rrop5!l{Ka: 

d2R 1 dR 
-+-·-+R=O dx2 x dx , (10.22) 
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pememre KOToporo 

(10.23) 

TaK KaK rrptt r----> 0 N0 (0)----> oo, TO Ai = 0. 
Ilo OKOHqaHMM rrepeXOAHOro rrpoQecca BO Bcex ToqKax rrpOBOAa ycTaHOBMTC.H 

IIJIOTHOCTh TO Ka 00 • Ilo3TOMY o6mee pememfe Mo11rno JarrttcaTh B BMAe 

oo oo _mit 
o(r,t) = 00 + 2:,Rk~ = 00 + '2:,Dk]0 (mkr)e rµ (10.24) 

k=I k=1 

,llJI.H orrpeAeJieHM.H IIOCTO.HHHbIX HHTerpnpoBaHH.H Dk H mk Heo6xoAMMO o6pa

THTbC.H K HaqaJihHhIM n rpaHHqHhIM yc110BH.HM. B MOMeHT t = 0 
00 

o(r,O) = 00 + '2:,Dk]0 (mkfo). (10.25) 
k=I 

Ha IIOBepXHOCTH rrpOBOAa B 3TOT MOMeHT o(ro,O) = Oo. 3To 3HaqHT, qTo rrpH 

r = r0 

f. Dkfo(mkro) = 0' 
k=I 

(10.26) 

OTKyAa CJieAyeT, qTo mkrO = Xok' rAe Xok - KOpHH cpyHKQHH BecceJIH HyJieBoro rro

P.HAKa. 

C11eAOBaTeJihHO, mk = x 0k / r0 • 

l>(r, t) 

t = 00 

t3 ----
--------------

t = 0 
ro r 

Puc. 10.3. l13Mettemte IIJIOTHOCTll TOKa no pal'.lnycy rrpoao):la 

Bo Bcex TOqKax ceqeHH.H 0 :::; r < ro B HaqaJibHbIH MOMeHT IIJIOTHOCTb TOKa paBHa 

Hymo (pnc. 10.3). 3HaqHT, 
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00 

LDd0 (mkr) = -00 • (10.27) 
k=1 

):(Jrn orrpe,neJiemrn Koa<P<Pmi:ueHTOB Dk p.si:.n:a <l>YHKIJ:HH EecceJI.si: Heo6xo.n:HMo 
BOCIIOJih30BaTbC.SI cJie.n:y10m:HM CBOHCTBOM 9THX <l>YHKIJ;HH. 

Ecm1 x0P H x0q - KOpHH <l>YHKIJ:HH l 0 (x), TO rrpu p = q 

1 J :xj0 (x0Px)l0 (X0qx)dx = 0,5lt(x0P), 
0 

a rrpu p 7' q 3HaqeHue noro HHTerpaJia paBHo HYJIIO. KpoMe rnro, 

J xl0 (x)dx = xl1(x). 

YMHO)Ka.SI Ha (r / r0 )l0 (x0Pr / r0 ) o6e qacTH Bb1pa)KeHH.SI H HHTerpupy.si: B rrpe.n:e

Jiax OT 0 .n:o 1, MO)KHO IIOJiyqHTb 

J !_lo (xop !_) f Dk lo (xop !_) d (!_) = -00 J !_lo (xop !_) d (!_), 
o ro ro k=1 ro ro o ro ro ro 

HJIH c yqeToM yKa3aHHhIX CBOHCTB 

5 2 ) Oo 0, Dpl1 (xop = --l1(Xop) · 
Xop 

0TCIO,Zl;a 

TaKHM o6pa30M, 

o(r,t) = Oo 1- 2L 1 
lo (xop !_)e-x6p~t ' 

p Xopl1(Xop) ro 
(10.28) 

r.n:e P = 1 /(r0
2yµ). 

XapaKTep pacrrpe,neJieHH.SI IIJIOTHOCTH TOKa B rrpoBo.n:e .Zl:Jl.SI MOMeHTOB BpeMeHH 
0 <ti < t2 < t3 IIOKa3aH Ha pHC. 10.3. 

ToK B rrpoBo.n:e 

(10.29) 
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C yqernM I0 = 1tr; 00 OTHOCHTeJibHOe H3MeHeHHe TOKa B rrpoBo,n:e 

..!_ = 1- 4f-}-e-x6P~t. 
Io p=i Xop 

(10.30) 

IlepBhle Tpn Kopmi: tPYHKUHM Eeccemi: HyJieBoro rropH,n:Ka paBHbI x01 = 2, 41, 
Xo2 = 5, 52, Xo3 = 8, 65. B COOTBeTCTBHH c STHM 

..!_ = 1- 0, 692e-5
•
78P1 - 0, 131e-30•5Pi - 0, 053e-75~ - •••• 

Io 

,llJIH 3HaqeHHH 13°t > 0, 1 MO:>KHO rrpHHHTb 

..!_ = 1- 0, 692e-5•7BPt. 

Io 

(10.31) 

(10.32) 

fpa<PHK OTHOCHTeJibHoro HapaCTaHHH TOKa IIOKa3aH Ha pHC. 10.4 CIIJIOillHOH KpH

BOH. 

IlpH ~t = 0,6 TOK l(OCTHraeT 98 % ycTaHOBHBillerocH 3HaqeHHH. 3Haq1n, rrpaK-

THqecKH BpeMH ycTaHOBJieHHH TOKa MO:>KHO rrpHHHTb ty = 0~6 = 0,61021µ. 

,llJIH CTaJibHOro rrpoBO,l(a ro=0,0005M, y=107
0M-

1
·M-

1
, µ=1000µ0, 

ty = 1,88 MC. 

,llAA Me.n;Horo rrpoBO,l(a r0 = 0, 0005 M, tY = 1, 107 MC. 

QqeBH,l(HO, OTHOCHTeJibHOe y6brnaHHe TOKa IIOCJie OTKJIIOqeHHH HarrpH:>KeHHH 

(rrpH coxpaHeHHH 3aMKHyTOro KOHTypa) orrpe,n:eJIHTCH Bblpa:>KeHHCM (10.32), qTQ 

rpa<PnqecKH IIOKa3aHO Ha pnc. 10.4 rryHKTHpHOH JIHHHeH. 

i/lo 

I 
I 
I 

0,8 ....... -----1-,,.._--+----+-----< 
I 
I 
I 
I 
I 
I 

0,6 i--;',--+--+----+---+-----l 

0,4 l--<f---'-,--l----+----+----1 
\ 

\ 

' ' ' ' 0,2tt----+-~~,-,-+---+-----l 

', 

---
0 0,2 0,4 0,6 J3 t 

Pnc. 10.4. Pacrrpe,lleJiemi:e IIJIOTHOCTH ToKa B rrpOBo,l\e 
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Ba)l<HO OTMeTHTb, 'ITO rrpH y6hlBaHHH TOKa ero IIJIOTHOCTb y IIOBepxHOCTH 

rrpOBOAa paBHa HyJIIo, a Ha OCH - MaKCHMaRbHa B Te'IeHHe BCero rrepexo,ZJ;Horo 

rrpon:ecca. 

Ifa Bhlrro.nHeHHhlX pac'IeToB c.ne,ZJ;yeT, 'ITO rrpon:ecc ycrnHoB.neHm1 TOKa B rrpoBo,ZJ;e 

orrpe,ZJ;emieTc.SI ero PaAHycoM, y,ZJ;e.nbHOil: rrpoBO.ll:HMOCThIO H MarHHTHOM rrpoHHn:aeMo

CTbIO. 

10.4. 3KpaHMpoeaHMe MMnynbcHoro .... MarHMTHOro non.JI KpyrOBOM 
'"'MnMHAPM'leCKOM o6onO'IKOM 
06tu,UU nOOXOO 1C peiueHU10 3QOQ'lU. 3aAa'Ia pac'IeTa HeO,Zl;HOpO,Zl;HOfO B rrpocTpaH

CTBe KBa3HCTaTH'IeCKoro H.nH HMrry.nncttoro MIT, B03,n:e:Hcrny10m:ero Ha rrpoBO,ZJ;.SIID:HM 

cpeppoMarHHTHhIM 3KpaH, B HmKeHepHoii rrpaKTHKe BCTpeqaeTC.SI ttepe,n:Ko. TaKa.SI 

3aAa'Ia B03HHKaeT, HanpHMep, npH pac'IeTe HaBO,ll;OK, B03HIIKaIOin;HX nplI pa3MarHH

'IIIBaHIIII TpaHcnopTHhIX cpe.n:crn (B qacTHOCTII, cy,n:oB) BHellIHIIMII MIT, Ha II3MepH

TCJihHhlX H ynpaB.IT.SIIOID:IIX Ka6e1rnx, Ha a.neKTpOHHOM annapaType. ITpoBO,Zl;.SIID:HM 

3KpaHOM B i'];aHHOM CJiyqae CJIY:>KIIT Koprryc cy,n:Ha, II B03,Zl;CHCTBYIOm:ee pa3MarHH'IH

Ba10m:ee rroJie MO:>KeT cym:ecrneHHO H3MeH.SIThC.SI no AJIHHe Koprryca. Orrpei'J;eJieHIIe 

acpcpeKTHBHOCTII aKpaHIIpoBaHH.SI o6oJio'IeK H MeTaJIJIH'IeCKHX KOHCTPYKU:IIH Heo6-

xo,n:HMO TaK:>Ke rrplI pac'IeTe HaBo,n:oK Ha Ka6eJIH II arrnapaTypy ynpaBJieHII.SI, pacrro

JIO:>KeHHhie B6JIH31I CIIJIOBOro 3JieKTpoo6opy,n:oBaHII.SI, 51BJI.SIIOin;eroc.SI IICTO'IHIIKOM cy

m:ecTBeHHbIX MIT. H1I:>Ke rrpe,n:cTaBJieHhI pe3yJinTaThI pac'IeTa acpcpeKTHBHOCTII aKpa

HHpoBaHII.SI KpyroBblMH U:HJllIH,Zl;plI'IeCKIIMH o6oJIO'IKaMH, KOTOpbIMH MOryT 6hITb 

arrrrpOKCHMIIpOBaHhl MHOrHe peaJihHhie 3KpaHhl (Koprryca TpaHCIIOpTHbIX cpe,n:CTB, 

060JIO'IKH 6JioKoB arrnapaTypnI, Ka6eJihHhie BOJIHOBOAhI H T. ,n:.). Bo3AeiicTBy10m:ee 

IIOJie rrpe,n:rroJiaraeTC.SI IIJIOCKOilapaJIJieJibHbIM. 3To 03IIa'IaeT, 'ITO B Ka:>K,Zl;blM cpHKCH

poBaHHbIH MOMeHT BpeMeHH ero BeJIII'IHHa O,Zl;HHaKOBa ,Zl;JI.SI Bcex TO'IeK JII06oro no

rrepe'IHOro ceqeHII.SI U:IIJIHH,n:pa, HO pa3JIH'IHa ,n:JI.SI To'IeK ,ZJ;Byx coce,ZJ;HHX norrepe'IHhIX 

ceqeHHM. ITplI B03,n:e:HcTBHH Ha o6oJio'IKY KBa3HcTaTH'IeCKIIX MIT 3KpaHHpy10m:ee 

.n:eiicrnHe orrpe,n:eJI.SieTc.SI rryTeM pac'IeTa cpyHKU:HM aKpam1poBaHH.S1 o6oJIO'IKH. ITpH 

B03,n:e:HCTBIIH HMilYJibCHbIX IIOJieH pacqeT acpcpeKTIIBHOCTH 3KpattHpOBaHH.SI rrpOBO

,Zl;HTC.SI c HCIIOJib30BaHHCM HMIIYJihCHbIX cpyHKU:IIM o6oJIO'IKH, KOTOpbie orrpe,n:eJI.SIIOT

CH HCXO,Zl;.SI H3 npe,n:BapHTeJihHO IIOJiyqeHHbIX cpyHKU:HM 3KpaHHpOBaHH51 KBa3HCTan-1-

qecKHX MIT. 

Memoo pac'lema. l1crroJib3YeTnI MeTO,n: pacqeTa acpcpeKTHBHOCTH aKpaHHpoBa

HH.SI KaHOHH'IeCKHMH o6oJIO'IKaMH c IIOMOin;bIO ,n:HcpcpepeHU:HaJibHhIX ypaBHeHIIH 

B 'IaCTHbIX rrpoH3BO,ll;HbIX ,Zl;Jl.SI CKaJI51pHoro MarHHTHOro IIOTeHU:IIaJia H 3KBHBaJieHT

HbIX rpaHH'IHhIX ycJIOBHH (HarrpHMep, [10.8-10.9]). ITplI pac'IeTe rrp1IH5ITh1 .n:ony

m:eHHH: MIT, B03,n:elicTBy10m:ee Ha o6oJIO'IKy, 51BJI.SieTC51 KBa3HcTaTH'IeCKHM 

(A > > D , r.n:e A - ,n:JIHHa BOJIHhI B03Ae:Hcrnyrom:ero rroAA, D - xapaKTepHhIH paaMep 

o6oJIO'IKH), 3KpaHHpyrom:a.SI o6oJio'IKa rrpe.n:rroJiaraeTC51 TOHKOCTeHHOH ( d < 0' r.n:e d -
TOJIIn;IIHa 3KpaHa, 0 - rJiy6HHa npoHHKHOBeHII51 IlOJI.SI B MaTepttaJI o60JIO'IKH), 
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MarHHTHaJI npattmi;aeMaCTb MaTepHa.rra 3KpaHa µs npHmITa nacTa.HHHa:ii: ( µs -
canst). ITacJie.n;Hee .n;anymeHHe npe.n;naJiaraeT JIHHeii:Hhiii: xapaKTep npmi;eccaB B Ma
TepHaJie 3KpaHa H no3BOJI.HeT paccMaTpHBaTb pas.n;eJibHO 3KpaHHpoBaHHe COCTaB
JI.HIO:W:HX noJI.H, HanpaBJieHHbIX B,LIOJib COOTBeTCTBYIO:W:HX oceii KOOp,LIHHaTHOH CHC
TeMbl. ,l(JI.H ttanp.H:lKeHHOCTH Bos.n;eiicrnyromero MIT cnpaBe.ZJ;JIHBO coaTHomeHHe 

(10.33) 

r.n;e jj(o) (r, jro) - BeKTOp Hanp.H:lKeHHaCTH B03,lleHCTBYIOmero nOJI.H, jj(o) (T) - BeK
TOp KOMnJieKCHOH aMnJIHTY.Llbl nOJI.H, r - pa.n;HyC-BeKTOp H3 Ha'!aJia KOOp.ZJ;HHaT, 
(J) - KpyroBaJI 'IacTaTa, t - BpeM.H. - -

B .n;eKapTOBOH CHCTeMe KOOP.z:IHHaT x,y,z (pHC. 10.S) if(O)(r) = if(O)(z)- canst 

(x, y) HanpaBJieHHe aceii: x H y Bcer.n;a MO:lKHO BbI6paTb TaKHM, '!Ta6bI COCTaBJI.HIO

maJI BeKTapa Hanp.H:lKeHHOCTH no OCH x paBH.HJiaCb HYJIIO ( jj(o)(r) = 0). 

x 

r 

Puc. 10.5. 3KpaHupoBam1e HMIIYJibCHOro MarnHTHoro IIOJIH KpyroBOH l(HJIHHApHqecKoil o6oJioqKoil 

PaccMoTpHM 3KpaHHpoBaHHe cacTaBJI.Hrome:ii: Hanp.H:lKeHHOCTH MIT, BeI<Top KOTO
po:ii: HanpaBJieH B.LIOJib OCH x. CKa.rr.si:pHbIH MarHHTHbIH noTeHIJ;HaJI onpe.n;eJI.HeTC.H 
Bbipa:lKeHHeM 

y 

u~0l(z,y,jro) = - I il~0l(z)exp(jrot)dy' (10.34) 
0 

r.z:1e U~O) (z, y, jro), if~O) (z) ~ CKaJI.HpHblll naTeHIJ;HaJI H CaCTaBJI.HIO:W:aJI Hanp.H:lKeHHO
CTH Bos.n;eii:crnyro:w:ero noJI.H no OCH y. 

Pattee 6h1JI0 npHH.sITO, uo Bos.n;e:ii:crnyio:w:ee MIT .HBJI.HeTc.H IIJIOc1<onapaJIJieJihHbIM 

y J il~o) (z) exp(jrot)dy = if(o) (z) exp(jrot)dy, 
0 
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Il03TOMY npH nepeXOJJ;e K KOOpJJ;HHaTaM x, y, z: y = r sin cp ' 

(10.35) 

Ha HHTepBaJie (0, L), rJJ;e L - JJ;JIHHa UHJIHHJJ;pnqec1<oii 060Jioq1<n, Hanpsi:JKeH
HOCTh iI~0l(z) no OCH y MOJKeT 6hITb pa3JIOJKeHa B pSIJJ; <l>ypbe: 

iI~0l(z) =0,5f1o + f>( cos(rcn z). 
n=t L 

IloJJ;CTaBJISISI iI~0l(z) B (10.35) H BblHOCSI 3a CK061<y o6ru;ne MHO:lKHTeJIH, noey
qnM 

(10.36) 

rJJ;e Qn = rcn / L . 
B JJ;aJibHeiimeM paccMaTpnBaeTcsi: 3KpaHnpoBaHne qJieHa rroJiyqeattoro psi:JJ;a 

(rrpocTpaHCTBeHHOH rapMOHHKH). IlpH 3TOM BbipaJKeHHe JJ;JISI COOTBeTCTByIOru;ero 
qJieHa psi:JJ;a CKaJISipHoro rroTettu;naJia rroJisi:, HHJJ;yu;npoBaHttoro 3KpattoM [10.10]: 

u~ = -A.n cos(nnz)sincpjny(T)exp(Jrot), (10.37) 

me i,,Y (r) - H_eH3BecTHasi: ¢YHKUHSI, noJJ;JieJKaru;asi: onpeJJ;eJieHHIO. ,llJisi: orrpeJJ;eJie
HHSI ¢YHKUHH /ny(r) rrpOH3BOJJ;HTCSI rroµCTaHOBKa BbipaJKeHH.SI (10.37) B ypaBHeHne 
JianJiaca JJ;JISI CKaJISipHoro rrOTeHUHaJia fn/T) (B 1<oopJJ;HHaTax r, cp, z ): 

a2u 1 au 1 a2u a2u 
-+--+--+-=0 
ar2 r or r 2 8cp2 

()z2 

OTKyJJ;a 

j:;<n +; j~(T) -(r~ + n~ )jny(r) = o. (10.38) 

PemeHHe ypaBHettnsi: ( 10.38) MoJKeT 6bITb 3anncatto B BHJJ;e: 

jny{T) = Cny/1 (Qnr) + BnyK1 (Q/), 

rJJ;e cny ' Bny - HeH3BeCTHble IlOCTOSIHHbie HHTerpHpoBaHHSI, IIOJJ;JieJKaru;ne orrpeJJ;e
JieHHIO; l 1(Qnr),K1(Qnr) - MOAn¢nu;npoBaHHbie UHJIHHJJ;pnqec1<ne ¢YHKUHH 1-ro 
H 2-ro poJJ;a rrepBoro rropSIJJ;Ka COOTBeTCTBeHHO. 

IlpocTpaHCTBeHHbie rapMOHHKH CKaJISipHoro IlOTeHu;HaJia IIOJISI, B036yJKJJ;eHHOro 
1<pyroBoii UHJIHHJJ;pnqec1<o:H 060Jioq1<oii paJJ;nyca R B ee BHyTpeHtte:H o6JiacTH 

( U~2)) H BO BHemHett o6JiaCTH ( U~~l)) : 

l . e(2)) { · uny . . C I Q r , r < R, 
() =-An cos(Qnz) sm cp exp(;rot) . n 1 

( " ) . 

u! 1 BnK1(Qnr),r > R ny 
(10.39) 

8 No 6063 
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j])rn CKaJ.rn:pttoro IIOTeHI(FiaJia cyMMapHoro IIOJIH rrpoCT~aHCTBeHHbie rapMOHHKH 
BO BHyTpeHHeH o6JiaCTFI ( u~;) FI BO BHeIIIHeH o6JiaCTFI ( U~) OIIFICbIBaIOTCH Bbipa:>Ke
HHHMH 

j ·{2)] I . Uny r + C 11(.Q r),r < R, 
= -A. cos(n.z) sin q> exp(jrot) . ny " 

u~ r + BnyK1 (O.r), r > R. 

,llJIH orrpe,D;eJieHHH IIOCTOHHHbIX FIHTerpHpOBaHFIH BOCITOJib3YeMrn 
ycJIOBHHMH C. B. )KyKoBa [10.1]: 

if(1J ± if(2l = ±-1-{~[{Ps}h (if(ll ± if(2J)j + 
T T h h f)tn q z q> q> 

q> z 'I" s 

+ :z [( :; ) hq> (if~!) ± iI~2 l )jj' 

(10.40) 

rpaHH'IHbIMFI 

(10.41) 

r,11;e ii~\~= r, q>, z) - COCTaBJIHIOII(He BeKTOpOB HanpH:>KeHHOCTH cyMMapHoro ITOJIH 
no OCHM ~ BHe (i = 1) H BHYTPH 3Kpa.Ha (i = 2) COOTBeTCTBeHHO; \(~ = q>,z) -
Koacpqmn;HeHTbI Ila.Me; Ps =µ5.6/(2µ0); q5 =2/(jroµ0cr5.6), .6=(2/k)th(kd/2), 
CJ s - 3JieKTpH'IeCKa.H npOBO,ZJ;HMOCTb 3Kpa.Ha. 

IlocJie IlO,Zl;CTaHOBKH B (10.41) COOTBeTcTByrom;FIX cocraBJIHIOII(HX BeKropa Ha
npH:>KeHHOCTH MIT BHe FI BHYTPH aKpaHa H peIUeHFIH noJiyqeHHOH CFICTeMbI ypaBHe
HHH OTHOCFITeJibHO Cny ITOJiyqFIM 

C = 2Kp5~.(Rq5~n + 1)- 2K'(Rp5~n + 1) 
"Y ~.(q5 + p5 )W1 

- 21Kp5q5~~ + 2I'K'' 

K = K1(0.R), K' = [K1(.Q"R)]
1
,, I= / 1 (n.R), 

I'= [11 (n.R)L' ~n = (1/ R
2

) + n~. 
<l>yHKI(HH 3KpaHHpOBaHHH s il onpe,D;eJIHeTCH B BH,ZJ;e 

"II s. = i1(2l I if(O) 
H"" ny ny ' 

(10.42) 

(10.43) 

r,11;e iI~V' ii~~) - npocrpaHCTBeHHbie rapMOHFIKH ny-M: cocraBJIHIOII(eH HaITpH:>KeHHO
CTH cyMMapttoro ITOJIH B ITOJIOCTH 3Kpa.Ha H B03,ZJ;eHCTByrom;ero Ha 3KpaH ITOJIH COOT
BeTCTBeHHO. 

Bbrpa:>KeHHH ,ZJ;JIH iI~2J H iI1:J noJiyqaroTCH H3 Bbrpa:>KeHHH ,ZJ;JIH cooTBercTByro
m;Hx rapMOHHK if~l H H~~) ; KOOp,Zl;HHarax r, q>, z = 0, 57t. 

I1cnoJib3YH (10.37) H (10.41) H npoBe,ZJ;H Bbl'IHCJieHHe COOTBeTCTBYIOII(HX rpa,D;H
eHTOB, noJiyqHM 

jif(
2
l l 11 C [I (n )]

1 
. ~) =A. cos(.Qnz) exp(jrot) + ny 1 nr , ' 

H.y 1 
(10.44) 



10.4. 3KpaHHPOBaHHe HMnyJlbCHOro MarHHTHOro 227 

I 

Sil,., = 1 + cny [It(nnr)],. 

)l.Ju1 YA06cTBa AaJihHelimux pac11eToB BhIAeJIHM B 11acTOTHOM AHarra.3oHe B03AeH

CTBy10m;ero MIT ABe o6JiaCTH, AJI.H KOTOpbIX BhIIIOJIH.HIOTC.H ycJIOBH.H 

{
d,d < 20, 

A= (1-j)o,d>2o. 

fpaHH'IHOH M.H o6eux o6JiaCTeH .HBJI.HeTc.H 11acT0Ta ro0 = 8 / ( d 2µ 50' s) , KOTopoH: 

COOTBeTCTByeT BpeM.H HapacTaHH.H HMIIYJihCa B03AeHCTBYIOID;ero II0.71.H 

t0 = 0, 25d2µ5cr5 • 

)lAA AHarra.3oHa HH3KHX 11acrnT B03AeHCTBy10m;ero rroJI.s:i (ro < 000 ) A= d, c yqe

TOM Bhlpa:>KeHH.H (10.44), II0.71J11HM 

S. (jro)=1+~coont+cxn2 [It(ilr)]
1

, (10.45) 
H"' )00CXn3 + CXn4 n r 

me 

ant= 2µ0cr5d[Kp5~n - K'(Rp5~1n + 1)], cxn2 = 4KRp5~!, 
cxn3 = µ0cr5d[~np5 (ilnR)-t + 2I'K'], cxn4 = 2~n [wt -21Kp5~.]. 

IlpoBeA.H aHa.n:OrH'IHhie BhIKJiaAKH M.H rrepBoro CJiaraeMoro Bblpa:>KeHH.H (10.37) 
AJI.H C0Y H S09 (jro), rroJiyqHM 

C =- qsPs + 2psR + Rz 
Oy (qs + Ps)R + qsPs + R2 

' 
(10.46) 

S. ( · ) _ 1 jrocxot + CX02 
Oy JOO - + . ' 

JOOCX03 + CX04 

cx01 = µ0cr5dR(2p5 + R), cx02 = 2p5 , 

cx03 = -µ0cr5dR(p5 + R), cx04 = -2(p5 + R). 

IlpHMeHHB TeopeMy XeBHcaliAa [10.11] K Bhipa:>KeHHIO (10.46), AJI.H HMIIYJihCHOH 

cpyHKnHH IIOJiyqHM 

(10.47) 

rAe S(t) - cpyttKnH.s:i )lupaKa. 
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HaxoJK.n:ettHe Sil (t) .um1 BhICOKoqacTornoii: o6JiacTH (Li= (1- j)o) cBH3aHo co 

3HaqHTeJibHhIMH MaTeMaTHqecKHMH TPY.UHOCTHMH, ITO::JTOMY 11eJiecoo6pa3HO ttaqaJib

HhIH yqacTOK HMITYJihCHoii: cpyHKIJHH aITITpOKCHMHpoBaTb ITpHMoii: 

. Sil (r,t0 ) 

Sil (r,t)= ny t. 
ny to 

(10.48) 

IIpocTpaHCTBeHHaH rapMOHHKa ITOJIH BHYTPH aKpatta oITpe.ueJIHeTrn KaK cBepTKa 

COOTBeTcrny10111eii: ITpOCTpaHCTBeHHOH rapMOHHKH B03,Ueii:crnyromero ITOJIJI H HM

ITYJibCHOH cpyHKIJHH aKpatta: 

I1cITOJib3YH ( 10.48), 
• (2) • (0) 

Hny (r,z,t1) = Hny (z,t1) + 
I t, 

+ : 2 [I1(Qnr)] r. H~(z,t1) + J iI~0)(z,'C)Sil,,. (r,t-'C)d'C. 
4 0 

(10.49) 

Pe3yJihTHpyromee 3HaqeHHe y-ii: cocTaBMIOIIJeii: ITOJIH B ToqKe (r, z, <p = 0, Sn) 
BHYTPH aKpatta B MOMeHT speMeHH t1 oITpe.n:eJIJieTCH cyMMHpoBaHHeM BeJIHqHH Bcex 

ITpOCTpaHCTBeHHbIX rapMOHHK BHyTpeHHero ITOJIH: 

(10.50) 

Xo.u BblqHcJieHHH H BCe BbIKJia,UKH .UJIH pacqeTa ::lKpaHHposaHHH COCTaBMIOIIJeii: 

HaITpJIJKeHHOCTH B03.Ueii:crnyromero rroJI~,0 HaITpaBJieHHoii: ITO ocH z(il~0))., aHaJiorHq

HhI ITpoBe.n:eHHhIM .UJIH cocTaBJIHIOIIJeii: H(). <DyHKIJHH aKpaHHpoBaHHH SH· (jro): 
y ~ 

r.ue 

. . I jroa.~1 + Cl~z 
Sil (;ro) = 1 + . ' ' lo(Qnr)' 

~ ro<~ Jroan3 + a.n4 
(10.51) 

a.~1 =-2µ0CJsdK~ps,Cl.~2 =4KoPsil!, Cl.~3 =µocrsd[Ps(QnR)- 1 +2/~K~(Qn)-2 ], 

a.~4 = 2(QnR)-1 
- 410K0p5Q!, 10 = 10(QnR), K0 = K0(QnR), 

• I~= [I0 (QnR)]
1
,, K~ = [K0(QnR)]

1
, • 

.l{JIH ITOCTOHHHOH ITO KOOp.UHHaTe z COCTaBJIHIOIIJeH B03,Ueii:crnyromero ITPO.UOJib

HOfO ITOJIH 

(10.52) 
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,llaJibHeihmi:e BbiqHcJiemrn rrpoBOMTCH no cpopMyJiaM (10.48-10.50) rrpH 3aMeHe 
I I I I 

an!, an2 , an3, an4 Ha an!, an2 , an3 , an4 COOTBeTCTBeHHO. 

Pe3yJ1bmambt paCttema. Ha ocHoBaHHH rroJiyqeHHOH MeTO.lJ;HKH cocTaBJieHa rrpo

rpaMMa pacqeTa 3cpcpeKTHBHOCTli 3KpaHHpOBaHHH c IIOMOI.U;bIO KOMIIbIOTepa, rrpoBe

.n;eHbl qlicJieHHbie pacqeTbl .lJ;JIH CJie,n;yIOIIIIIX .n;aHHbIX: 

L=4M, R=0,5M, d=8·10-3M, µ 5 =180µ0 , cr5 =6,6·106 CM/M. 

IIapaMeTpbI HMIIYJibca Bo3.n;eilcTBy10m;ero IIOJIH (pHc. 10.6): Hm = 80 A· M-
1

, 

'ti(O,t-O,g) = 8, 0 HC, 'ti(O,S) = 20 HC. 

Hz A 
M 

60 

L 

/ -- --~ 
50 

40 

30 
If (max) 

20 

Z, M 
10 

0 1 2 3 4 5 
Puc. 10.6. <l>opMa B03t(ecrnyromero MMIIYJibCa MIT 

Pe3yJibTaTbI pacqeTOB c rrorpeIIIHOCTbIO .n;o 15 % coBrraJIH c aKcrrepHMeHTaJibHbI

MH pe3yJibTaTaMH. IlpH 3TOM pacrrpe.n;eJieHHe rrorrepeqHoro IIOJIH B IIOJIOCTH 3KpaHa 

COOTBeTCTBOBaJIO pacrrpe.n;eJieHHIO B03,lJ;eHCTBYIOIIIero IIOJIH, a pacrrpe.n;eJieHHe rrpo

,UOJibHOro IIOJIH 3HaqHTeJibHO OTJIIiqaJioCb OT B03,UeHCTBYIOIIIero IIOJIH. ,llJIH 3THX co

CTaBJIHIOillIIX 3KpaH CHil)KaJI HCXO.lJ;HOe IIOJie rrpH6JIH3HTeJibHO B 100 pa3. 

KOHTponbHble eonpocb1Krnaee10 
10.1. K KaKHM BH,n;aM ypaBHeHHH MaTeMaTHqecKoil cpH3HKH rrpHBO.lJ;HTC.SI ypaB

HeHH.SI, OIIHCb1BaIOI11He rrepexo,UHbie rrp011ecCbl B 3MII? 

10.2. KaK ycrnHaBJIHBaeTc.si: 3MII B rrpoBO.lJ;HIIIeM aJieKTpHqecKHH TOK HeMarHHT

HOM MaTepHaJie rrpli B03,UeHCTBlili Ha Hero HMIIYJibCHOro 3MII? 

10.3. KaK ycTaHaBJIHBaeTrn 3MII B rrpoBOlV{I.U;eM 3JieKTpHqecKHH TOK cpeppo

MarHHTHOM MaTepHaJie rrpH B03,UeHCTBlili Ha Hero liMIIYJibCHOro 3MII? 

10.4. KaK 3aBHCHT BpeM.si: ycTaHOBJieHH.SI 3MII B MaTepHaJie OT cpopMbI B03.n;eil

CTBYIOI11ero HMIIYJibCHoro 3MII? 
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rnasa 11 

PacnpocrpaHeHMe 
3neKTPOMarHMTHOro non.A 

11.1. YpaeHeHMH MaKceenna 
B CMMBOnMLleCKOM <1>opMe 3anMCM 
YpaBHeHH.si: (7.8) H (7.10) 3a1rncaHbI .n:JI.si: MrHOBeHHhlX 3Ha'leHHH. EcJIH Harrp.si::>KeH

HOCTH E H H H3MeH.si:IOTC,SI BO BpeMeHH CHHYCOH,l(aJibHO, TO MO:>KHO BOCIIOJib30-

BaTbC.H CHMBOJIH'leCKHM MeTO,l(OM H 3aIIHCaTb ::ITH ypaBHeHH,SI (7.8) H (7.10) c rro

MOIIIbIO KOMITJieKCHhlX 'IHCeJI. IIycTb 

E =Em sin( cot+ <h), H = Hm sin( cot+ d,>n). (11.1) 

Mo:>KHO 3arrHcaTb: 

E = ImEmejrot, 

r.n:e Im - MHHMa.si: 'laCTb, Em = Emej$, . 
AHaJiorH'IHO 

H = ImHmejrot. 

Mo:>KHO rrepe:M:TH K ycJIOBHOH ¢opMe 3arrHcH (K HJo6pa:>KeHH.si:M): 

E--+E ejrot 
m ' 

H--+H ejrot 
m ' 

r.n:e CTpeJIKa rrpe.n:cTaBJI.HeT 3Ha'IOK COOTBeTCTBH.H. 

( 11.2) 

( 11.3) 

(11.4) 

(11.5) 

IIocKOJibKY Harrp.si::>KeHHOCTH E H H, KpoMe Toro, 'ITO OHM MeH.si:roTc.si: Bo BpeMe

HH no CHHYCOH,l(aJibHOMY 3~KoHy, ~BJI.HIOTC,SI <l>YHKIJ;H.HMH BeKTOpHbIMH, TO Ha,l( HHMH 

CTaB.si:T cTpeJIKY H TO'IKY Em H Hm. CTpeJIKa 03Ha'!aeT, 'ITO pe'Ib H,l(eT o BeKTope 

B rrpocTpaHCTBe, TO'!Ka - 0 TOM, 'ITO rrpoeKIJ;HH ::ITOro BeKTOpa Ha Jiro6yro H3 KOOp

,l(HHaTHbIX oce:M: BO BpeMeHH H3MeH.HIOTC,SI CHHYCOH,l(aJibHO 

B .ll:aJibHe:M:rneM rrepexo.n:HM OT aMITJIHTY.ll:HbIX 3Ha'leHHH K .n:e:M:cTBYIOIIJ;HM 3Ha'!e

HH.si:M, rrosToMy orrycKaeM HH,l(eKc m. qJieHbI ypaBHeHHM MaKcBeJIJia Terrepb 3arrH

CbrnaroTc.si: B BH,l(e H3o6pa:>KeHHH: -- . ..:. - ..:. . 8E -.:. . 
rotH--+ e1001 rotH o --+ y.£e1001 e---+ ;"coeEe1001 

'"P 'at ' 
-+ . ..:. OH ..:. . 

rotE--+ e1ro1 rotE, µ---+ jcoµHe 1001
• 

at 

( 11.6) 
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Ilo.a;CTaHOBKa ( 11.6) B .a:mt><J:>epettn;HaJihHbie ypaBHeHIDI MaKcBeJIJia (7.8) H (7.10) 
.a:aeT B03MO:lKHOCTb rrepeHTH K CJie.a;y1mn;eil: <J:>opMe 3aIIHCH (qJieH ejrot' BXO.ll:HIIIHH BO 

BCe qJieHbI ypaBHeHHH H He3aBHCHII1HH OT KOop.a;HHaT, COKpaIIIaeTc.H): 
. . 

rot ii = - jro£' £ , ( 1i.7) 
. . 

rot E = -jroµii, (11.8) 

r.a;e e' = E + j ( y / ro) . 

licKJIIOqHB H3 ( 12.~), ( 1~.8) BeKTOp iJ HJIH i'I, IIOJiyqHM ypaBHeHHH feJibM

fOJibD;a ot.a;eJibHO .a;JIH E H ii : 
. . . 

tJ1 + k2 
£ = o, div£ = o, 

..:. 2 ..:. . ..:. 
Ml + k H = 0, div H = 0, 

r.a:e k = oo.Jiiµ - BOJIHOBOe qHcJIO. 

11.2. YpaeHeHMJI MaKceenna 
"" B npOBOAJllQeM cpeAe 

(11.9) 

(11.10) 

IIycTb 3MII pacrrpocTparureTCH B cpe.a;e c ::meKTPmecKo:H rrpoBO.ll:HMOCThIO y H Mar

HHTHOH rrponHn;aeMocTbIO µ. YpantteHIDI MaKcBeJIJia (11.7), (11.8) 3arrHrnyTcH B BH.a;e: 

rot ii= y£, 
. . 

rotE = -jroµii, 

(11.11) 

(11.12) 

TaK KaK B 9JieKTpHqecKH rrpoBO.ll:HIIIeH cpe.a:e IIpH rrpOMbIIIIJieHHbIX qacTOTax 

( f ::::'. 105
, fn:) y > > ro£, qTO .a;aeT B03MO:lKHOCTh rrpene6peqb TOKaMH cMeIIIeHHH. 

YpaBttemrn (11.11) H (11.12) rrpe.a;cTaBJIHIOT co6o:H ypaBHeHHH c .a;ByMH tteH3-

BeCTHhIMH E H ii. Mo:lKHO ocyII1eCTBHTh pa3.a;eJieHHe rrepeMeHHhIX. )lJIH 9Toro 

B03bMeM poTOp OT ypaBHeHHH ( 11.11) H HCIIOJih3yeM H3BeCTHYIO <J:>opMyJiy BeKTOp

Horo atta.JIH3a (CM. rrpHJIO:lKeHHe 3). Tor.a:a . . . . 
rot rot ii= graddiv ii - 'V2ii = yrotE. . . . . 

YqTeM, qTO div ii = 0 , H no9TOMY grad div ii = 0 . 3naqeaHe rot E = - j roµ ii 
rro.a;cTaBHM H3 ypaBHeHHH (11.12). IloJiyqHM 

. . 
'V2ii = jroyµii. (11.13) 

YpanHeHHe ( 11.13) HBJIHeTCH .a;H<f:><f:>epeHU:HaJihHhIM oTHOCHTeJibHO ii. AttaJio

mqnhie orrepan;HH MO:lKHO ocyIIIeCTBHTb c ypaBHeHHeM ( 11.12) .a;JIH IIOJiyqeHHH 

.a;H<f:><f:>epettn;HaJibHOro ypantteHHH OTHOCHTeJibHO E : 
. . 

'V2 £ = j myµ£. (11.14) 

PaccMoTpHM perneHHH (11.13) H (11.14) .a;JIH cJiyqaH IIJIOCKOH 9JieKTpoMarnHT

ao:H BOJIHbI. 
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11.3. nnocKa.R 3neKTpoMarHMTHaH .., 
eonHa a npoBOAHu.ieM cpeAe 
IIo,11, IIJIOCKoii aJieKTpoMarHHTHoii BoJIHoii rroHHMaIOT BOJIHy, BeKTOphI E H ii Ko

Topoii pacrroJIO)KeHbl B IIJIOCKOCTH x 0 y, rreprreH,ri:IIKYJIHpHOH HarrpaBJieHIIIO pac

rrpocTpaHeHIIH BOJIHbl ( OCb 0 z ), II H3Memno:ru;HeCH TOJibKO B cpyHKQHH Koop,11,HHaThl 

z H BpeMeHH t (pHC. 11.1 ). PaCIIOJIO)KHM KOOp,11,IUiaTHbie OCH TaK, 'IT06b1 OCb 0 y 
COBIIa,11,aJia c MarHHTHOM HarrpJI)KeHHOCTblO IIOJIJI ii. IlpH 3TOM ii= Ji!, r.n;e J -
e,11,HHH'IHbIM opT OCH 0 y ,11,eKapTOBOH CHCTeMhl KOOp,11,IIHaT. 

Ifa ycJioBHH orrpe,11,eJieHHH IIJIOCKoii BOJIHhI 

ail = ail = 0 , ai! = ai! = 0 . 
ax ay ax ay 

IIo,11,cTaBHM ii = Ji! B ypaBHeHHe ( 11.13) H paCKpoeM '\72 
(CM. rrpHJIO)KeHIIe 3): 

( 
a2 a2 a ) 7 . • 7 . ax2 + ay2 + az2 ;H = ;royµ ;H. (11.15) 

a2fI a2fI 
-=-=0 ax2 ay2 · 

Tor.n;a H3 (11.15) rroJiyqHM 

d2iJ . . 
dz2 = ;royµH. (11.16) 
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B ypaBHemrn: ( 11.16) BMeCTO qacTHOH rrpoH3BO,Zl;HOH HCIIOJib30BaHa IIOJIHaH rrpo
H3BO,Zl;Ha.H. 3TO CB513aHO c TeM, qTQ il 51BAAeTC51 <l>YHKl.l;HeH JIHlllb O,Zl;HOH rrepeMeH
HOH Z. 

YpaBHeHHe (11.16) rrpe.n;cTaBJI51eT co6oif JIHHeifHoe .n;H¢¢epeHu;HaJibHOe ypaBHe
HHe 2-ro rrop51.n;Ka, pellleHHe KOToporo HaXO,ll;HTC51 B BH.n;e [11.3] 

(11.17) 

r.n;e C1, C2 - IIOCT051HHbie HHTerpHpOBaHH51, KOTOpbie orrpe.n;eJI51IOTC51 H3 rpaHHqHbIX 
ycJIOBHH. 

lfa xapaKTepHCTHqecKoro ypaBHeHH51 p 2 = j royµ Haif.n;eM Koa¢¢ttu;HeHT 

p=~jroyµ. (11.18) 

EcJIH rrpHH51Tb BO BHHMaHHe, qTQ JJ = ~ ei
900 

= ej
450 

= ( 1 + j) / .J2 , TO p MOJKHO 
rrpe.n;CTaBHTb B BH.n;e 

p = k(1+ j), (11.19) 

r.n;e k = ~ro;µ . 
3JieKTpHqecKyIO HarrpHiKeHHOCTb 3MII MOiKHO HaHTH H3 ypaBHeHH51 (11.11): 

. 1 . 
£=-rot ii. 

'Y 

v -:. ail ail 
HaH.n;eM, rrpeJK.n;e Bcero, rot H , yqHTbIBaH - = - = 0 : ax ay 

~ ~ k l j 

rot ii= 0 0 
a _ 7( ail) -l -- . oz oz 

0 il 0 

CJie.n;oBaTeJibHO, 

E-:. _ 7( 1 dil)- 7[ p (c· P' c· -p')] -z ----z -- 1e - 2e . 
y dz y 

(11.20) 

(11.21) 

lfa (11.21) CJie.n;yeT, qTO 3JieKTpHqeCKaH aarrp51JKeHHOCTb 3MII B IIJIOCKOH BOJIHe 
rrpH Bb16paHHOM paCIIOJIOJKeHHH oceif KOOp,ll;HHaT HarrpaBJieHa B,Zl;OJib OCH 0 x, 06 
3TOM CBH,Zl;eTeJibcTByeT npHCYTCTBHe e.n;HHHqHoro opTa. ocH 0 x. TaKHM o6pa30M, 

B IIJIOCKOH aJieKTpoMarHHTHOH BOJIHe MeJK.n;y E H ii ecTb rrpocTpaHCTBeHHhlH 
C,Zl;BHr B 90°. 

qaCTHOe OT .n;eJieHH51 p Ha 'Y Ha3bIBaIOT 60JlH06bl.M. conpomuBJleHueM: 

(11.22) 



11.4. TeopeMa YMosa-noi::iHT11Hra 235 

BoJIHOBoe conponrnJiemie Z B , H3Mepsi:eMoe B oMax, 3aBHCHT OT CBOHCTB cpe,z:i;bI 

( y, µ) n yrnoBo:H qacTOThI ro . Y qHTbIBaSI ( 11.21), npoeKn:nsi: E Ha ocb Ox paBHa 

E = Enaa + Earnp' 

Enad = ZwC2e-P' H Eomp = -ZwC1eP'. 

AHaJiornqHO npoeKU:HSI ii Ha OCb 0 y B COOTBeTCTBHH c ( 11.17): iI = iI naa + 
+ilomp, r,z:i;e 

Hnaa = C2e-P' H Homp = C1eP' . 

BoJIHoBoe conpoTHBJieHne ZB MO)KHO TpaKTOBaTb KaK OTHOIIIemrn Enai! / ilnai!. 
TaK KaK BOJIHOBOe qncJIO SIBJISieTCSI qnCJIOM KOMIT.lleKCHblM (11.19) H HMeeT apry

MeHT 45°, TO C.IJ;BHr BO BpeMeHH Me)K,z:i;y Enai! n ilnaa ,lJ;JISI o.n;Ho:H n TOH iKe ToqKH no

JISI TO)Ke paBeH 45°. 

11.4. TeopeMa YMoea-noMHTMHra 

11.4.1. 06~Me CBeAeHMR 06 3HeprMM 
3neKTpoMarHMTHoro nonH 
B mo6oM 3.lleKTpoTexttnqecKoM yCTpo:Hcrne Bcer,z:i;a cymecrnyroT B3aHMHO cBSI3aH

Hbie 3IT H MIT. ITpn 3TOM npon:ecc npeo6pa30BaHHSI H nepe,z:i;aqn 3Heprnn onpe,z:i;e

JISieTcsi: He oT,z:i;eJihHo 3IT HJIH MIT, a nx coBoKynHOCTbIO, T. e. 3MIT. B cncTeMe nc

TOqHHK - JIHHHSI nepe,z:i;aqn - npHeMHHK MO)KHO OTMeTHTb CJie.1J;y10mne 3HepreTnqe

CKHe npon:ecCbl. B HCTOqHHKe MexaHHqecKaSI, XHMHqecKaSI HJIH ,z:i;pyrasi: 3HeprHSI 

npeo6pa3yeTCSI B 3Heprnro 3MIT, B,lJ;O.llb JIHHHH npOHCXO.IJ;HT nepe,z:i;aqa 3TOH 3Hep

fHH, a B caMOH JIHHHH OHa npeo6pa3yeTCSI B TeITJIOBYIO 3HeprHIO IlOTepb, B rrpneM

Hl!Ke - B IlO.lle3HYIO MeXaHnqecKyIO, TeilJIOBYIO HJIH .z:i;pyrne BH.IJ;bl 3HeprnH. ITo3TO

MY oqeHb BaiKHO BbISICHHTb poJih 3MIT B npon:ecce npeo6pa30BaHHSI H ~epe,z:i;aqn 
3Heprnn. 

)lJISI IlOJieH B O.IJ;Hopo,z:i;HbIX cpe,z:i;ax MOIIJ:HOCTb TeilJIOBbIX IlOTepb B e,z:i;HHHn:e o6'b

eMa COCTaBJISieT 

Po= y£2' ( 11.23) 

a o6'heMHbie IlJIOTHOCTH 3HeprHH 3IT H MIT coorneTCTBeHHO paBHbI 

EE2 µH 2 

w - w ---eO - - 2- ' MD - 2 

MaKcBeJIJI npe,z:i;noJIO)KHJI, H 3TO B .IJ;aJibHeiirneM no,z:i;TBep,z:i;HJIOCb, ~o IIJIOTHOCTb 

3Heprmr 3MIT 

EE2 µH 2 

w; =-+--
0 2 2 

(11.24) 
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KaK BHJJ;Ho, atteprm1 3MII B 3TOM cJiyqae rroJIHOCThIO xapaKTep113yeTCH BeKTO

paMH E H ii H cBolicrnaMH cpeJJ;hI. 0JJ;HaKo BhipaJKeHHH ( 11.23) H ( 11.24 ), xapaK

TepH3Y» pacrrpeJJ;eJiemi:e 3Hepnm, He i'J;aIOT HHKaKHX yKa3aHHH OTHOCHTeJihHO ee 

i'J;BHJKeHHH. MeJKJJ;Y TeM HCHO, qTo rrepei'l;aqa 3HeprHH OT HCTOqHHKa K rrpHeMHHKy, 

KaK H Bhli'J;eJieHHe TeIIJia B JIHHHH, CBH3aHa c i'J;BHJKeHHeM 3HeprHH 3MII. IIoaTOMY 

H i'J;BHJKYII(aHCH 3HeprHH 3MII i'J;OJIJKHa, oqeBHi'J;HO, TaKJKe orrpeJJ;eJIHThCH BeKTopaMH 

EH ii. 
IIepeHOCHMYIO B rrpoCTpaHCTBe 3Heprn:IO MOJKHO xapaKTepH30BaTh IIOTOKOM 

3HeprHH jj, rrpoXOi'J;HII(HM B ei'J;HHMIJ;Y BpeMeHH qepe3 ei'J;HHHqHyIO IIJIOII(ai'l;Ky, pac

IIOJIOJKeHHYIO rreprreHJJ;HKYJIHpHo K HarrpaBJieHHIO pacrrpocTpatteHHH rroJIH. BeJIHqH

Ha IIJIOTHOCTH IIOTOKa 3HeprHH IIOi'J;CqHThIBaeTCH HJIH KaK rrpOH3Bei'J;eHHe o6'heMHOH 

IIJIOTHOCTH 3HeprHH Ha CKOpOCTh pacrrpocTpaHeHHH _aJieKryoMarHHTHOH BOJIHhl (pe

JJ;aKl(HH YMoBa), HJIH KaK rrpoH3BeJJ;eHHe BeJIHqHH E H H (peJJ;aKl(HH IloHHTHHra) 

ii= wt}= EH. IIocKOJihKY BeKTophI EH ii B3aHMHorreprreHJJ;HKyJIHpHhl, TO IIJIOT

HOCTh IIOTOKa 3HeprHH H3o6paJKaIOT B BHJJ;e BeKTOpa jj (pHC. 11.2), KOTOphIH (rrep

rreHi'J;HKyJIHpeH K IIJIOCKOCTH, rrpoxoi'J;HII(eH qepe3 E H H) IIOKa3hIBaeT ttanpaBJieHHe 

pacrrpocTpatteHHH aJieKTpoMarHHTHOH BOJIHhI. BeKrnp Ha3hIBaIOT BeKTopoM YMoBa

IIoliHTHHra. Ott HMeeT pa3MepHOCTh MOII(HOCTH, OTHeceHHOH K eJJ;HHHl(e rroBepxHo

CTH. Ero HarrpaBJieHHe COBIIaJJ;aeT c HarrpaBJieHHeM i'J;BHJKeHHH OCTpHH rrpaBoro BHH

Ta, ecJIH roJIOBKy rrocJieJJ;Hero Bpam:aTh no Kpa~a:HmeMy HanpaBJieHHIO OT E K ii. 

~--ff 

il= rlii] 
PHc. 11.2. HarrpaBJiem1e BeKrnpa YMoBa-ITottHTIIHra 

3JieKTpOMarHHTHaH BOJIHa rrpH B3aHMOJJ;eHCTBHH c IIOfJIOII(aIOm:e:H nperpai'l;OH 

rrepecTaeT cym:ecrnoBaTh. Ee Macca, atteprH» H HMIIYJihC rrepeJJ;aIOTC» rrperpaJJ;e. 

3tteprHH 3JieKTpOMarHHTHOH BOJIHhl rrpeo6pa3yeTCH B 3HeprHIO TeIIJIOBOfO i'J;BHJKe

HHH qacTHI( rrperpai'l;hl. ):{eHCTBHe 3JieKTpOMarHHTHOH BOJIHbl B TQqKe npocTpaHCTBa 

oneHHBaeTCH cpe;TJ.HHM 3HaqeHHeM BeJIHqHHhI BeKTopa YMoBa-IIoiiHTHHra 3a rrepH

O;TJ. BOJIHhl. 3Ta BeJIHqHHa Ha3bIBaeTCH HHTeHCHBHOCThIO 3JieKTpOMarHHTHOH BOJIHhl. 

lIHTeHCHBHOCTh J IIJIOCKOH, JIHHeHHO IIOJIHpH30BaHHOH MOHoxpoMaTHqecKOH 6e

rym:ei!: BOJIHhl paBHa 

] = 0,5 ~ E~ = 0,5~µ0µ H~, 
v~ tot 

r;TJ,e E0 (H0 ) - aMIIJIHTy;TJ.a aJieKTp11qecKo:H (MarHHTHo:H) cocTaBJIHIOll(eH ttarrpHJKeH

HOCTH 3MII. 
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11.4.2. TeopeMa YMoea-noMHTMHra .... 
AJIJI MrHOBeHHblX 3Ha'leHMM 
EoJihmoe 3Haqem1e B Teop1rn: 3MII HMeeT TeopeMa YMoBa-IIoifHTHHra, KOTopM 

OITHChIBaeT 3HepreTtttieCKHe COOTHomeHHH B ITOJie. 
TeopeMa YMoBa-IloHHTHHra HMeeT ,n:Be <PopMhI 3anncn: rrepBaH - ,n:JIH Mrno

BeHHhIX 3HaqeHHM, BTOpM - KOMIIJieKCHM <l>opMa - ,n:JIH CHHYCOlli'J:aJihHO ll3Me
HHIOW:HXCH BeJinqnH. B COOTBeTCTBllll c (11.14) 3HeprnH 3MII B o6neMe dv paBHa 

Wadv =[ ~
2 

+ ~
2

)dv. ( 11.25) 

.llJIH TOfO qTo6hI o6pa3oBaTh Bhipa:>KeHne, B KOTopoe BOIDJia 6hI IIOJIHM 3HeprnH 
B o6neMe dv, yMHO:>KHM (11.11) Ha E dv, a (11.12) - Ha H dv. IloJiyqHM 

ErotHdv= yEE+eE- dv= yE2 +-- dv, - - [ -- -a£) ( a eE
2

) 

at at 2 
(11.26) 

[ -i ( 2) - - - aH a HrotEdv= -µH- dv= __ µH dv. at at 2 
(11.27) 

lfa ( 11.26) BhlqTeM ( 11.27), IIOJiyqttM 

_ _ _ _ [ a (eE2 µH2 
)] 

(ErotH-HrotE)dv= yE2 +at 2+-
2

- dv. ( 11.28) 

l1crroJih3YH <PopMyJiy BeKTOpHoro aHaJitt3a (rrpnJio:>KeHne) 

<liv[£,fi] = HrotE -ErotH, 

.llJIH coKpam:eHHH 3arrncM o6o3HaqnM BeKTOpHoe rrpOH3Be,n:eHne [EH] qepe3 ft, 
Tor,n:a 

-divlldv=ly£2 + :t(~
2 

+~
2

)]dv. (11.29) 

PacrrpocTpaHHM ( 11.29) Ha HeKoTophIM o6neM KOHeqHhIX pa3MepoB, rrponHTer
pnpoBaB no o6neMy V: 

-JJJ divlldv= JJJ yE
2
dv+- JJJ -+- dv. 

- a (E£2 µH2) 
v v atv 2 2 

(11.30) 

B cooTBeTcTBHH c TeopeMo:il: OCTporpa,n:cKoro-faycca (7 .26) o6neMHhIM HHTe
rpaJI, Haxo,n:mu;n:il:CH B JieBOM qaCTM Bhlpa:>KeHHH ( 11.20), rrpeo6pa3yeTCH B IIOBepx-

HOCTHhIM, OTKy,n:a 
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-JJiidS= JJJ yE
2dv+-JJJ-+- dv. a (EE2 µH2) 

s v otv 2 2 
( 11.31) 

JleBasI qaCTb ( 11.31) rrpe.n;cTaBJI.sieT co6o:i1: IIOTOK BeKTopa IloMHTHHfa ( HarrpaB

JieHHbIM BHYTPb o6'beMa) CKB03b mo6y10 3aMKHYTYIO rroBepxHOCTb S, orpaH~H
BaIOIIIYIO HeKOTOpbIM o6'beM v. 

B cooTBeTCTBHH c ypaBHeHHeM ,llJKoyJI.sI-Jlem1a B .n;mpcpepeHirHaJibHOH cpopMe 

yE 2 
eCTb :rnepnrn, Bbl)leJI.sIIOIIIa.si:c.si: B BH,n;e TeIIJIOTbl B e.n;HHHIIe o6'beMa B e.n;HHIUIY 

BpeMeHH. IlmnoMy JJJ J yE 2dv ecTb ::JHeprn.si:, BbI)J;eJI.sIIOIIIasIC.sI B e,n;HHHIIY BpeMe

v v 

() (e£2 µH 2
) HH B o6'beMe V; - -- + -- ecTb cKopocTb H3MeHeHH.si: 3arraca 3JieKTpoMarHHT-

8t 2 2 

HOM ::iHeprHH B e,n;HHHIIe o6'beMa. Ho cKopocTh H3MeHeHHH aJieKTpoMarHHTHOM ::iHep

rHH eCTb MOIIIHOCTb. CJie,n;oBaTeJibHO, IIOTOK BeKTOpa IloMHTHHra CKB03b JII06y10 

3aMKHYTYIO IIOBepXHOCTb, orpaHHqHBaIOIIIYIO o6'beM V, paBeH MOIIIHOCTH, BbI)J;eJI.sIIO

IIIeMrn B o6'beMe v B BH,lle TeIIJIOTbl H MOII1HOCTH, H.lJ;yIIIeH Ha rrpHpaIIIeHHe SHeprnH 

3MII. 

TeopeMy YMoBa-Ilo:i1:HTHHra cJie.n;yeT TpaKTOBaTb KaK ypaBHeHHe ::iHepreTH

qecKoro 6aJiaHca; JieBasI qacTb ( 11.31) eCTb MOIIIHOCTb HJIH SHeprn.si: B e.n;HHHIIY Bpe

MeHH, )J;OCTaBJI.sieMasi B BH,n;e IIOTOKa IloMHTHHra BHYTPb HeKOTOporo o6'beMa; rrpaBasI 

qacTD ( 11.31) ecTb ::iHeprn.si:, pacxo.n;yeMasi B e,n;HHHIIY BpeMeHH BHYTPH o6»eMa. 

CooTHorneHHe ( 11.31) rroJiyqeHo B rrpe.n;rroJioJKeHHH, qrn cpe.n;a BHYTPH o6»e

Ma v O)J;Hopo.n;Ha H H30TpOIIHa, a TaKJKe B rrpe.n;rroJIOJKeHirn, qTQ OTCyTCTByeT OTpa

JKeHHa.sI BOJIHa H BHYTPH o6'beMa HeT HCTOqHHKOB ::JJieKTpO,n;BHJKYIIIeM CH.llbl. 

EcJIH no.lie He H3MeH.si:eTc.si: BO BpeMeHH, TO 

2__(EE2 + µH2) = 0 H 
at 2 2 

-JJJ divfi dv = JJJ yE
2dv. 

v v 

Heo6xo,n;HMO o6paTHTb BHHMaHHe H Ha TO, qTQ cpopMyJia (11.31) yqHTbIBaeT 

B03MOJKHOCTb rrpoxoJK.n;eHH.sI IIOTOKa BeKTopa ii TpaH3HTOM qepe3 o6'beM v. 

11.4.3. nepeAa'la 3HeprMM OT reHepaTopa 
K npMeMHMKY no KOaKCManbHOMY Ka6ent0 
3JieKTpOMarHHTHasI aHeprH.si: ,OT MeCTa ee reHepupoBaHH.sI rrepe.n;aeTC.sI K MeCTy IIO

Tpe6JieHH.sI no )J;H::JJieKTPHKy. IlpoBo.n;a B JIHHH.sIX rrepe.n;aqH_ BblIIOJIH.sIIOT ,lJ;BO.sIKYIO 

po.lib: OHM .sIBJI.sIIOTC.sI KaHaJiaMH, ITO KOTOpbIM rrpoxo.n;HT TOK, H opraHH3aTopaMH 

cTpyKTYPhI rroJI.si: B .n;H::iJieKTpHKe. IloKaJKeM crrpaBe.n;JIHBOCTb noro yTBepJK.n;eHH.si: Ha 

npocTe:HrneM rrpHMepe. 

PaccMoTpHM rrpoIIecc rrepe.n;aqH ::iHepmH OT reHeparnpa K rrpHeMHHKY Ha rrpH

Mepe H,n;eaJIH3HpOBaHHOro KOaKCHaJibHOro Ka6eJI.si:. B HHX 3MII 3aKJ110qeHO TOJibKO 

BHYTPH o6'beMa, 3aHHMaeMoro Ka6eJieM. 
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EcJIH rrpH Hanp.~DKeHHH U no Ka6emo rrpoTeKaeT TOK I H corrpoTHBJiemieM )KH

JibI H o6oJIO':IKH Ka6em1 no cpaBHeHHIO c corrpoTHBJieHHeM IIpHeMHHKa MOJKHO rrpe

He6pet:Ib, TO rrepe,ll,aBaeM<UI MOIIIHOCTb P = UI . 
IIpeHe6pe)KettHe corrpoTHBJieHHeM )KHJibI H o6oJIO':IKH 03Hat:IaeT, ':ITO 3MII B HHX 

MO/KHO npeHe6pet:Ib no cpaBHeHHIO c IIOJieM B ,ll,H9JieKTpHKe MeJK,ll,Y HHMH. 

IIycTb pa,ll,Hyc JKHJibI H BHYTPeHHHH pa,ll,HJC 0601rot:IKH Ka6eJIH (pnc. 11.3) raKo

BbI, ':ITO r2 - rl << r!. 

IJpOBO,ll,Hlll<UI 

cpe,ll,a 

PHc. 11.3. KoaKcHaJibHbIH Ka6eJih 

IlpH6JIHJKeHHo MOJKHO C':IHTaTb, ':ITO ttarrpHJKeHHOCTH E H H Bo Bcex TO':II<ax 

,ll,H9JieKTpHI<a HMeIOT O,ll,HHaKOBble 3Ha':IeHmI H paBHbl 

U I 
E=--, H=----

12 -Yi n(rz +Yi) 

0Tc10,11;a U = E (r2 - Yi), I= Hn(r2 +Ji) H MOlllHOCTb 

P = EHS, P = UI = EHn(r2
2 -Yi2 ) = EHS," 

r,ll,e s - ITJIOllla,ll,b Ce'leHHH i'l,H3JieKTpHKa. 

TaKHM o6pa3oM, npoH3Be,ll,eHHe P/S =EH xapaKTepH3yeT MOlllHOCTb, rrepe,1J,a

BaeMy10 qepe3 e,l{HHHU:Y II.JIOIIIa,ll,H cetieHH51 i'l,H9JieKTpHKa. 

Tar< KaK BeI<TOp E HarrpaBJieH no pa,ll,nycy, Ber<Top H rreprreH,ll;HKYJIHpeH eMy, 

a MOIIIHOCTb rrepe.n;aeTcH B,ll;OJib ocH Ka6eJIH, To npoH3Be.n,eHHe EH MOJKHO paccMaT

pHBaTb KaK BeKTOpHoe. 

Ilo,ll,c'IHTaeM rroTOK BeKTopa IIoH:HTHHra qepe3 rrorrepe<rnoe cet:IeHHe .n;HaJieKTpH

Ka, B paccMaTpHBaeMOM rrpnMepe rrpe.n,cTaBJIHIOIIIee co6o:H KOJibU:O c BHyTpeHHHM 

pa.n;HycoM r1 H HapyJKHbIM pa.n,HycoM r2 (pHc. 11.4). B peaJibHOM KOaKcHaJibHOM 
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Ka6eJie rroJie Heo,n:Hopo,n:Ho, H o6a rrpoBo,n:a HMeIOT corrpoTHBJieHHe. B )l(HJie H 060-

JioqKe Harrp.mKeHHOCTH 9JieKTpHqecKoro IIOJI.H HarrpaBJieHhI rrapaJIJieJibHO OCH Oz 
Ka6eJI.H H paBHhI 

E i = ~ - _I_' E 2 = o2 = I ' 
' y yTCr/ ' y "{TC(r} - r2

2 )r 
HarrpaBJieHbI rreprreH,ll;HKYJI.HpHO pa,n:n:ycy r B paccMaTpHBaeMOM TOqKe H OCH Ka6e

JI.H. B H30JI.HD;HH Ka6eJI.H Harrp.H)l(eHHOCTh MTI 
I 

H =--, 
q> 2Ttr 

a Harrp.H)l(eHHOCTh 3TI HMeeT H pa,n:HaJihHyIO, H oceByro cocTaBJI.HIOI11He aHaJIOrHqHo 

IIOJIIO ,n:ByxnpoBOJl:HOM JIHHHH. IlpH 9TOM pa,n:HaJihHa.H cocTaBJI.HIOilla.H rrpe.n:cTaBmieT 

co6oM: Hanp.H)l(eHHOCTh IIOJI.H D;HJIHH,n:pHqecKoro KOH,n:eHCaTopa. 

PHc. 11.4. PacrrpoCTpatteHire :rneprirn rro KoaKCllaJibHOMY Ka6emo 

BeKTop IloMHTHHra HMeeT B H30JI.HD;HH cocTaBJI.HIOI11He oceByro II, H pa,n:HaJih

Hyro II, , a B )l(HJie H o6oJioqKe - TOJihKO pa,n:HaJihHyro. 

OceBa.H cocTaBJI.HIOilla.H xapaKTepn:3yeT aHeprHro, rrocTyrra10rn;yro B )l(HJIY H 060-

JioqKy H rrpeBparn;a10rn;y10c.H TaM B TerrJio. TaKHM o6pa3oM, aHeprn:H OT reHeparnpa 

K npHeMHHKY Jl:BH)l(eTC.H TOJibKO B ,n:mmeKTpHKe Me)l(,n:y )l(HJIOM H o6oJioqKOM. 

E =_!!_. 
r r. 

r In -2 
1j 

EcJIH B KOHu;e Ka6wrn: (y rrpHeMHHKa) HaIIp.H)l(eHHe H pa,n:HaJihHa.H COCTaBJI.HIO

Illa.H Harrp.H)I(eHHOCTH 3TI cooTBeTcTBeHHO paBHhI U H E,, TO-+ rroTpe6JI.HeMyro rrpH

eMHHKOM MOillHOCTh MO)l(HO onpe,n:eJIMTh KaK IIOTOK BeKTopa II, HMeIOI11ero oceByIO 

cocTaBJI.HIOillYIO II,= E, H'I', qepe3 noBepXHOCTh S ceqeHH.H ,n:HaJieKTpHKa: 

2,, ,, ''U I 
P = fdcpfII,rdr = 2TCJ--·-rdr =VI. (11.32) 

I 12 2TCr 
o " "r n-

1j 



11.4. TeopeMa YMoea-noiilHTMHra 241 

MomttocTb 1errJIOBblX noTepb B oTpe3Ke )KHJihl ,n:JIHHoii: l onpeAem1eTCH KaK no

TOK BeKTopa II, HMe10mero pa,z:i:HaJibHy10 cocTaBJIH10my10 II,1 = E,1Hcp1 , qepe3 60-

K0By10 rroBepxHoCTb nHJIHH,n:pa S1 = 2m:J. IlocKOJibKY cocTaBJIHJOIUM II,1 BO Bcex 

ToqKax 3TOM llOBepXHOCTH HMeeT OJ.(HHaKOBble 3HaqeHHH: 

II =-1 ___ 1_= 1
2 

r1 y1tr.2 Z1tr. Zy1t2r.3 ' 
1 1 1 

TO 

l 
r,z:i:e R1 = --2 - conpOTHBJieHHe oTpe3Ka )KHJibI. 

Y1t1j 

1 
EcJIH yqecTb, qTo npH r = r2 HarrpH)KeHHOCTb Hcp2 = -- , a rrpH r = r3 oHa 

21tr2 

paBHa HYJIIO, TO MOIUHOCTb TellJIOBblX IIOTepb B 0Tpe3Ke o6oJioqKH paBHa llOTOKY 

BeKTOpa fl ' HMe10mero pa,n:HaJibHYIO COCTaBJIHIOIUYIO 

1 1 
II,2 = E,2Hcp2 = 2 2 • -- ' 

Y1t(r3 - r2) 21tr2 

qepe3 60K0By10 rroBepxHocTh IJ;HJIHH,n:pa S2 = 21tr) , TO ecTb 

P2 = II, 221tr2l = 12 R2, 

l 
r,z:i:e R2 = 2 2 - corrpoTHBJieHHe OTpe3Ka o6oJioqKH. 

Y1t(r3 - r2) 
BHe Ka6eJrn 3Mil oTcyTCTByeT, 3HaqHT, J.(BH)KeHHH 3HeprHH TaM HeT. 

IlpoBe).(eHHblM aHaJIH3 IlOKa3bIBaeT, qTo 3HeprHH OT HCTOqHHKa K rrpHeMHHKY 

.ll:BH)KeTCH B .ll:H3JieKTpHKe Me)K,n:y )KifJIOH If o6oJioqKoH Ka6eJIH, H3 .ll:Ii3JieKTpHKa 

3HepmH 3Mil rrocryrraeT TaKJKe B )KHJIY H o6oJioqKy, r,z:i:e rrpeo6pa3yeTcH B TerrJio. 

AttaJiorHqHbIM o6pa3oM ,n:JIH ,n:ByxrrpoBo,n:HoH JIHHHH rrepe.n:aqH MO)KHO rrpHHTH 

K BbIBO,n:y, qTo 3HeprHH .ll:BH)KeTCH He 110 rrpoBOJ.(aM, a B.ll:OJlb rrpoBO.ll:OB B .ll:H3JieKTpH

Ke, 0Kpy)Ka10meM 3TH rrpoBo,n:a. IlpoBo,n:a orrpe,n:eJIHIOT HarrpaBJieHHe .Z{BH)KeHHH 

::iHeprHH H rrorJioma10T qacTb ee Ha HarpeB. 

lfa paCCMOTpeHHH CJie,n:yeT, qTo BeKTOp IlOMHTHHra Bblpa)KaeT llOTOK 3HeprHH 

3Mil B e,n:HHHIJ;Y BpeMeHH (noTOK MOIUHOCTH) qepe3 e,n:HHJ:I,ny IIOBepXHOCTH, HOp

MaJibHOM K HarrpaBJieHHIO pacrrpocTpaHeHHH 3HeprHH. 

TaKHM o6pa30M, 3HM pacrrpe.n:eJieHHe BeKTOpoB E H ii B rrpocTpaHCTBe, MO)KHO 

orrpe,n:eJIHTb .ll:BHJKYIUYIOCH 3HeprHIO 3Mil B KaJK,Z{OM TOqKe, a CJie.Z{OBaTeJibHO, 

H paccqHTaTb rrepe.n:aBaeMy10 H 3aTpaqHBaeMylO Ha HarpeB IlpOBO.ll:HHKOB MOIUHOCTb 

B JII060M 3JieKTPOTeXH~eCKOM ycTpOMCTBe. 

Heo6xo,n:HMO oTMeTHTb, qTo rrpoCToe HaJIO)KeHHe rrocTOHHHblX 3Il H Mil He 

C03).(aeT 3Mil. HanpHMep, ecJIH Ha 3Cil KOH,n:ettcaTopa HaJIO)KHTb IIOJie IIOCTOHH

HOro MarHHTa, TO, XOTH B Ka)KJ];OM TOqKe HeKOTOpoii: o6JiaCTH 6y,n:yT orrpe,n:eJieHHble 



242 r11asa 11. PacnpocrpaHeH11e 3JleKTpoMarHl1THOro nOJ151 

3Haqem-i:H E H H , BeKTOpHoe npoH3Be,ZJ;eHHe 3THX BeJmqHH HeJib3H TpaI<ToBaTb I<aK 

BeKTOp IloHHTHHra, IIOCKOJlbKY 3,ZJ;eCb HeT ,Zl;BH:>KeHH.H H rrpeo6pa3oBaHHR 3HeprHH. 

Ilo3TOMY IIOH.IITHe BeKTOpa IloHHTHHra OTHOCHTC.H TOJlbKO K 3MIT. 

11.5. TeopeMa YMoea-noMHTMHra 
B KOMnneKCHOM cl>opMe 
BeKTOp Iloil:HTHHra HMeeT B H30JIHIJ;HH cocTaBJIHIOIIJJie oceByIO Ilz H pa.ZJ;HaJib

HYIO II,, a B )KHJie H o6oJioqKe - TOJibKO pa.ZJ;HaJibHYIO. 

OceBa.H COCTaBJI.HIOin;a.H xapaKTepH3yeT 3HeprnIO, IIOCTyrraIOm;yIO B )KHJIY H 060-

JIQqKy n npeBpamaIOm;yIOc.H TaM B TerrJio. TaKMM o6pa30M, stteprn.H oT rettepaTopa 

K IIpHeMHHKY ,Zl;BH)KeTC.H TOJibKO B .ztH3JieKTpHKe Me)J(.ny )J(HJIOM H o6oJioqKOH. 

Ilepe.ZJ; TeM KaK 3anncaTb TeopeMy YMoBa-IloHHTMHra B KOMIIJieKcHoif cpopMe, 

paCCMOTpHM Borrpoc 0 IlOJIHOH MOID;HOCTH B u;errn rrepeMeHHOro TOKa. IloJIHa.H MOID;

HOCTb s = (JI = p + jQ . 
IlycTb u;errb rrepeMeHHOro TOKa CO.ZJ;ep)J(HT IIOCJie.ztOBaTeJibHO coe,ZJ;IIHeHHbie R, 

MH.ztYKTHBHOCTb L H eMKOCTb C. Tor.na peaKTHBHa.H MOID;HOCTb 

Q = 12X=12 (ool - -
1-J = oo 12 L - 1

2 
(-

1
-)

2 

C = 2oo(w - w.). ooC ooC m 

L/2 

2 
cu2 

H W =--c 
e 2 ' 

r.ne Uc - ttarrpH)J(eHHe Ha KOH,ZJ;ettcaTope. 

TaKHM o6pa3oM, peaKTHBHa.H MOID;HOCTb Q paBHa pa3HOCTH Me)K.ztY MarttHTHOH 

wm H 3JieKTpHqeCKOH w. 3Heprtt.HMH u;enH, yMHO)J(eHHOH Ha 2 oo. Ilo,ZJ;o6Ho TOMY KaK 

B n;eITH nepeMeHHoro TOKa ,Zl;JI.II BbNHCJieHH.II IIOJIHOH MOID;HOCTH s Ha,ZJ;O YMffO)KRTh KOM

IIJieKC HaIIp.H)J(eHH.II U Ha corrp.H)J(eHHbrn KoMITJieKc TOKa I, BBO.ztHTC.H B yrrO'rpe6JieHHe - ·~ 

KOMIIJieKCHbIH BeKTop IloifHTMHra ft = [EH] . 
BMecrn - J J ft d S Terrepb 6y.neT 

s 

-ff ft dS = - f Jf div ft dv = Jf f (f rotlI -RrotE)dv. 
s v v 

B COOTBeTCTBHH C (11.p) H (11.12) 

rotB = yE 
. . 

rot E = - jooµH. 
CJie.ztOBaTeJibHO, rot R = rE - jooeE H 

. . .......... 

ErotR -Rroti = rii- jooeii + jroµRii = 
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IIo::noMY 

-JJndS= JJJ1E2dv+2jroJJJ L_ __ dv. - - ( H
2 

eE
2

) 

s v v 2 2 
(11.33) 

IIepBoe cJiaraeMoe rrpaBo:H qacrn: (11.33) rrpe,ncTaB.IDleT co6o:H aKTHBHYIO Mom

HOCTh, BTopoe - peaKTHBHyro. TaKHM o6pa30M, TeopeM)' YMoBa-IIo:HHTHttra MOJKHO 

3aIIHCaTb elf(e CJie,nyIOlf(HM o6pa30M: 

-ff iidS=P+ jQ. 
s 

B TaKOM BH,ne ee qaCTO HCIIOJih3YIOT i'J,JIH orrpei'J,eJieHHH aKTHBHOro H BHyTpeHHero 

peaKTHBHOro corrpOTHBJieHHH rrpOBO.ZJ:HHKOB Ha rrepeMeHHOM TOKe. 

KoHTponbHble aonpocb1Krnaae11 
11.1. HasoBHTe, KaK11e rrpe11Myw;ecTBa rroJiyqaeT pacqeT'IHK rrp11 rrepexo.n;e K CHM

BOJIH'IecKo:H ~opMe 3aIIHCH ypaBHeHHH 3MII. 
11.2. 3arrHWHTe ypaBHeHH» MaKcBeJIJia B CHMBOJIH'IecKo:H ~OpMe. 
11.3. KaK MOiKHO pacc'IHTaTh aKTHBHoe H peaKTHBttoe corrpoTHBJieHHH MaTepH

aJihHOH cpei'J,bl c IIOMOllJ;hIO KOMITJieKCHhIX 'IHCeJI? 

11.4. Bcer.na JIH :ueJiecoo6pastto rrepexoi'J,HTh K onHcattHIO ypaBtteHHH 3MII B CHM

BOJIH'IecKo:H ~opMe? 

6M6nMorpacl>M'leCKMM cnMCOK K rnaae 11 
11.1. Eecc01we JI. A. TeopeTH'IeCKHe ocHOBhI aJieKTpoTeXHHKH. 3JieKTpOMarttHTHOe 

rroJie. - M.: Bh1cm. mKoJia, 1978. - C. 134-138. 
11.2. roeop1C08 B. A. 3JieKTpH'IeCKHe H ManIHTHble ITOJUI. - M.: 3tteprmI, 1968. -

C. 277-279. 
11.3. Ka.Mxe 3. CrrpaBO'IHHK no .n;H~~epeH:UHaJihHhIM ypaBHeHHHM B qacTHbI:X:) 

rrpoH3BOi'J,HhIX rrepBoro rropHi'J,Ka. - M.: <l>H3MaTrH3, 1966. - C. 278. 
11.4. KanllJl'HCKUU A. E., Jibtce'HKO A. II., II01wmoecKuu JI. C. TeopeTH'IecKHe ocHOBhI 

aJieKTpoTeXHHKH. - M.: Bh1cw. ruKoJia, 1972. - C. 397-400. 
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Pac'leT sneKTpoMarHMTHblX none'1 
B aHM30TponHblX cpeAaX 

12.1. 3neKTpOMexaHM'leCKMe MaTepManbl 
" c aHM30TpOnHblMM CBOMCTBaMM 

Heo6xo,n;11MocTh pacqeTa 3JieKTpoMarHHTHhIX rroJieii B aHII30TporrHhIX cpe,n;ax B03-

HHKaeT B caMhlX pa3JIJiqHhIX rrpaKTJiqecK11x 3a,z:i;aqax. 3To 3a,z:i;aqJI reoqrn311qecKoii 

pa3BepTKH, 3a,z:i;aqJI IICCJie,ll;OBaHJI.H pa3JIJ1qHbIX 3JieKTpOMarHHTHhIX ycTpOHCTB c aHH-

30TpOIIHhIMH ¢eppoMarHeTHKaMJI JI IIhe303JieKTpIIKaMH, 3a,z:i;aqJI 3JieKTpIIqecKoro 

Mo,n;eJIHpoBaHJI.H ,ll;BIIJKeHII.H rpyHTOBhIX BO,ll; B aHH30TpOIIHhIX rpyHTax, 3a,z:i;aq11 3JieK

TpJiqecKoro HarpeBa pa3JIJiqHhIX aHJI30TpOIIHhIX MaTepIIaJIOB II, KOHeqHo, 3a,z:i;aq11 

113yqeHJI.H caMJIX aHH30TpOIIHhIX MaTepHaJIOB. Ilpu 3TOM aHlI30TponmI MaTepliaJIOB 

MOJKeT 6bITh caMOM pa3JIJiqHoii. 0Ha MOJKeT 6bITh o6ycJIOBJieHa KplICTaJIJiliqecKHM 

CTpOeHHeM BeIIIeCTBa, ero MHKpOCTPYKTypoii JI MlIKpOCKOIIliqecKJIMlI HeO,n;Hopo,n;HO

CT.HMII paccMaTpHBaeMOM KOMII03lIIIIIlI. B IIOCJie,n;HeM CJiyqae, paccMaTplIBM HeKO

Topyro nepIIo,n;JiqecKyIO cTpyKTypy, cocTO.HIIIYIO II3 H30TporrHhIX cocTaBJI.HIOIIIHX, 

BBO,ll;.HT cpe,n;mie 3KBHBaJieHTHhie rrapaMeTphI MaTepHaJia, KOTOphie 3aBIICHT OT Ha

rrpaBJieHJIH BeKrnpoB 3Il u MII. 
OrpaHJiqlIMCH paccMoTpeHHeM HernpoTpOIIHhIX cpe,n; c oprnroHaJihHOM amrno

Tporrueii, T. e. cpe,n;, r,n;e Bcer,n;a MOJKeT 6hlTh Bb16paHa TaKaH opToroHaJihHa.H cuc

TeMa KOOp,ll;HHaT, B KOTopoii y,n;eJibHhie 3JieKTpuqecKHe rrapaMeTpbI MaTepHaJia (,n;H-

3JieKTpIIqecKCUI rrpOHHUaeMOCTh, rrpoBO,ll;IIMOCTh, MarHIITHM rrpOHHUaeMOCTh) Bbipa

JKaIOTC.H ,n;JiaroHaJihHhIM TeH30pOM. 

qacTO BCTpeqaIOIIIHMCH rrpIIMepoM TaKOM aHII30TpOIIIIJI CJIYJKIIT rrp.HMOJIHHeiiHaH 

aHII30TporrHH. B MaTep11aJiax c rrpHMOJIHHeiinoii aHII30TponIIeii npII Bh16ope oceii 

KOOp,ll;IIHaT x, y, z ' COBIIa,ll;aIOIIIMX c QC.HMM aHII30TpOIIIIII, aHH30TpOIIHhIM napaMeTp 

v (v E [£,i!,:Y]), r,n;e £ - .n;H~JieKTPJiqecKM rrpoHIIUaeMocTh, µ - MarnHTHM npoHII-

uaeMOCTh, "{ - 3JieKTpJiqeCKa51 rrpOBO,ll;JIMOCTh, BhipaJKaeTC.H TeH30pOM TaKOro BJI,n;a: 

vx 0 0 

V = 0 Vy 0 

0 0 v, 

(12.1) 
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II p.SIMommeii:ttoii: att1I30Tporr1Ieii: o6JrnJ(aIOT, ttarrplIMep, ¢eppoMarH1ITHb1e JieH -

Thi II naKeTbl IIJiaCTIIH, CJIIO,lJ;a, KIIIlbl 6yMarlI IIJllI TKaHII, pa3JIII'IHbie BOJIOKHII

CTbie n CJIOHCTbie CTpyKTyphl, rpyHTbl. 

BTopbIM pacrrpoCTpatteHHhIM np1IMepoM opTOroHaJihttoii: am130TpOIIIIII .SIBJI.SieTC.SI 

aKCllaJibHa.SI aHII30TPOIIII.SI, ,lJ;JI.SI KOTopoii: B UHJIIIH,'J;plI'IeCKIIX KOOp,ll;IIHaTax r, a, z aHII-

30TpOIIHbIM napaMeTp MaTep1IaJia BbipaJKaeTC.SI TaKJKe ,lJ;IIaroHaJibHblM TeH30pOM: 

v, 0 0 

V = 0 Va 0 

0 0 vz 

(12.2) 

IlpnMepOM MaTep1IaJIOB c aKCIIaJibHOM aHH30TpOIIIIeM MOryT CTaTb y'!aCTKII po

TOpa ::rneKTplI'IeCKOM MaIIIIIHbl, II30JI.SIUII.SI Ka6eJieii:, JieHTO'IHhie TOpOII,lJ;bl, MOTKII 

rrpm1rn, ,z:i;peBeCIIHa n ,z:i;p. 

PeJKe rrpnxo,z:i;IITC.SI IIMeTh ,z:i;eJio co c¢ep1I'leCKOM aHII30Tp01rneii:. Ilp1IMepoM 

cTpyKTyphI, on1IchrnaeMoii: ,z:i;1IaroHaJihHhIM TeH3opoM B c¢ep1I'IeCK1IX Koop,z:i;1IHaTax, 

CJIYJKIIT «JIYKOBII'IHa.SI» CTPYKTypa MHorocJioii:ttoro ¢eppoMartt1ITHoro IIIapa. 

PaccMoTplIM HeKoTOphie CJiy'!alI pac'!eTa 3II II MIT B MaTep1IaJiax c oprnro

HaJihHoii: aHM30TpOIIIIeM ,lJ;JIH pa3Jill'IHbIX '!aCTOT 3MII, KOr,z:i;a 3a,z:i;a'IM HOC.HT CTaUMO

HapHbIM, KBa31ICTaUIIOHapHbIM IIJIII BOJIHOBOM xapaKTep. 

12.2. CTa~MoHapHble 3neKTPM'leCKMe 
M MarHMTHb1e non11 
Crnu1Iottapttb1e 3Il II MIT B JII06bIX cpe,z:i;ax nplI OTCYTCTBMII npocTpattcrneHHhIX 

3ap.SI,ll;OB OilllCbIBaIOTC.SI ypaBHeHIUJ.MII HenpepbIBHOCTII: 

div jj = 0 ,lJ;Jl.Sl ,lJ;II3JleKTPIIKa; 

div a = 0 ,lJ;JIH npOBO,lJ;HMKa; 

div B = 0 ,z:i;JI.SI MamemKa. 

(12.3) 

L(JIH aHII30TpOIIHbIX cpe,z:i; Ka)K,lJ;blM II3 3TIIX BeKTOpOB CB513aH c rpa,z:i;IIeHTOM no-

TeHUIIaJia a¢1IHHblM rrpeo6pa30BaHneM, Bbipa)KaeMbIM TeH30pHblM ypaBHeHMeM 

D = -E grad cp3 ; 

5 = -ygradcp3 ; 

B = -,lgradcpM 

(12.4) 

B ypaBHemrnx (12.3-12.4): D,~,B -~ ~epophI 3JieKTp1I'IeCKoro CMememrn, 

IIJIOTHOCTII TO Ka II MarHIITHOM IIH,lJ;YKIJ;IIII; E, µ, 'Y - COOTBeTCTBeHHO TeH30pbl npo

HMUaeMOCTII II 3JieKTp1I'IeCKOM npoBO,lJ;IIMOCTII; <j>3, <pM - 3JieKTp1I'IeCKIIM II MarHIIT

HbIM IlOTeHIJ;IIaJibl. 

,llJI.SI aHII30TpOIIHbIX cpe,z:i; ypaBHeHIIe JianJiaca np1Io6peTaeT CJie,z:i;yIOIIJ;IIM BII,lJ;: 

9cv9cp) = o. (12.5) 
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Han6oJihIIIIIM rrpaKTJiqecKIIM HHTepec npe.n;cTaBJI.sieT pacqeT rroJieH: B Heo.n;Hopo.n;
Hhrx cpe.n;ax, r.n;e aHH30TPOIIHhie TeJia HaXO,ll;.sITC.sI B H30TpOIIHOM rrpocTpaHCTBe. 

B 3THx 3a.z:i;aqax 6hrnaeT Heo6xo.n;rrMo corrp.si:raTh perneHH.sI Ha rpaHrruax H30Tporr
HOM H aHH30TponttoH: o6JiaCTeH:. fpaHn:qttoe ycJioBn:e corrp.si:JKeHIISI perneHMM BhlTe
KaeT H3 ypaBHeHHM HenpepbIBHOCTH IIOTeHUHaJia cp3, cpM JI BeKTOpOB IIOJISI ( 12.3). 

0.n;HHM II3 rryTeM perneHHSI 3TOM 3a.z:i;aqH .sIBmreTCSI TaK Ha3hIBaeMoe H30Tp0IIH3H
pyroruee rrpeo6pa30BaHHe KOOp,ll;HHaT, T. e. OThICKaHHe TaKOro npeo6pa30Bamrn KO
op.n;mraT B aHH30TpOIIHOM o6JiaCTH, qTo6hr B HOBhIX KOOp,ll;HHaTaX ypaBHeHHe (12.5) 
MOrJIO 6bITh CBe.n;eHO K ypaBHeHJIIO JlarrJiaca H rrpH 3TOM Ha rpaHJIUax pa3,n;eJia H30-
TpOIIHhIX H aHII30TpOIIHhIX cpe.n; HOBhie Koop,n;HHaThI corrpHraJIHCh 6br co CTapbIMH. 
3ToT rryTh 6hrJI pa3BHT B pSI.n;e pa6oT [12.1-12.7]. 

BTopbrM rryTeM HBJIHeTcSI tterrocpe.n;crneHHoe OThICKaHIIe perneHIIM ypaBHeHHSI 
(12.5) ,ll;JISI aHH30TpOIIHOM o6Jiacrn: H corrp.si:JKeHJie ero c perneHHeM ,ll;JISI H30TpOIIHOM 
o6JiaCTH. 

12.2.1. Pac&.1eTb1 3neKTp11&.1ecK11x nonei1 

IlpII paccMoTpeHHH 3Il npe.n;rroJiaraeTc.s:r OTCYTCTBHe rrpoCTpaHCTBeHHhIX 3apSI.n;oB. 
Cpeitbl c npJLMoJ1u11eii11ou a11U3omponueii. IlycTh B aHH30TPOIIHOM .n;naJieKTPMKe 

c .n;mmeKTprrqecKOM rrpomfuaeMocThIO, BhlpamaeMoH: B BJI,n;e TeH3opa BToporo paHra 

Ex 0 0 

E = 0 Ey 0 

0 0 E
2 

C03,n;aeTC.sI 3Il; cp(x,y,z) - IIOTCHUHaJI TOqKH c KOOp,ll;HHaTaMH x,y,z. YpaBHeHHe 
IIOJI.sI ,ll;JISI noro ,ll;H3JieKTPHKa 6y,n;eT HMeTh BH.n;: 

div D = divegradcp = o. 
Ilepexo,n;SI K .n;mp<t>epeHUHaJibHOMY orreparnpy V, rroJiyqaeM: 

VeVcp=O. (12.6) 

TaKHM o6pa30M, ,n;JISI aHH30TporrHhIX cpe.n; ypaBHeHIIe rroJI.si: rrprro6peTaeT He
CKOJihKo Heo6hrqHhIM BH,n; (12.6), r.n;e VeV - .n:rr<t><t>epeHUHaJihHhIH orreparnp, oT
Jin:qHbIH: OT JiaIIJiaCHaHa: 

-2 02 02 02 
Ll=\7 =-+-+-; 

• ax2 ay2 az2 

- ~ - 02 02 02 
\7 E \7 = Ex --2 + Ey --2 + Ez -2 . 

ax ay oz 
(12.7) 

Ilpe.n;cTaBJI.HeT HHTepec Haxom.n;eHHe TaKOH .n:e<t>opMaUHH (rnqeqHoro rrpeo6pa:m
BaHMSI rrpOCTpaHCTBa), qrn6bI KaJK.n;OH TQqKe ( c KOOp,ll;HHaTaMH ~ x, y, z) paccMaTpH
BaeMoro rrpocTpaHcrna A c aHH30TponHhIMH CBOHCTBaMH ( E ) coorneTCTBOBaJia 



12.2. CTa1..11.10HapHb1e 3neKTpw-1ecK1.1e 1.1 MarHHTHble nonsi 247 

ToqKa ( c Koop.n;HHaTaMH xl' yl' z1 ) .ue¢opMMpoBaHHoro rrpoCTpaHCTBa A1 c H30-

TporrHhIMH cBolicTBaMH ( E1 ) H rrpH 3TOM 

cp(x,y,z) = cp1(xpypz1); (12.8) 

e grad cp · dS = E1 grad cp1 · dS1' ( 12.9) 

eCJIH 3TH Bbipa:>KeHH.H orrpe,n;eJI.HIOTC.H .UJI.H COOTBeTCTBYIOIIIHX ToqeK H 3JieMeHTOB 

rroBepxHOCTH (Ka)l(,n;a.H TOqKa rrpoCTpattcrna A orn6pa3HTC.H B rrpocTpaHCTBe A 1 

COOTBeTCTByIOm:eli ToqKOM, a Ka)l(,Ua.H 3KBHIIOTeHUHaJibHa.H IIOBepxHOCTb - COOTBeT

crny10m:eli rroBepxHOCThIO ). TaKoe rnqeqttoe rrpeo6pa3oBaHHe rrpoCTpaHCTBa 6y,ueM 

tta3hIBaTh U3omponU3upy10w,eu iJepopMaUiueu. 
Mo:>KHO rroKa3aTh, qrn ecJIH BhIIIOJIHeHhI ycJIOBHH (12.8) H (12.9), TO eMKOCTH 

Me)l(.uy .UBYMH coorneTcTBy10m:nMH rrapaMH rroBepxHocTeli rrpoCTpaHcTB A H A 1 
6y,n;yT O.UHHaKOBbl. JJ:eliCTBHTeJihHO: B03bMeM ,[(Be IIOBepxHOCTH Sa H Sb B rrpoCTpaH

CTBe A H 3a.zi;a.zi;HM HM noTeHUHaJihI cpa H <pb. Tor.ua B rrpoCTpattcrne A 1 cymecT

BYIOT TaK)l(e ,[(Be IIOBepXHOCTH Sa! H Sw IIOTeHUHaJibl KOTOpbIX B COOTBeTCTBHH 

c (12.8) TaK)l(e paBHhl <?a H cp6 • EcJIH Tenepb onpe,ueJIHTh KOJIHqecrno 3JieI<Tpuqe

crna BHYTPH Ka)l(.UOli H3 3THX noBepxHocTeli 

ff fJ&, 
s 

TO, KaK cJie.n;yeT H3 ycJIOBH.H (12.9), KOJIHqecrna 3JieKTpHqecrna Ha IlOBepXHOCT.HX Sa 

H Sa! H Ha Sb H sbl Me)l(JJ:Y co6oli paBHhl, a CJie,n;oBaTeJihHO, paBHbl H eMKOCTH Me)l(

.uy .UBYMH TeJiaMH, orpaHHqeHHblMH 3THMH IIOBepXHOCT.HMH. 

Hali,n;eM CBH3h Me)l(.uy ToqKaMH rrpocTpaHCTB A H A 1 H cBolicrna (B ,uaHHOM 

CJiyqae E1) rrpocTpattcrna A1 (puc. 12.1). 

PHc. 12.1. .ll:Be rrpocTpaHCTBeHHble CHCTeMbl OTC'leTa 

.l{JIH rrpocTpaHcrna A ypaBHeHue rroJI.H HMeeT Bn.u: 

a2cp a2cp a2cp 
ex--2 +e --+£ --=0 

ax y 8y2 z oz2 
(12.10) 
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a JJ;Jrn rrpoCTpattcTBa Ai 
a2cp1 a2cp1 a2cp1 - o 
--2 +--2 +-2-- . 
axl 8y1 8z1 

(12.11) 

,[{JUI BbIIlOJIHeHIUI ycJIOBIUI (12.8) Heo6xoJJ;IIMO 

c c c 
Xi = r::- x ; Y1 = Ir y ; Z1 = r::- z' 

'\/f,x "\jf,y '\/f,z 

(12.12) 

rJJ;e c - rrpOII3BOJibHa.fl IlOCTO.fIHHM. 

l{eiiCTBHTeJibHO, I10JJ;CTaBJI5UI (12.12) B ypaBHeHIIe (12.10), ITOJiyqIIM: 

82q> EJ2cp 82q> -+-+-=0 axi ayi azi · 
CpaBHIIBM ::no ypaBHenne c (12.11), JierKo BIIJJ;eTb, 'ITO rrpII rrpeo6pasoBamm 

( 12.12) ycJIOBIIe ( 12.8) BbIIlOJIHeHO. 

,[{JI5I _orrpeJJ;eJieHmI - £1 BOCITOJib3YeMC.fl ycJIOBIIeM ( 12.9), BbI6paB dS = k dx dy, 
a dS1 = k dx1 dy1 , r.n:e k - opT orn z. TorJJ;a 

IloJiarM, 'ITO 

H3 ycJIOBirn ( 12.9) rroJiy'!aeM: 

(12.13) 

TaKIIM o6pasoM JJ;Jia rnra, 'IT06b1 orrpeJJ;eJIIITh rroJie B cpeJJ;e c rrpaMOJIIIHeiinoii 

aHII30TporrIIeii, JJ:OCTaTO'IHO rrpOII3BeCTII H30TpOI1II3HpyIOUIYIO JJ;e¢opMa1IIIIO rrpo

CTpaHCTBa rryTeM pacrn:)KeHihI era BJJ:OJib KaJKJJ;OM II3 oceii KOOpJJ;HHaT B OTHOIIIeHIIII, 

o6paTHO rrponop1IIIOHaJibHOM KOpHIO KBaJJ;paTHOMY II3 3Ha'IeHII5! JJ:II3JieKTpH'IeCKOH 

rrpOHIII1aeMOCTH B HarrpaBJieHIIII JJ;aHHOH OCH. IloJiyqeHHOe TaKIIM o6pa30M II30-

TPOITHOe rrpoCTpaHCTBO c JJ:H3JieKTpw1ecKOH rrpoHIII1aeMOCThIO, orrpeJJ;eJiaeMoH: no 

¢opMyJie (12.13), MOJKHO pacC'IIITaTb o6bI'IHbIM rryTeM, ITOCJie '!era, rrpOII3Be,ll}I JJ;e

¢opMa1IIIIO, o6paTHYIO rrepBOHa'laJibHOH, JierKO HaMTII ITOTeHI1HaJI JII06oil TO'IKII 

attII3oTporrnoro MaTepnaJia. 
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B TOM cJiy'Iae, KOr,ZJ,a IIOJie IIJIOCKOIIapaJIJieJibHO H perneHHe 3a,ZJ,a'IH rrpOH3BO,ll,HT

C5I B IIJIOCKOCTH x, y, paCT5IJKeHHe B,ll,OJlb OCH z ,ll,OJIJKHO OTCYTCTBOBaTb H, CJie,ZJ,OBa

TeJibHO, 

(12.14) 

TaK KaK perneHHe 3TOM 3a,ZJ,a'IH He 3aBHCIIT OT 3Ha'IeHH5I E,' TO IIOCJie,ZJ,Hee MOJKeT 

6bITb mo6bIM H, CJie,ZJ,OBaTeJihHO, ,ZJ,e¢opMaU:II5I B,ll,OJlb ocei1: x II y MOJKeT rrpOH3BO

,ll,HTbC5I B mo6oM Macrnrn6e rrpH ycJIOBHlI HeH3MeHHOCTH OTHOIIIeHH5I K03¢¢ttu:HeH

TOB paCT5IJKeHII5I B,ll,OJlb ocei1: x H y 

(12.15) 

TaKHM o6pa30M, ,ZJ,JI5I orrpe,ZJ,eJieHH5I IIJIOCKorrapanJieJibHoro IIOJI5I B cpe,ZJ,e c rrpH

MOJIHHei1:ttoi1: aHH30TporrHeM CJie,ZJ,yeT, ,ZJ,e¢opMHpoBaB B COOTBeTCTByromeM OTHOIIIe

HHH IIJIOCKOCTb, orrpe,ZJ,eJIIITb IIOJie B H30TpOIIHOM cpe,ZJ,e c ,ll,H3JieKTpH'IeCKOM rrpoHH

u:aeMOCThKl, paBHOM cpe,ZJ,HereoMeTpH'IeCKOMy 3Ha'IeHIIKl COCTaBJUIKlll(HX rrpOHIIU:ae

MOCTII aHH30TpOIIHOM cpe,ZJ,bl B HanpaBJieHIIRX ocei1: aHII30TpOIIHH. 

Cpedbt c aKcua.nbuoii auuaomponueii. IlpH paccMOTpeHHH rroJiei1: B MaTepttanax 

c aKCHaJibHOM aHH30TpOIIHeM H30TpOIIII3IIpyromM ,ZJ,e¢opMaU:H5I rrpocTpaHcTBa MO

JKeT 6bITb HaM,ZJ,eHa IIO,ZJ,06Ho TOMy, KaK 3TO HMeJIO MeCTO rrpII pacCMOTpeHHH cpe,ll, 

c rrp5IMOJIHHeMHOM aHH30Tpom1eM. 

YcJIOBHe tterrpepbIBHOCTH JIHHHH HH.ll.YKU:HH TaK JKe, KaK H B paccMoTpeHHOM pa

Hee CJiyqae, orrpe,ZJ,eJI5IeTC5I ypaBHeHHeM (12.6). 0,ZJ,HaKO ,ll,Jl5I ,ll,H3JieKTpIIKOB c aKCH

aJibHOM H30TporrHeM rrpII COBIIa,ZJ,eHHH ocei1: aHH30TpOIIHH c U:HJllIH,ll,pH'IeCKHMII OC5I

MH KOOp,ll,HHaT ,ZJ,H¢¢epeHU:HaJibHbIM orreparnp 

V'EV'=E -- r- +-2:..--+E -- ~ - 1 0 ( 0 ) E ()
2 

()
2 

r r or or r2 8a2 z az2 ' 
(12.16) 

r,ZJ,e ,ll,H3JieKTPH'IeCKM rrpOHHU:aeMOCTb E rrpe,ll,CTaBJI5IeT co6oi1: TeH30p c ,ZJ,HarpHaJib

HOM MaTpttu:ei1:, 3arrHcaHHOM B U:HJIHH.ll.PH'IeCKHX Koop,ZJ,Httarnx r, a, z ( 12.2). ' 
Ilo aHaJIOrHH c perneHHeM 3a,ZJ,a'IH B cpe,ZJ,e c rrp5IMOJIHHeMHOM aHH30TpOrrHei1: 

rrpOH3Be,ZJ,eM TaKoe npeo6pa30BaHHe KOOp,ll,HHaT, 'IT06b1 IIOTeHU:HaJI cpl B HOBOM CHC

TeMe Koop,ZJ,HHaT 1j, a 1, z 1 y.ll.OBJieTBOpHJI ycJioBHHM 

V'2cp = 1-~(r: {)cpl)+_.!._ 8
2

cp1 + 8
2

cp1 = 0 
I 1j 01j 

1 
01j 1j2 aa; oz; (12.17) 

H (12.18) 

IIpH 

(12.19) 
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OrpaHuquMc.SI paccMoTpeHHeM TOJihKO 1vrocKonapanJieJihHhIX noJiett, ,UJI.SI 1<0To

ph1x 

ocp = o, 
oz (12.20) 

ll .uonycTHM, qTQ ll30TpOIIH3HpyIOIIJM .ue<t>opMaUH.SI MO:JKeT 6bITh Bhipa:>KeHa cJie

.UYIOIIJHM o6pa30M: 

(12.21) 

Tor.ua ypaBHemu1 

1j oq>l (or + 1j o
2

r) + J_ o
2

q>1 (or )
2 
+ o

2
<p1 = 0 

or olj olj2 
1j

2 or2 olj oa.2 (12.22) 

ll 

(12.23) 

,UOJI:JKHhl 6hITh TO:JK,UeCTBeHHhl. 

IlpupaBHHBM Koa<t><t>uuueHThI npu COOTBeTCTBYIOIIJHX IIpOH3BO,UHhIX, IIOJiyqaeM: 

or o2r 2 E 
1j-+-21i =_!_r; 

Olj olj E" 

[lj :~ r = :: r
2 

Perna.SI ypaBHeHue ( 12.25) OTHOCHTeJihHO 1j , noJiyqaeM: 

r.
1

=CrJe.;e, =k r=Cr~ 
r ' 

r.ue p - Km<t><t>m1ueHT aHH30TpOIIHH. 

Ilo;ii;CTaHOBKa 1j ll3 (12.26) B (12.24) .uaeT TO:JK,UeCTBO. 

(12.24) 

(12.25) 

(12.26) 

Ta1<HM o6pa3oM, .ue<PopMaUH.SI, Bh1pa:>KaeMa.SI ypaBHeHueM ( 12.26), npuBo,n;HT 

K 3aMeHe aHM30TpOIIHoii cpe,n;hI H30TponHoii. BeJIHq1rna .uuaJieKTpuqec1<oli 

npOHHUaeMOCTH E1 IIOJiyqaeMOH IIpM ;:)TOM ll30Tp0IIHOH cpe,Uhl onpe,n;eJI.HeTC.SI ll3 

ypaBHeHH.SI ( 12.19). 
EcJIH npHH.SITh, qTo 

ds = r da; ds1 = 1j da = Cr~ da, l 
• ocp o<p 1 

grad, q>=-; grad,, q> 1=-~, or 1 or cpr 

TO, perna.SI ypaBHeHue (12.19), JierKO IIOJiyqHTh BeJIHqHHY E1· 

)luaJieKTpHqeCKM npOHHUaeMOCTh 3KBHBaJieHTHOH ll30TpOIIHOH cpe,Uhl 

E1 = ~EafJ.r 

(12.27) 

(12.28) 
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He 3aBJielIT OT pa,n:IIyea II paBHa epe,ZJ,HeMy reoMeTpJiqeeKOMY 3HaqeHIIIO eoeTaBJ15I-

10m1Ix B pa,n:1IaJ1hHOM II TaHreHIJ,IIaJlhHOM HanpaBJ1eH1I5IX. 

HaII60JlbllllIM IIHTepee npe,ZJ,eTaBJl51IOT IlJ10eKonapanJ1eJ1hHbie IIOJl51, B KOTOpbIX 

Hap51.D.Y e aHJI30TpOIIHbIMII MaTepIIaJlaMII (e np5IMOJIJIHeii:Hoii: IIJllI aKellaJlbHOM aHJI-

30TpOIIIIeii:) eonepJKaTrn II30TponHbie Bemeerna. IlpII pelllemm nono6HhIX 3a,n:aq 

MOJKeT 6hITh TaKJKe yenelllHO np1IMeHeHa II30TponII31Ipy10ma51 ne¢opMaU.II51 npo

eTpatteTBa. 

PaeeMOTpIIM HeKoTopbre npIIMepbI np1IMeHeH1I5I TaKoro npeo6pa30BaHII5I npo

eTpatteTBa K pellleHIIIO npaKTIIqeeKIIX 3a,n:aq. 

np1t1Mepb1 pac"leTa 3neKTPM"leCKMX nonet1 
HpUMep 12.1. Holle dByx 3apa:HCeHHblX npoBodoB. )lBa IJ,IIJIIIH.D.PIIqeeKIIX npoBO,ZJ,

HIIKa e IlOTeHIJ,IIaJlaMJI +<i>o II -cpo HaXO,Zl,51Te51 B aHJI30TpOIIHOii: epe,ZJ,e e ,ZJ,H:meKTplI

qeeKoii: npOHJIIJ,aeMOCTblO 

o6ma51 OCb elIMMeTplIII ceqeHIIM .D.BYX npOBO,Zl,OB eoBna.n:aeT e oebIO x (pile. 12.2, 
IlJIOeKOeTb A ). 

y 

A i A1 i 2kxro 

-·EEJ2C•.-·-:-·-~·-·-·-§)·-X ~·LJhr;·-·-:-·-·~-·-·EfJ-A< 
A1 Yi' 

2ro I 

_ .. C: _ --·- --:-~~lEr)- -AO 

L I -
PHc. 12.2. CHCTeMa llBYX l\HJIHH/lpHqecKHX rrpoBO/IOB 

)lJ15I onpe,Z1,eJ1eHII5I 3II npOII3Be,ZJ,eM ne¢opMaIJ,JIIO IIJIOCKOeTJI X, y B COOTBeTeT

BIIII e yeJ10B1IeM (12.15). BeJrnqIIHY C MOJKHO Bb16paTh TaK, qrn6h1 ne¢opMaIJ,II51 

npoII3BO,ZJ,JIJlaeh TOJlhKo B,ZJ,OJlh O,ZJ,Hoii: II3 oeeii:. EeJ11I C = .Ji: , TO y1 = y II ne¢op

MaIJ,JI5I npo1Iexo,ZJ,IIT TOJlhKO B HanpaBJleHJIJI oeII x (pile. 12.2, nJ1oeKoeTb A1 ). EeJ11I 

c = JE:, Hao6opOT, x = X1' II ,ZJ,e¢opMaIJ,JI5I npoIIeXO,Zl,IIT TOJlbKO B HanpaBJleHIIII 

Oell y (pile. 12.2, IIJIOeKoeTb A;). B TOM eJ1yqae, KOr,ZJ,a EY >Ex, B,ZJ,OJlh oeII x npo

JieXO,ZJ,JIT paeT5IJKeHIIe, a B,ZJ,OJlb oeJI y - eJKaTIIe; eeJllI )Ke Ey <Ex - Hao6opoT. 
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Jlr,rr CTHM, qTo ne¢opMau;m1 rrpOHCXOL(HT TOJibKO B HarrpaBJieHHH OCH x, Tor.n;a 

C= E H y 

(12.29) 

a Koa¢¢Hn;HeHT pacnoKeHHH BL(OJih OCH x 

(12.30) 

IIocJie .n;e¢opMau;HH paccTOHHHe Me)l(L(}' OCHMH rrpoBO;:J;OB yBeJIHqHBaeTCH B kx paa, 

a KpyrJioe ceqeHHe rrpoBona CTaHOBHTCH 3JIJIHIICOM c IIOJIYOCHMH kxrO H ro . 
TaKHM o6pa30M, ;:J;JIH peUieHHH rrocTaBJieHHOH Ja;:i;aqH nocrnToqHo orrpe;:i;eJIHTh 

IIOJie Lt:Byx 3JIJIHIITHqeCKHX IJ;HJIHH;:J;pOB c paCCTOHHHeM Me)Kny OCHMH kxd, HaXOL(H

IIIHXCH B cpene c El = ~ExEy. 
Mo)KHO IIOKa3aTb, qTo B TOM CJiyqae, Karna paCCTOHHHe Me:>K;:i;y OCHMll :U:llJillH,ZJ;

poB MHOro 6oJibllle HX rrorrepeqHhIX pa3MepoB, 3JIJIHIITHqecKHe IJ;HJIHH;:J;pbl MOryT 

6bITh 3aMeHeHbI paBHO:QeHHhIMH KpyroBbIMH IJ;HJIHHL(paMH c 3KBHBaJieHTHhIM pa;:i;Hy

COM, paBHhIM cpe;:i;HeMY apH¢MeTHqecKOMY 3HaqeHHIO rroJiyoceii a H b 3JIJIHIICa 

(pHC. 12.3): 

/ 
/ 

' ' 

a+b 
ra =--. 

2 

/ 
.. -, 

........ 

-... 

..... _ ---
2a 

.... 
' ' 

Puc. t-e.3. 3aMeHa aJIJrnrrca KpyroBhIM qHJIHHAPOM 

(12.31) 

qaCTHhIM CJiyqaeM BBe;:J;eHmI 3KBHBaJieHTHOfO pa;:i;Hyca L(JIH CJiyqM, Korna b = 0 , 
llIHpOKO IIOJih3yeT 0JIJieH;:i;op¢ [12.8] rrpH pacqeTe JieHToqHbIX 3a3eMJIHTeJieii. IlpH 

TaKOH 3aMeHe aJieKTpHqecKoe IIOJie Ha paccTO}{HHH OT IIOBepxHOCTH rrpoBona 60Jib

llleM, qeM ero L(HaMeTp, rrpaKTHqecKH OKa3bIBaeTCH OL(HHaKOBhIM B o6oHX CJiyqMX, 

H pacqeT IIOJIH MO)KHO rrpoH3BO,ZJ;HTh TaK )Ke, KaK H L(JIH .D;Byx 3apH)KeHHbIX oceii. 
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KapTHHa noJI51 .z:t:JI51 H30TponHoi1 cpe,nhl npe.ncrnBJieHa Ha pttc. 12.4. B o6JiaCTH, 

Henocpe.z:t:CTBeHHO npHMbIKa10m:ei1 K noBepXHOCTH ::meKTPO.z:t:OB, 3a cqeT Toro, qTo 

3JIJIHilCbl 3aMeHeHbl 3KBHBaJieHTHbIMH OKpyJKHOCT51MH, noJie HeCKOJibKO OTJIHqaeTC51 

OT Il0Jl51 3ap51JKeHHbIX ocei1; O.z:t:HaKO B OCTaJibHOH qacTH IlJIOCKOCTH IlOJI51 COBna.z:t:aIOT 

c ,a:oCTaToqHOH CTeneHblO TOqHOCTH. 

Pnc. 12.4. KapTnHa 3II oT ABYX rrpoBOl\OB /\JUI H30TporrHoiJ: cpel\bI 

ECJIH Tenepb COBepIIIHTb o6paTHblll nepexo.n OT H30Tp0IlHOH cpe.z:t:hl K aHH30-

TPOilHOH, TO .ne¢opMaum1 HOCHT o6paTHbIH xapaKTep H npoHCXO.z:t:HT CJKaTHe B kx pa3 

B.z:t:OJib OCH x. IlpH TaKOH .ne¢opMaIIHH IlJIOCKOCTH 3KBHilOTeHIIHaJihHbie H CHJIOBbie 

JIHHHH npno6peTaIOT BH.z:t:, H3o6paJKeHHbIH Ha pnc. 12.5, H 3TO COOTBeTCTByeT IlOJIIO, 

peaJibHO cym:ecrnyrom:eMy B paccMaTpHBaeMOM aHH30TponHOM .z:t:H3JieKTpHKe. 

j E 
.... ~ 

'6 
.;; 

<i>1=-U3 
~1--+-fo+J--+-+-+--+--Hf.H H+--+--X 

Pnc. 12.5. Kapnrna 3II oT l\Byx rrpoBOl\OB )'(Jill aHJ130TporrnoiJ: cpel\bI 
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KaK BHAHO H3 rpa<i>HKa, B aToM c.rryqae JIHHHH aJie1<TpWiec1<oro cMem;eHHH MoryT 

COCTaBJIHTh c 9KBHIIOTeHIJ;HaJIHMH yroJI, 3Ha'IHTeJihHO OTJIH'IaIO:rn;HHCH OT 90°. 3To 

ecTeCTBeHHO, TaK KaK BeKTOp CMe:rn;eHHH jj Mo:>KeT He COBIIMaTh 110 HanpaBJieHlUO 

c HanpH:>KeHHOCThIO aJie1<Tpuqec1<oro rroJIH E = - grad cp . 
TaK KaK eMKOCTh Me~ rrpoBOAaMH rrpH rrpeo6pa3oBaHHH rrpoCTPaHCTBa He MeM

eTcH, TO Jierao IIOAC'IHTaTh eMKOCTh, rrpHXOM:rn;yroCH Ha eAHHHicy AJIHHhl rrpoBOAa: 

c 1t£1 
0 - 2k d 

In x 

ro(1 + kx) 
(rrpeAIIOJiaraeTCH, 'ITO paccTOHHHe Me)l(Ay rrpoBOAaMH MHOfO 6oJibIIIe HX AHaMeTpa). 

Bhlpa3HB kx H £1 tJepe3 rrapaMeTphl aHH3oTponHoro ,UHaJieKTpHKa, rroJiyqaeM: 

1t~€x€y 
Co = ---'-----

2dJE': 
ln---~--

r0 ( .JE: + JE:) 

(12.32) 

B TOM cJiyqae, Kor,na OCH aHH30TpOIIHH MaTepHaJia He COBIIMaIOT c OCHMH CHM

MeTpHH rraphl rrpoBOAOB, Ae<l>opMaIJ;HH HOCHT xapaKTep, rrpeACTaBJieHHhIH Ha 

pHC. 12.6. IlpH Ae<l>opMaIJ;HH BAOJih OCH x pacCTOHHHe Me)l(AY OCHMH rrpOBO,UOB 

rrpMHHMaeT cJieAyro:rn;ee 3Ha'IeHHe: 

€ -€ 
d1 = d 1 + Y x cos2 a, 

Ex 

rAe a - yroJI Me:>KAY COBMeCTHOH OChIO ABYX rrpoBOAOB H OChIO .ne<l>opMaIJ;HH. 

A 

ro 

y Yi 

2kxro 
Pile. 12.6. KapTHHa 3Il OT .ll.BYX npoBO.l\OB ,ZJ,JUI aHH30Tponttoil cpe,ZJ,bI 

nptt HeCoBira,ZJ,eHIIII oceif CIIMMeTplIII napb! rrpOBO,ZJ,OB 

EMKOCTh eAHHHIJ;hI ,UJIHHhI rrap1>1 rrpoBo,noB B 9TOM cJiyqae 

1t~€x€y 
Co = ---,,========-

2d le sin
2 a + EY cos

2 a ln '\/ Y 

r0 ( .JE: + JE':) 

(12.33) 
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HpUMep 12.2. AHU3omponHwii u,wiuHop 6 aJ1e1Cmpu11.ec1CoM noJle. PaccMoTpHM 

QHJIHH!l:P pa.n:n:yca ro H3 MaTepHaJia c aKCHaJihHOH aHH30Tporrneii B 3II, HarrpaBJieH

HOM rreprreH,Z(HKym1pHo ero OCH. B 3TOM cJiyqae H30TporrH3HpyIOmee rrpeo6pa30Ba

HHe KOOp,Z(HHaT CBO,Z(HTC51 K pa.l(HaJihHOH .n:eqJOpMaQHH BHyTpeHHHX CJIOeB I_[HJIHH,Z(pa 

[12.4], Bbipa:>KaeMOH CJie.n:yIOIQHM rrpeo6pa30BaHHeM KOOp,Z(HHaT: 

(12.34) 

(16.35) 

PaccMaTpHBaeMoe H30TporrH3HpyIOmee rrpeo6pa3oBaHn:e Koop.n:HHaT rrpHMeHHMO 

rrptt JII06oM BHeIIIHeM IlJIOCKOIIapaJIJieJihHOM IlOJie, HarrpaBJieHHOM neprreH1XHKYJI5Ip

HO OCH I.!HJIMH,Z(pa. 

HpUMep 123. AHu3omponHwii map 6 aJ1e1Cmpu11.ec1CoM noJle. PacqeT IIOJI51 ma

pa co c¢epn:qecKOH aHH30Tpontteii BO BHeurneM 0,Z(HOpo.n:HOM IlOJie MO:>KeT 6bITh 

TaK:>Ke npOH3Be,Z(eH c llOMOIQhIO H30TpOIIMHM3HpyIOmero rrpeo6pa3oBaHH51 Koop.n:H

HaT. B aToM cJiyqae rrpeo6pa30BaHn:e Bhrpa:>KaeTC51 aHaJiornqHo (12.34) [12.7] 

R1 = ~-~ R~, ( 12.36) 

a E, M E, - ,Z(tt:')JieKTpHqecKM rrpOHHI_[aeMOCTh B HanpaBJieHMH pa.n:Hyca H rreprreH

,Z(MKyJI51pa K HeMy. 

3JieKTpH'leCKoe IIOJie BHYTPH c¢epbI HOCHT TaKOH .:>Ke xapaKTep, KaK H B UHJIHH

.upe. 

CoBepmeHHO aHaJIOrHqHo pemaeTC51 3a,n:aqa H JJ:JI51 3JIJrnrrcoH,n:a BpameHH51 c 3JI

JIHIICOHJJ:aJihHOH aHH30Tporrn:eli [ 12. 7]. 
KpoMe paccMOTpeHHhIX rrpn:MepoB Mo:>KeT npe.n:crnBHTh MHTepec paccMOTpeHHe 

CTaQHOHapHbIX 3JieKTpn:qecKHX M CB513aHHhIX c HHMM rH,n:po,n:HHaMHqecKHX IlOJieii 

B rpyHTax rrpH 3JieKTpOOCMOTHqecKOM B03JJ:eHCTBHM Ha 3TH rpyHThI [12.5, 12.6, 
12.9]. 

12.2.2. Pac'leTbl MarHMTHblX nonei1 
2l:JI51 pacqeTa ¢eppoMarHHTHhIX cep,n:eqHHKOB, CBHThIX H3 M30TpOIIHOH JieHThI, HO 

HMeIOIQHX pa3JIHqHyIO cpe.n:HIOIO MarHHTHYIO rrpOHHIIaeMOCTh B,Z(OJih H rrorrepeK BHT

KOB HJIH CBHTbIX H3 aHH30TpOIIHOH JI~Thl, HMeIOmeii OCH aHH30TpOIIHH, He COBIIa

,n:aIOIQHe c ochIO JieHThI, Ba:>KHO yMeTh paccqHThIBaTh 3HaqeHHe acp¢eKTHBiroii Mar

HHTHOH rrpoHmraeMOCTH B.l(OJib cpe,n:Heii JIHHHH rnpoII,n:a. 

Orrpe.n:eJieHHIO a¢¢eKTHBHOH MamHTHOH npoHmraeMOCTH rnKoro cep,n:eqHHKa 

rroCB51IQeHa pa6orn [ 12.10] . 
.lJ:JI51 aTOro CJiytIM Heo6xo.n:HMO yqn:ThIBaTb pa3MarnHqHBaIOmee .n:eiicTBHe 6oKo

BhIX KpaeB JieHTbl H norrepeqHhIH MarHHTHbIH IlOTOK, 3aMbIKaIOIQHHC51 qepe3 B03,n:yx 

Me:>K,n:y KPMMH JieHThI. 

3rn 3a,Z(aqa MO:>K!'.T 6hITh pemeHa nyTeM rrpeo6pa30BaHH51, Bhipa:>KaeMoro yMHo

JI<eHHeM Ha TeH3op A . 



256 r11asa 12. Pac4eT 3/leKTpoMarHITTHblX no11eili s aHM30TpOnHblX cpe.Qax 

~ PaccMoTpnM aHn30Tporrny10 ¢eppoMarHHTHYIO ( c MarnnTHoii: rrpoHmi;aeMOCThIO 

µ) rn1acTnHy, Haxoivmi;y10c.H B MTI c Harrp.H)KeHHocThIO Hr; KaTymKn, HarrpasJieH

HOM no OCH ~ (pnc. 12.7, a) 

l] 

a 

µ'ik b 

6 

Puc. 12.7. K pac'!eTy MarHHTHoro rrom1 B aHH3oTporrttoll: rnrncTHHe: 
a - aHH30TpOIIH<UI HCXOAH<U! 3Ma'Ia; 6 - rrpeo6pa30BaHHaH aHH30TpOIIH<UI 3Ma'!a 

3¢¢eKTHBHa.H MarHHTHa.H rrpottmi;aeMOCTb IIJiaCTHHbl MO)KeT 6bITb Bbipa)KeHa 

qepe3 MarHHTHhlH IIOTOK, CIJ;eIIJieHHbIH c Oll;HHM BHTKOM, CJieii;ylOIIJ;HM o6pa30M: 

<Po µ3 =--. 
bHr; 

(12.37) 

3ii;ecb <Po - MarHHTHbIH IIOTOK, rrpHXO)J;.HIIJ;llHC.H Ha e)J;HHHIJ;Y )J;JIHHbl BllTKa B Ha

rrpaBJieHHH, rreprreH)J;HKYAAPHOM IIJIOCKOCTH qepTe)Ka. 

,llJI.H pacqeTa MarHHTHoro rroToKa <1>0 yii;o6Ho rrpoH3Bec1n rrpeo6pa3oBaHHe, co

OTBeTCTBYIOIIJ;ee C)J;Bllry ITO OCH ~ (yMHO)KeHHe Ha TeH3op A ). IloJiyqaeM rrpeo6pa-

30BaHHYIO 3aii;aqy, B KOTOpoii: OCH aHH30TpOIIHll IIJiaCTHHbl COBIIa)J;aIOT c OC.HMH IIJia

CTHHbl T\ 1 
H ~', HO HaMOTKa KaTymKH CTaHOBHTC.H KOCOH (pHC. 12.7, 6). 

EcJIH B rrepsoHaqaJihHoii: 3aii;aqe 

(12.38) 

TO TerrepL 

(12.39) 
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a . 2 2 µ11 = µ11, = µx sm a + µY cos a. (12.40) 

BemPrnHa C,ll,BHra a 1 Bbipa)KaeTC.H cJie,ll,yIOIUHM o6paaoM: 

a = as b = µY - µx . b. 
1 11 µxtga+µYctga 

(12.41) 

Orrpe,ll,eJIJHI IIOTOK <1>0 KaK cyMMY .ll.BYX COCTaBJIJ'IIOIIJ;HX, COOTBeTCTBYIOIIJ;HX ceqe

HHJ'IM, nepneH,ll,HKYJIJ'IPHhIM OCJ'IM ~ H Tl' noJiyqaeM 

<J>'f, = H'f,µ'f,,b , (12.42) 

<1> _ H a; 1 
11 'f, b µ 11, 1+(µ

11
, -1)N11 

(12.43) 

. 3Aech N 11 - pa3MarttnqnBa10mn:H: <PaKTOp rrJiaCTHHhI npn ee HaMarHnqnBaHHH 

B HanpaBJieHHH OCH Tl . 
Bb1pa)KaJ'I <1>0 qepe3 <J>'f, H <1>11 H IlO,ll,CTaBJIJ'IJ'I B (12.37), HaXO,ll,HM 

a'f,11µ11' (12.44) 

IlyTeM HeCJIO)KHbIX npeo6pa30BaHHH 3TO Bbipa)KeHHe MO)KeT 6hITh CBe)l;eHO 

K <PopMyJie, noJiyqeHHOH B [12.10] )l;JIJ'I µ11, >> 1. 
Ilpn <J>'f, >> <1>11 <PopMyJia (12.44) npno6peTaeT 6oJiee npocrn:H: BHA [12.11]: 

12.3. Kaa3MCTaTM"leCKMe 3neKTpM1.1ecKMe 
M MarHMTHble nonH 

(12.45) 

EcJIH ,ll,JIHHa aJieKTpoMarttHTHOH BOJIHhI B MaTepttaJie MHoro 6oJihIDe, qeM ero paaMephI 

B ttanpaBJieHHH, nepneH,ll,HKJJIJlPHOM BeKrnpaM E H ii, TO MaTepttaJI MO)KHO cqnTaTh 

rrp03paqHbIM ,ll,JI.H 3JieKTpoMarHHTHOH BOJIHhl H IlOJih30BaTbC.H ypaBHeHHeM (12.5). 
0)l;HaKo Teneph y)Ke B Kaqecrne TeH3opa ,ll,H3JieKTpttqecKOH H MarHHTHOH npoHH

n:aeMOCTe:H: Heo6XO)l;HMO BBO,ll,HTh KOMITJieKCHbie BeJIHqHHhl. 

~ ~t ~II 

e = e - je , 

~ ~' ~" r=r-jr, (12.46) 

~' ~" Ji=µ -jµ. 

TaK KaK KOMITJieKCHbie BeKTOpbl 3KBHBaJieHTHOro CMem;eHHJ'I jj H ITOJIHOH IIJIOT

HOCTH TOKa ~ CB.H3aHbl Me)K,ll,y co6oll: [12.11] COOTHOIDeHHeM 

9 N26063 
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. . 
8 = jroD, (12.47) 

TO Me:>K,uy IIOJIHblMH 3KBHBaJieHTHbIMH KOMIIJieKCHbIMH npoBO.UHMOCTbIO H .ummeK

TpttqecKo:ii npOHHUaeMOCTblO BbIIlOJIH.HeTC.H 3aBHCHMOCTb 

A A r= jroe. (12.48) 

Ilptt IIO,UCTaHOBKe BMeCTO BeiuecTBeHHhIX 3HaqeHHM £ H µ COOTBeTCTBYIOIUHX 

KOMIIJieKCHbIX BeJIHqHH ,UJI.H pacqeTa KBa3HCTaUHOHapHbIX IIOJie:ii B aHH30TpOIIHbIX 

cpe.uax IIOJIHOCTbIO MoryT 6hITb npHMeHeHbl Bee BbIBO,Ubl, c,ueJiaHHhie .UJI.H CTa111rn

HapHbIX IIOJie:ii. 

ToqHo TaK :>Ke no <t>opMyJie (12.44) MO:>KeT 6b1Th Ha:ii,ueHo 3HaqeHHe KOMIIJieKc

Ho:ii MarHHTHOM npOHHUaeMOCTH B HarrpaBJieHHH HaMarHHqHBaHH.H JIHCTa. IlocJie,U

Hee cnpaBe,UJIHBO B Tex CJiyqa.Hx, Kor.ua MO:>KHO npeHe6peqh pa3JIHqHeM B IIOTep.HX 

Ha rHCTepe3HC rrpu IIOCTynaTeJibHOM H BpaiuaTeJibHOM rrepeMarHHqHBaHH.HX. 

Atttt3oTpontt.H cBo:iicTB MaTepHa.n:a npH ttecoBna,ueHHH HanpaBJieHH.H BHemHero 

IIOJl.H HM c 0,UHOM H3 oce:ii aHH30TpOIIHH npHBO,UHT K B03HHKHOBeHHIO 3JIJIHIITHqe

CKOro BpaiuaIOiueroc.H IIOJl.H. Ha.n:uqHe TaKoro IIOJl.H HMeeT cyiuecTBeHHOe 3HaqeHHe 

rrpH H3MepeHHH MarHHTHbIX CBOMCTB 3JieKTpOTeXHHqecKOM CTaJIH Ha ueJiblX JIHCTax 

[ 12.12]. 
PaccMOTpeHHe H30TponH3ttpyIOIUHX rrpeo6pa3oBaHH:ii .UJI.H cpe.u c KOMnJieKCHbIMH 

rrapaMeTpaMH II03BOJIHJIO npe,n:JIO:>KHTh [12.13-12.14] MeTO,u mMepeHH.H cBo:iicTB 

aHH30TpOIIHbIX .UH3JieKTpHKOB B TIOJI.HX BbICOKOM qacTOTbl. 

IlpH H3MepeHHH cpe,n:He:ii KOMIIJieKCHOM .UH3JieKTpttqecKOM rrpottuuaeMOCTH 

MaTepuaJioB c BOJIOKHHCTo:ii MJIH cJiottcTo:ii CTPYKTypo:ii (6yMara, np.H:>Ka, BOJIOK

HO) 6brnaeT oqeHb npoCTo H3MepttTh ee B rronepeqttoM HanpaBJieHHH (t. ) H 

BCTpeqaeT 3aTpy,n:HeHtte H3MepeHHe B.UOJih BOJIOKOH (tx), TaK KaK TPY.UHO ocyiuecT

BHTh KOH,UeHCaTOp, B KOTOpOM 3II 6bIJIO 6b1 HanpaBJieHO B,UOJlb BOJIOKOH HCCJie,uye

MOro MaTeptta.n:a. 

3ttaqttTeJihHO npoiue npoH3BeCTH H3MepeHHe Z- KOMrrJieKcHoro corrpoTMBJieHH.H 

KOH,UeHCaTopa B BH,Ue .UBYX napa.n:JieJihHblX JieHTOqHbIX 3JieKTpO.UOB, YJIO:>KeHHbIX 

B IIJIOCKOCTH pa3'heMa .UBYX CJIOeB KHTibl HCCJie,uyeMoro MaTeptta.n:a. 3Ha.H reoMeTpH

qecKyIO eMKOCTb c .UBYX TaKHX JieHT, JierKo paccqHTaTb cpe,n:Hee reoMeTpHqecKOe 

3HaqeHHe .UH3JieKTpHqecKOM npOHHUaeMOCTH B HanpaBJieHH.HX B,UOJib BOJIOKHa (x) 
H nonepeK (y). 

r;:;::- 1 
-..r=,xcy = jmCoZ . (12.49) 

. 
Ha octtoBaHHH ,n:Byx H3MepeHH:ii onpe,ueJI.HeTc.H 3HaqettHe f,Y. 

c TIOMOIUblO aHaJIOrHqHbIX npHeMOB MOryT 6hITb H3MepeHbl napaMeTpbI MaTe

pttaJIOB c aKCHaJlbHOM aHH30TpOrrHe:ii [12.14]. 
lfayqeHtte KBa3HCTaUHOHapHbIX 3II H MIT B aHH30TponHhlX nornoiuaIOIUHX 

cpe.uax HMeeT 6oJibIDOe 3HaqeHHe .UJI.H pemeHH.H 3a,n:aq MarHHTHOM TeXHHKH 

[12.15] H TeXHHKH BbICOKoqacTOTHOro HarpeBa .UH3JieKTPHKOB H noJiynpOBO,UHH

KOB [12.16]. 
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12.4. BonHOBb1e npo .... eccb1 a cpeAax 
~ ~ 

co CTPYKTYPHOM aHM30TponMeM 
Ilpn ,[(JIHHe BOJIHbl B paccMaTpHBaeMOM MaTepnaJie TaKOfO JKe rrop.H.n;Ka, qTo H pa3-

Mepb1 MaTepnaJia, yiKe HeJib3.H IIOJib30BaTbC.H ypaBHeHHeM (12.5) H rrepecTaIOT 6b1Tb 

crrpaBe,[(JIHBbl Bee c.z:i;eJiaHHbie Ha OCHOBaHHH 9TOro ypaBHeHH.H BblBO.[(bl. 

0.z:i;HaKO H B 9TOM cJiyqae rrpn pacqeTe IIOJieM B aHH30TpOIIHOM cpe.z:i;e MOiKeT 

6bITb rrpHMeHeHO H30TpOIIH3HPYIOIIIee rrpeo6pa30BaHHe. 

TaKHM rrpnMepoM MOiKeT 6bITb pacqeT IIOJI.H rrp.HMoyroJibHoro cTepJKH.H, B rrpo

AOJibHOM MIT, cnttycon.z:i;aJibHO H3MeH.HIOI11eMc.H BO BpeMeHn [12.17]. 
CoBMecTttoe pemeHne ypaBHettn:H MaKcBeJIJia B KOMIIJieKctto:H cpopMe .n;JI.H aHH-

30Tporrttoro CTepiKH.H (pnc. 12.8, a) HMeeT BHA 

(12.50) 

lfaoTporrn3npyIOIIIee rrpeo6pa3oBattne x 1 = x, y1 = Y~'Yx / 'Yy rrpHBO.z:IHT am 
ypaBHettne K H30TporrHoMy BH.n;y. CooTBeTCTBeHHO B Koop.z:i;nttaTax Xp y1 cTepiKeHb 

rrpno6peTaeT .z:i;ecpopMnpoBaHHbIM BH.z:I (pnc 12.8, 6). 

a 

2a 

iio 
x 

6 

2b 

x 

2a 

2b· [J; 'lit 
PHc. 12.8. K pac'!eTy 3JieKTpoMarnHTHoro rroJI.H B aHH30TporrHoM cTepi1rne: 

a - aHH30TpOIIHa.H HCXOt\HM 3Ma'!a; 6 - rrpeo6pa30BaHHM aHH30TpOIIHM 3Ma'!a 

IlpHMeH.H.H AAA pacqeTa IIOBepXHOCTHOro acpcpeKTa B rrp.HMoyrOJibHOM H30Tporr

HOM CTepJKHe H3BeCTHOe BbipaiKeHHe, IIOJiyqaeM AAA cpe.z:i;Heii KOMIIJieKCHOM Mar

HHTHOM rrpOHHilaeMOCTH CTepiKH.H CJie.n;yIOillYIO cpopMyJiy: 

1_ 642: 1 jroµ,Yx'Yy 

7t4 m,n m2n2 . (7tm)2 (7tn)2 
1roµ, 'Yx 'Yy + 'Yx 2a + 'Yy 2b 

(12.51) 

Pa3YMeeTc.H, 9Ta cpopMYJia rrpnMeHHMa KaK rrpn BemecTBeHHbIX µ H y, TaK n rrpn 

KOMIIJieKCHbIX H .z:i;aeT B03MOJKHOCTb cyAHTb o .z:i;ncrrepcnn MarHHTtto:H rrpottn11aeMocTH. 
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HecKOJihKO CJIO:tKHee pac11eT cpel(Heil: MarttMTHOM rrpoHmi;aeMOCTM rrptt MMKpo

cTpyKTypHoil: aHM30TpOIIMM, KOrl(a CTaJibHOM cepl(elJHMK Ha6paH M3 M30JIMpoBaHHbIX 

Ol(Ha OT l(pyroil: CTaJibHblX IIJiaCTHH M Heo6xOl(MMO y11eCTb BOJIHOBOM xapaKTep pac

rrpel(eJieHHH ITOJIH B rrpel(eJiaX Ka)Kl(OM IIJiaCTMHhl M Bl(OJib CJIOH 3JieKTpM1IeCKOM 

M30JIHIJ;MM. 3TOT BOIIpoc HCCJiel(OBaH KaK l(JIH yCTaHOBMBIIIerocH rrpoIJ;ecca B JIMHeM

HOM cpel(e [12.18, 12.19], TaK M l(JIH HeycTaHOBMBIIIerocH rrpoIJ;ecca B HeJIMHeil:Hoil: 

cpel(e [12.18]. 

12.5. Pac1.1eT aHM30TponHblX 3KpaHoe 

12.5.1. C<l>epM1.1ecKMe 3KpaHbl 
HpUMep 12.4. MHOWCJlOUHblU c<jJepu11eC1CUU 31CpaH [12.20]. 

L{JIH l(MIIOJIH B OTCYTCTBMe 3KpaHa MMeeM: 

00 00 

U(r) = l:[Un(r)]B + l::[Un(T)]r, 
n=O n=O 

rl(e HHl(eKC B 03HatJaeT «BepTMKaJibHbIM», a r - «ropM30HTaJibHbIM». 

I 
rn 

[Un(r)] B= -mB(n + 1) an+2 Pn(cos0)' (a> r)' 

[Un(l)],r= -mr sin <p a::2 Pn1(cos0), (a> r), n = 1, 2, .. ., 

m = mB . noz + mr . noy ' 

(12.52) 

(12.53) 

(12.54) 

rl(e (r,0,<p) - c<t>eptt11ecKMe Koopl(MHaTb1; Pn(cos0) - rroJIMHOMbI Jle)KaHl(pa; p: (cos 0) - rrpMcOel(MHeHHbie <i>YHKIJ;MM Jie)KaHl(pa. 

B pesyJihTaTe peIIIeHMH 3al(atJM l(JIH CKaJIHpHoro MarHlITHoro rroTeHIJ;MaJia IIOJIH 

B IIOJIOCTM 3KpaHa ( r <Ra, Ra pal(Myc BHyTpeHHeM IIOJIOCTM 3KpaHa) IIOJIYtJaeM 

<i>opMyJiy 

U;(T) =~Sn {[Un(r)]B + [U,,(T)jr} = S1~ ~: {[un(r)]JB+[un(r)]Jr}, (12.55) 

rl(e S0 Sn - «Kos<i><i>MIJ;MeHThI 3Kpam1p0Bamrn» n-il: rapMOHMKM IIOJIH; TepMMH crn

BMTCH B KaBbllJKM, TaK KaK OH MMeeT 6yKBaJibHbIM CMbICJI JIMIIlb ITO OTHOIIIeHMIO 

K rrepBOM ( n = 1) rapMOHMKe IIOJIH, COOTBeTcTByIOmeil: 3/(eCb Ol(HOpOl(HOMY IIOJIIO 

BHeIIIHeH IIOMeXH. 

IlOCKOJibKY CKaJIHpHbIM ·MarHMTHblM IIOTeHIJ;HaJI orrpel(eJIHeTCH c TOlJHOCTbIO 1(0 

IIOCTOHHHOro (He 3aBMCHII1ero OT KOOpl(MHaT) CJiaraeMoro, Kos<t><i>MIJ;MeHT So MOJKHO 

IIOJIO:tKMTh paBHbIM HYJIIO. CooTHOIIIeHHH l(JIH BeJIMlJMH Sn ( n = 1, 2, ... ) HBJIHIOTCH 

o6o6meHHeM M3BeCTHbIX COOTHOIIIeHHM r. Kal(eHa [12.6] l(JIH Km<i><i>MIJ;MeHTOB 3K

paHMpoBaHMH M peaKIJ;MM o6paTHOro l(eMCTBH51 TpeXCJIOMHoro 3KpaHa B cJiy11ae, KO

rl(a MCTOlJHMK CMemeH M3 IJ;eHTpa 3KpaHa, CKaJIHpHbIM MarHMTHbIM IIOTeHIJ;liaJI KOTO

poro OIIMCbIBaeTCH <t>opMyJiaMM ( 12.52-12.54): 
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(12.56) 

(12.57) 

(12.58) 

lfH.a;eKChl ( i ) H ( a ) yKa3hIBaIOT Ha BHyTpeHHIOIO H BHeIIIHIOIO peaKllHH; WY) 
H W~a) - «K03cpcpHI1HeHThl o6paTHOrO .a;eMCTBH5I» TpeXCJIOMHOro 3KpaHa; (S1)n, 
(S3)n - «K03cpcpHI1HeHThl 3KpaHHpOBaHH5I» rrepBoro H TpeTbero (c µ, ""'1) CJIOeB. 

(S1)n = [1 + <~~ :1~ (µ, :_ 1)(1- µ~ 1 )(1-112"+1 )r
1

• (12.59) 

(S3)n =[1 + <~~ :1~ (µ, -1)(1- µ~1 )(1-1;"+1 )r. (12.60) 

r.a;e ( iv;(i) L ' ( iv;(a)). ' ( W3(il). ' ( w;a1 - «K03cpcpn11neHThl o6paTHoro .a;eMCTBHJI» 

(BHyTpeHHHM H BHeIIIHHH) rrepBoro H TpeThero CJIOeB. 

l(w;(il) I (1+n+1J 
1 

n = _ n(n + 1) (S) ( _ 1)(1 _ z2n+I) nµ, 
(iv;(a)). (2n + 1)2 I n µ, 1 (1 + n ) 

(n + 1)µ, 

(12.61) 

(qrn6hI rroJiyqHTh cpopMyJihI ,llJIJI (""'3(i)) H (""'3(a)) , HYJKHO B (12.61) 3aMeHHTh 
(S1)n Ha (S3 )n H /1 Ha /3 ), n n 

11=~/Ra,' 12 =R;,/Ra-,' l3=R;,/Ra,. 

B3JIB 3a ocHOBY cpopMyJihI ( 12.56-12.58) ;:J;JIJI «Kmcpcpn11neHTa 3KpaHnpoBaHHJI» 
H «peaKllHM o6paTHOro .a;eMCTBHJI» TpexcJIOMHOro 3KpaHa, paccMaTpHBaeM o6oJioqKy, 
co.a;epJKaII1y10 N cpeppoMarnHTHhIX cJioeB, pa3.a;eJieHHhIX HeMarnnTHhIMH rrpoMe
JKYTKaMH, KaK TpeXCJIOMHYIO (rrepBhIM CJIOM - IIOi'(CHCTeMa, COCTO.Hllla.H H3 (N-1) 
CJIOeB, BTOpoif CJIOM - HeMarHHTHhIM MaTepHaJI TOJIIIIHHOM dH, a TpeTHM - Mar
HHTHhIM MaTepHaJI TOIIIHHOM dM (pnc. 12.9)). IloJiyqaeM CJie.a;yIOII11Ie peKyppeHTHhie 
COOTHOIIIeHHJI, II03BOJI5IIOII1He HaMTH «Ko3<l>cpn11HeHT 3KpaHHpOBaHHJI» n-M rapMOHHKH 
rroJIJI H «peaKllHH o6paTHoro ;:i;eifcTBHJI» N-cJIOMHoro 3Kpatta qepe3 «K03cpcptt11neHT 3K
pattnpoBaHHJI» H «peaKllHH o6paTHoro .a;eMCTBHJI» (N-1 )-CJIOMHOro 3Kpatta: 

(12.62) 
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( )

2n+1 

w(a) = w(a) + w(a) sn,Nsn,M RN 
n,N n,M n,N-1 S R +d +d 

n,N-1 N H M 
(12.63) 

z 

2 y 

Puc. 12.9. MttorocJiottHhitt ccpepll'IecK11il 3Kpatt 

W (i) w(a) rh (12 59 n,M , n,M MO)KHO IlOJI)"IHTh H3 '+'OpMyJI . -

12.61), eCJIH 3aMeHHTh B HHX 11 Ha ( RN+ dH ) H, KpOMe TOro, B (12.59) 3aMe-
RN +dH +dM 

HHTh (51)n Ha Sn,M; HHAeKC ~M~ B (12.62), (12.63) 0603HaqaeT npHHMJie)KHOCTh K 

MarHHTHOMY CJIOIO; dM H dH - TOJIII(HHbI MarHHTHOro H HeMarHHTHOro CJIOeB 3K

paHa; RN - BHeIIIHHH PMHYC BHyTpeHHeil: o6oJioqKH, coAep)Kall(eil: (N-1)-cJioeB 

cpeppoMarneTHKa: 

RN.=R0 + dM + (N -2)(dH + dM). 

CooTHorneHHe (12.55) noKa3hIBaeT, KaKHM o6pa3oM npo.srn.IDieTc.si: BJIH.sIHHe aK

paHa Ha aMITJIHTYAY n-il: npoCTpaHCTBeHHOH rapMOHHKH IlOJI.sI B ITOJIOCTH 3KpaHa. 

Cyll(eCTBeHHO, qTo A.IDI IlOJieH c MaJIOH OTHOCHTeJihHOH HeOAHOPOAHOCThIO, KOrAa 

MO)KHO orpaHHqHThC.sI HeCKOJihKHMH nepBbIMH npocTpaHCTBeHHhIMH rapMOHHKaMH 

IlOTeHIJ;HaJia (n::::; nmax' rAe nmax ~3-10), OTHOIIIeHHe Sn/S1 6bICTpO y6hIBaeT c poc

TOM HOMepa n. 
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L{m1 cocTaBJIHI011111x Harrp.H)KeHHOCTH MIT B ITOJIOCTH 3KpaHa H~) rrpH 3TOM 
} 

MO)KHO 3allHCaTb: 

H~J =_!_ {)U(i) =sit Sn_!_ {)Un =SI I aUI + t Sn_!_ {)Un I· 
hj {)a,j n=1 SI hj {)a,j hjaaj n=2 SI hj {)a,j 

(12.64) 

r)l;e HH)l;eKC ( 12.52) yKa3bIBaeT Ha BHyTpeHHIOIO llOJIOCTh 3KpaHa; j = 1, 2, 3; a.I = r; 
CX2 = 0 ; CX3 = q> ; h1 = 1 ; ~ = r ; ~ = T sin 0 , rrepBa.H rapMOHHKa ( n = 1 ), BhI)l;eJieH

Ha.H B (12.64) B OT)l;eJibHOe CJiaraeMoe, rrpH 3TOM COOTBeTcTByeT O)l;HOPOi'J:HOMY llOJIIO, 

BTOpa.H ( n = 2) - i'l:HllOJihHOMY H T. i'J:. 

llpUMep 12.5. HoiJae11euue eblcw.ux npocmpaucmeeHHbtX iap.MoHuK no.TUI 
eueumeii no.Mexu auU3omponHbl.M ct}Jepu'leCKUM aKpaHo.M. L{JIH paccMaTpHBaeMo

ro MarHHTOCTaTHqecKoro pe)KHMa 3KpaHHPOBaHH.H MHOfOCJIOHHa.H o6oJioqKa 

(pHC. 12.9) H3 qepe)l;yIOillHXC.H BeCbMa TOHKHX ¢eppoMarHHTHhIX H HeMarHHTHhIX 

CJIOeB B rrpe)l;eJie, Koma TOJIIllHHa OT)l;eJihHOfO CJIO.H CTpeMHTC.H K HYJIIO rrpH coxpa

HeHHH 06111eii TOJIIllHHhI o6oJioqKH, ¢ttKCHpoBaHHoii ( T- canst , d M + dH ___, 0, 
dM/du - canst), MO)KeT paccMaTpHBaTbC.H KaK CllJIOllIHa.H aHH30Tp011Ha.H cpe)l;a 

c TeH30pOM OTHOCHTeJihHOM MarHHTHOM 11pOHHI1aeMOCTH 

µn 0 0 
- aBi - 0 µt 0 µ---

v aH. 
J 0 0 µt 

(12.65) 

3)l;eCh i, j = 1 COOTBeTCTByeT Pall:HaJihHOM KOOp)l;JrnaTe; i, j = 2 H i, j = 3 - 110-

JI.HpHOM H a3HMYTaJihHOM yrnoBbIM KOOpi'J:HHaTaM COOTBeTCTBeHHO ( n H t - HH)l;eK

Cbl HOpMaJibHOfO H TaHreHI1HaJibHOfO HarrpaBJieHHM K llOBepXHOCTH c¢epttqecKoro 

CJIO.H). 

Hcxo)l;H H3 «MHKpocTpyKTYPhI» paccMaTpHBaeMoro 3KpaHa, HMeeM 

d 
µt ~ µOµr d : d • µn ~ µO · ( 12.66) 

H M 

PaccMOTpeHHe TaKOM MO)l;eJIH «rrpe)l;eJibHO TOHKOCTeHHOfO» 3KpaHa 1103BOJI.HeT 

i'J:OBeCTH i'l:O KOHI1a aHaJIHTHqecKoe pe111eHHe 3a)l;aqn 0 IlO)l;aBJieHHH BbICllIHX rrpo

CTpaHCTBeHHbIX rapMOHHK llOJI.H BHellIHero )l;HllOJibHOro HCTOqHnKa llOMexn 3KpaHOM 

H llOJiyqHTb rrpe)l;eJibHble xapaKTepHCTHKH llO)l;aBJieHH.H BbICllIHX rapMOHHK llOJI.H 

MHOfOCJIOMHbIM c¢epnqecKHM 3KpaHOM B pe)KHMe MarHHTOCTaTHKH. 

B KaqecTBe ncToqHnKa MIT BbicTyrraeT 3JieKTpHqecKHii i'l:HITOJih, opneHTHpoBaH

HhIH B pai'J:HaJibHOM HarrpaBJieHHH. 

3a)l;aqa orrpe)l;eJieHH.H Sn CBOi'J:HTC.H K pe111eHHIO ypaBHeHHM MaKcBeJIJia B pe)KH

Me MarHHTOCTaTHKH B OTCYTCTBHe TOKOB B MarHJITHOM cpe)l;e 

div .B = o, (12.67) 

KOr)l;a aHH30TporrHhIM MarHeTHKOM 3aH.HTa o6JiaCTb rrpoCTpaHCTBa R0 < r < Ra , r)l;e 

Ra= Ra + T - BHellIHHM pall:nyc 3KpaHa, n K Yi'l:OBJieTBopeHHIO rpaHnqHbIM ycJIOBH

.HM Ha llOBepXHOCT.HX o6oJioqKJI (HerrpepbIBHOCTb CKa.T.I.HpHbIX MarHHTHbIX llOTeH11Ha

JIOB H HOpMa.T.IbHblX COCTaBJI.HIOillHX BeKTOpOB MarHHTHOM HHi'J:YKllHH). 
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BBOJJ.51 B ( 12.67) CKaJI51pHhIM MarHHTHhI:iI 110Tem1Ha.n: ii = grad U, 110JiyqaeM 

div(µ grad U) = 0 , (12.68) 

rJJ,e CKa.7I51pHbIM MarHMTHbIM llOTeHUMaJI 11epBMqHoro llOJI51 MafHMTHOfO JJ.HllOJI51 Oll

peJJ,eJI51eTC51 110 cpopMyJie 

1 ~ (1) U = - --M grad - , µ, = µI µ 0 , 
4nµ, r 

(12.69) 

rJJ,e r - pacCT051HMe OT ueHTpa JJ.MilOJI51 JJ.O TOqKM tta6JIIOJJ,eHM51. 

YpaBHeHMe (12.68) JJ.JI51 o6JiaCTe:iI BHYTPM ccpepb1 H BHe ccpepbI 

IiU = 0. (12.70) 

PernettHe (12.70) JJ,JI51 o6JiaCTe:iI BHYTPII M BHe ccpephI MMeeT BHJJ.: 

(12.71) 

u. = - ~ ECn + 1)(!_)n Pn(cos0)- ~ ECn + 1)(R· )n (R· )n+

1

W,,P,,(cos0), 
a n=O a a n=O a r 

r> R
0

, 

rJJ,e Sn' wn - HeM3BeCTHhie K03cpcpMuMeHTbI. 

12.5.2. Kpyroeb1e '-'MnMHAPM'leCKMe 3KpaHbl 
llpUMep 12.6. Pac'l.em a<]><jJeKmuBuocmu 3Kpauupo6aHUR oiJuopoiJuow iapMoHu
'l.ecKoio Mll aHU3omponHW.M KPYWBbtM u,wiuuiJpu'tecKUM aKpaHOM. Tpe6yeTC51 

paccqMTaTh acpcpeKTHBHOCTh 3KpattttpoBaHM51 11epeMeHttoro rapMOHMqecKoro MTI 

KpyrOBbIM UMJIHHJJ.pHqeCKMM 3KpaHOM, MarHMTHa51 11pOHMuaeMOCTb MaTepMa.n:a KO

Toporo 51BJI51eTc51 aHM30Tpontto:iI. Ilo11epeqttoe ceqeHMe UHJIMHJJ.pa 11peJJ,cTaBJieHo Ha 

pHc. 12.10, a. CqttTaeTc51, qTo UMJIMHJJ.P 6ecKoHeqtto JJ.JIMHHhIH, BHernttee MTI c Ha

npmKeHHOCThIO H0 (3;:i;ech M B JJ.aJibHeiirneM MCITOJih3yeTC51 CHMBOJIMqecKM cpopMa 

3a11MCM BeJIHqMH MTI) 11pMJIO:>KeHo nep11eHJJ,HKYJI5IpHo o6pa3yIOIUeii UMJIMHJJ,pa. Ilo-

3TOMY 3a,ZJ;aqy JJ,OCTaTOqHO paCCMOTpeTb B 11011eeeqHOM ceqeHMM B llOAApHOM CMCTeMe 

Koop;:i;ttHaT ( r, a) . MarnMTHM npottttuaeMOCTh µ MaTeptta.n:a aKpatta ( o6JiaCTh III) 

MeH51eTC51 110 JJ.BYM KOOPJJ.MHaTaM (r, a) - µ = l~:I · 3JieKTpHqecKMM IIOTeHUMaJI <l>o 

BHeIIIHero llOJl51 MO:>KeT 6hlib Bbipa)l(eH B BM,ZJ;e (pttc. 12.10, 6): 

<i>o =-H0rcosa = h(r)cosa, 

.:. .:. a<i> .:. .:. 1 a<i> 
H =H cosa=---0 

• H =-H sina=----0 • 
ar 

0 ar ' 00 0 r aa 
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y 

x 

a 

r 

6 

PHc. 12.10. 0)].HOCJIOHHblll KpyroBOll UllJ!llH.l\PllqecKllll ::mpaH c )J.llal'OHaJibHOH aHll30TpOIIlleii: MaTep11aJia 

CBmKeM c u.ettTpoM U.IIJIIIHll:pa 11:eKaprnBy10 cIIcTeMy KOOpll:IIHaT (x, y, z) 
(pnc. 12.10, a), OCb z HanpaBJieHa no OCH ll,IIJIIIH)l;pa. IlpII pac11eTe yqIITbIBaIOTC.H 
TPII o6nacTII: I - B rronocTn QHJIIIH)l;pa, B B03AYIIIHoii cpe11:e c MarHHTHoii rrpoHII
u;aeMOCThIO µ0 - const ; II - B MaTepIIane ll,IIJIIIH,npII11ecKoro aKpatta c MarHIITHoii 
ttanpmKeHHOCThIO µ; III - o6JiaCTh BHe aKpatta, cpe11:a B03AYllIHa.H c MarHIITHoii 
rrpom1u;aeMoCThIO µ0 - const . 

Pe11IeHMIO rro11:neJKaT c1ie11:y10mIIe ypaBHeHtt.H: 

rotH = yE, 
. . 

rot E = -jroB , 
r11:e B - MHAYKIJ.II.H Mil. 

Pomp ttarrp.HJKeHHOCTII rot E pacnIIchrnaeTc.H B BII)l;e: 
. . . . 

rot£= e, rot, £ +ea rota £ + e, rot, £ , 

(12.72) 

(12.73) 
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a BeKTop HH,IJ;YKUHH B - B BH,IJ;e: 

B =erBr +eaBa +e,B,. (12.74) 

B o6Jiacrnx pacnpoCTpatteHHH nepeMeHttoe Mil HMeeT cJie~IOIUHe cocTaBAAIOIUHe: 

I. { 0,jjI}={ t.Ew}; II. { fu.Bu}={ f,u=f,A,jju}; 
III. { o,iJIII} = { ~rIII' liaIII} . 

lfa ypaBHeHHH (12.73) HMeeM: 

r~t i = ! ai, - aia = ! ai . rot i = air - ai, = -ai . 
r r oa {)z r oa ' Cl oz or or ' . . 

..:. 1..:. oi 1 oi rot,E=-E+-a ___ r =O. 
r or roa 

lfa ypaBHeHHM (12.72), (12.73) IIOJI)"IHM: 

. ..:. 1 oi ..:. 1 1 oi 
-;roB =--· H -----r r oa ' r jroµr r oa ' (12.75) 

. . 
. ..:. oi ..:. 1 oi 

-;roBa =--;Ha=-.--. or ;roµCl or (12.76) 

PoTOp ttanpmKeHHOCTH nepeMeHHOro Mil (rot H) MOJKeT 6hITh npe,IJ;CTaBJieH 

B BH,IJ;e: 

rot =e ------ +e ----- +e - +------ = H.:. -[1ofl, ofla] -[oflr oft,] -[1H.:. ofta 1oflrl 
rroa oz a oz or 'r a or roa 

. . . . . . . 
ye}, + yeaEa + ye,E,; E, = E :;r: 0 ; Ea, E, = 0. 

yqHThIBaH (12.74-12.76), MH ypaBHeHHH (12.72) IIOJI)"IHM: 
. . 

!iia + oiia _ 1_ oiir = yf. 
r or roa (12.77) 

Ilo,IJ;CTaBJIHeM (12.72), (12.73) B (12.77): 

~-.:. -.:. 2-.:. . 
r2 0 E + r oE + M2 0 E - r2 k2 E = 0' 

or2 or oa.2 Cl 

r,IJ;e M =~µa/µ, ; ka = ~'jyroµa . 

EcJIH yqecTh, qTO Eu = f (r) cos a, TO 

r 2 f"(r) + rf'(r) - (M2 + r2k~)f (r) = 0. (12.78) 
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EcJrn: C'IIITaTh, 'ITO o6oJIO'IKa TOHKa5I, T. e. r ~ r0 , TO 

~2 = M2 + ro2 k~ ' ~2 > 0 ' 

r 2 f"(r) + rf'(r) - ~2 /(r) = 0, 

f(r)=CJJ(~r +cll(~r 

I ( )
13 ( )-13 .:. 1 1 · r · r . 

H,u =-.---Cu - +Gu - sma, 
;roµ, r r0 r0 

· 1 · · 1 · (r). H,1 = --C1 cosa, Ha1 = -C1 - sma, 
r0 r r0 

. . (1)(r,)2 

. H,m = Gm ro ; + H0 cos a , 

267 

(12.79) 

Conp5I)J(eHIIe pemeHIIH Me)J(AY o6JiaCT5IMII ocymecTBJI5IeTrn npII r = r0 II r = Er0 : 

rAe µ; = µ, / µ0 • 

ilrIII I r=ro = µ;ilrll I r=r0 ' µ;ii,[[ I r=£ro = ii,[ I r=tro ' 

ii olll I r=r0 = ii oll I r=r0 ' ii oll I r=£r0 = ii a1 I r=£ro ' (12.80) 

IloACTaHOBKa (12.79) B (12.80) npIIBOAIIT K CIICTeMe ypaBtteHIIH AJI5I onpeAeJie-

HII5I CI' ell' Gil' Gm: 

(12.81) 

(12.82) 
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(12.83) 

1 ( . p • -P) . 
-.-- Cue + Gue = CI . 
;roµ0e 

K03cpqmu:tteHT 3KpaHttpoBaHM.H K H noJiyqaeTC.H B BII):(e: 
. ~ 1 

KH - HI - 4~ *E -

- iI
0 

- <W + 1)2 
- <W -1)2e2~ ' 

(12.84) 

a 3cpcpeKTMBHOCTh 3KpaHttpoBaHM.H SH : 

H <W + 1)2 - <W -1)2£2~ s =--~-----,,......,...---
4We~-l 

(12.85) 

ilpII cHIIJKeHMM qacTOThI nepeMeHHoro Mil (ro- const): 

~ = 1M2 + rik~ ___, M, W = 1_ __, M ___, ~µ*µ: ___, Q, 
'.J µ: µ: r 

4Q M-1 

Kl! ---7 E 
(Q + 1)2 _ (Q-1)2E2M ' 

(12.86) 

qrn coorneTcrnyeT Bbipa1KeHMIO ):(JI.H KH, noJiyqeHHoMy B [12.21, 12.22]. 

ilpII peIIIeHIIlI ypaBHeHII.H (12.78) 6bIJIO C):(eJiaHo ):(OIIJIIIeHMe, CB.H3aHHOe c TOJI
IIIlIHOM o6oJioqKM A (A ___, 0 ). 3rn II03BOJIIIJIO noJiyq:MTb pernetttte 3a):(aqII B o6bIK

HOBeHHbIX cpyHKI!lI.HX. KaK IIOKa3aJilI BbIIIOJIHeHHbie pacqeTbI, TaKOM IIO):(XO):( ):(OIIyc

TlIM nptt He CJIIIIIIKOM MaJihIX qacrnrnx Btternttero Mil ( f > (103 -;--104
) fu:). ilptt 

6oJiee HlI3KlIX qacTOTax norpeIIIHOCTlI B onpe):(eJieHIIlI BeJIMqlIHbI 3cpcpeKTlIBHOCTlI 

3KpaHMpOBaHM.H yBeJIMqlIBaIOTC.H lI u:eJiecoo6pa3HO perneHMe ypaBHeHII.H (12.78) Ha

XO):(lITb qepe3 cpyttKI!MM EecceJI.H [ 12.23, c. 404]: 

E = [cuf M (r~-k~) + BuYM (rR)]cosa, (12.87) 

r):(e ] M ( r R) - MO):(IIcpMI!MPOBaHHa.H U:MJIMH):(pIIqecKa.H cpyttKI!M.H EecceJI.H 1-ro 

poAa; YM (r~-k~) - MO):(IIcpIII!MPOBaHHa.H U:IIJIMHApIIqeCKa.H cpyHKI!II.H EecceJI.H 2-ro 

po):(a, nop.HAKa M. 
L{JI.H ynpomeHM.H MO/KHO apryMeHT cpyHKIIlIM r~-k~ = r ~-j royµ(J. o6o3HaqlITb 

qepe3 x: 

x = r~-j roµ: "{ = r~roµa yexp( ±j 
3

4
7t) = lxl exp( ±j 

3
;). 

ilpII u:eJIOM noJIOIKMTeJibHOM qttcJie M cpyHKI!MM EecceJI.H OT apryMeHTa x = 

= lxl exp ( ±j 
3

4
7t) Ha3hIBaIOTC.H ¢YHKIIM.HMM KeJihBMHa, KOTOphie rn6yJittpoBaHhI [ 12.24]. 
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(12.88) 

(12.89) 

12.5.3. nnocKMe 3KpaHbl 
HpWKep 12.7. MemoiJ pactt.ema wwc1ww a11U3ompon11ow aJteKmpoMamum11ow 
aKpa11a. PaccMaTp1rnaeTc5I 3Kpam1p0Bam1e MonoxpoMan1qecKoro 3MTI nJiocKoii 

cpeppoMarHMTHOM TIJiaCTMHOH KOHeqnoii TOJIII(MHbl c aHII30TpOTIHbIM1I CBOMCTBaMH 

B ClICTeMe KOOp,11;HHaT x, y, z. L{JI5I IICKJIIOqemrn Heo6xo,a:IIMOCTII yqeTa KpaeBhIX 

3cpcpeKTOB TIJiaCTIIHa cqnTaeTC5I 6ecKoneqnoii B nanpaBJieHHII oceii x II y . MaTe

pIIaJI TIJiaCTIIHbl o6Jia,a:aeT 0,(l;HOOCHOM aHII30TponIIeii napaMeTpOB, KOTOpbie MO)KHO 

npe,a:CTaBIITb B BH,(l;e CIIMMeTpIIqHblX TeH30pOB: 

'Y 0 0 µ 0 0 

"(= 0 'Y 0 'µ=µo 0 µ 0 (12.90) 

0 0 "(, 0 0 µ, 

r,a:e y, µ - 3JieKTpnqecKa5I npoBO,(l;IIMOCTb II MarHIITHM npoHIIIJ;aeMOCTb MaTepttaJia 

3Kpatta COOTBeTCTBeHHO. . 

3MTI B036y)K_a:aeTCH 3JieKTpIIqecKIIM ,1l;IIIIOJieM D(e) c MOMeHTOM ldl. B ypaBHe

HH5IX MaKcBeJIJia o603naqnM ,a:IITIOJih qepe3 J(cm). Hanp51)KeHHOCTII 3MTI { E, H}. YpaB

HeHIIH MaKcBeJIJia npn rapMOHIIqecKoii 3aBIICIIMOCTII noJI5I OT BpeMem1 exp {jcot} 3a

IIIICbIBaIOTC5I B BH,a:e (TOqKII Ha,11; KOMTIJieKCHbIMII BeJIIIqlIHaMII orrycKaeM): 

rotH = yE +pcm), 

rot E = -jµ0µJi . 
(12.91) 

(12.92) 

B KaqecTBe ycJioBIIM Ha noBepxttoCT5IX nJiacTIIHhI (npII z = 0,- A) IICTIOJih3yeM 

cpyn,a:aMeHTaJihHbie rpam1qnb1e ycJIOBII5I [12.20]: 

[e, x(E;+i -E;)]ls =0; [e, x(H;+i -HJ]ls=O, (12.93) 

r,a:e i - 1rn,a:eKc cpe,a:h1; S - noBepxttoCTh nJiacTIIHhI ( S(z = 0, -A)). 
B xo,a:e pernemrn 3a_a:aqII (12.91-12.92) c napaMeTpaMII cpe,a:b1 3a npe,a:eJiaMII 3K

pana µo' fo' 'Yo = 0 II napaMeTpaMII 3Kpatta y, µ Tpe6yeTC5I HaRTII cpyHKUIIIf 3KpaHH

poBaHif5I 3MTI TIJIOCKOM o6oJioqKOM B mme: 

<I>(j) 

K = <I>(e) ' 
(12.94) 

rae <I>(j) - o,a:Ha II3 cpyHKUIIH TIOJI5I B o6JiaCTII 3a 3KpaHoM; <I>(O) - o,a:Ha II3 cpyHK

UHM IIcxo,a:noro nom1. B CBH3II c TeM, qrn cpyttKQHII TIOJIH B CIICTeMe Koop,a:IIHaT 
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x, y, z OIIIIChIBaIOTC.H JJ:BOHHhIMII 6ecKOHe'IHhlMII IIHTerpaJiaMII, B cpyHKI.(II.HX (12.94) 
6yJJ:eM IICIIOJih30BaTh IIX II306paJKeHII.H. 

IlpII perneHIIII B ypaBHeHII.H ( 12.91-12.92) BBOJJ:.HTC.H BeKTOpHhIH A II cKa.11.Hp

HhlH <p IIOTeHI.(IIaJihl BhipaJKeHII.HMM: 

i!JI =rot.A, i = 1,2,3; (12.95) 

E = - jroA - grad <p . (12.96) 

B 06Jiacn1x 1 II 3, KOTOph1e .HBJI5IIOTC5I M30TpontthIMM: µ1 = µ3 = µ0 ; 

£1 = £ 3 = £0 ; "(1 = "(3 = 0, rroTeHI.(MaJihI A II <p CB.H3aHhI cooTHornettIIe Jlopettl(a 

div A-(ik2 /ro)<p= 0, k = ro#o. 
Yrrpomettne ypaBHeHMM JJ:JI.H IIOTeHI.(MaJIOB IIOJI5I B aHII30TpOIIHOH CpeJJ:e BO MHO

fOM 3aBIICMT OT Bh16opa CB5!3II MeJKJJ:y A II <p . B cpeJJ:e c OJJ:Hoocttoii: aHM30TporrIIeii: 

MaKcIIMaJihttoro yrrpomeHII5I ypaBHeHIIH JJ:JI.H A yJJ:aeTC5I JJ:OCTMrHYTh, ecJIII aTy 

CB5!3h 3ai'.(aTh BhipaJKeHIIeM BIIJJ:a 

2 [aAX aAY) aA, -
V 1 ax + ay + dZ + "f2µ2<p - 0' (12.97) 

me vi = µ2 Iµ, = µIµ, · 
2 c y'IeTOM COOTHOIIIeHM5I (12.97) ypaBHeHIIe (12.91) 3aIIMIIIeTC5I B BIIi'.(e: 

rot (i!;1 

rot A)= 

~ +jroµ 0,l + r>+~[":; + ";; j+ a~ jj+µ,jt~l (12.98) 

PacKphrna.H B JJ:eKapTOBhIX KOOpJJ:IIHaTax JieBy10 II rrpaBy10 qacTII ypaBHeHII.H 

(12.98) II IIpIIpaBHMBa.H BhipaJKeHII.H IIpII COOTBeTCTByIOmIIX OpTaX ex,ey,e,, IIOJIYlJa-

eM ypaBHeHII.H i'.(Jl.H COCTaBJI.HIOmnx BeKTOpHOfO IIOTeHI.(MaJia B BMJJ:e [12.25]: 

v2 __!:!!_ + __!:!!_ + __!:!!_ + k2 A = -µ 1·(cm). 
[ 
a
2 A a2 A l az A 

1 ax2 ay2 az2 x,y 2 x,y , 
(12.99) 

2(a
2
A, a

2
A,) a

2
A, k2A 

v 2 a~2 + ay2 + az2 + z + 

+(v2 -V2)- _x +-Y = -µ V2J·(cm) a (aA aA ) 
1 2azax ay 22,, (12.100) 
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):{JI.SI orrpe,n:eJieHHOCTII opIIeHTIIpyeM ocb ,n:IIIIOJI.sI rrapaJIJieJibHO ocII Ox . B o6Jiac

T.sIX 1 II 2 BeKTOpHblH IIOTeHUIIaJI y,n:oBJieTBOp.sieT HeO,n:Hopo,n:HOMY ypaBHeHIIIO 

[ eJibMroJibUa: 

(12.101) 

B MaTepIIaJie IIJiaCTIIHbl .ll:Jl.H COCTaBJI.sIIOIUIIX BeKTOpHoro IIOTeHUIIaJia IIMeeM 

CIICTeMY ypaBHeHIIH (12.99-12.100), HO c HyJieBOH rrpaBOll qaCTbIO (IICTOqHIIK OTCyTCT

ByeT ). BeKTOpHblH IIOTeHUIIaJI IIOJI.sI HeO,n:H03HaqeH, OH orrpe,n:eJI.sieTC.sI c ToqHOCTbIO 

.n:o rpa,n:IIeHTa rrpOII3BOJibHOH cpyHKUIIII [ 12.25]. 3rn CBOHCTBO KaJIII6poBKII IIOTeH

UIIaJIOB II03BOJI.sieT c,n:eJiaTh paBHOH HYJIIO o,n:Hy II3 COCTaBJI.sIIOIUIIX BeKTOpHOro rro

TeHUHaJia. B Harnett 3a,n:aqe y,n:o6~!P rroJIOJKHTb Ay, = AY = 0 . 
fpaHIIqHble ycJIOBII.sI ,n:JI.sI A rroJiyqaIOTC.sI H3 ( 12.97) rrpH IICIIOJih30BaHIIH 

( 12.98-12.99): 

[ 
1 - ~-1 ~i1 n,-rotA-µ2 rot A = 0; 

µo z~o 
(12.102) 

I { - 1 - } {- 1 ( aA aA )}] n, Ai+ k~ grad div Ai - A+ /1grad v: a: + a: z~O = 0; 

[n, ,1;
1 

rot A - _!_rot All = O; 
µo z~-'1 

(12.103) 

[n. l A+ ;, grad( vi a;; + ":,')\- {A, + ~ grad div A, }L_, ~ O. 

KpaeBa.sI 3a,n:aqa (12.102-12.103) pernaeTc51 Mern,n:oM ,n:ByKpaTHoro rrpeo6pa3oBa

HH51 <l>ypbe no KOOp,n:HHaTaM x II y . 

KoHTponbHble eonpocb1 K rnaee 12 
12.1. qTO Bbl IIOHHMaeTe rro.n: aHII30TpOIIIIell: MaTepHaJIOB, HCIIOJib3YeMhlX rrpII 

9KpaHHpOBaHIIH? 

12.2. qeM Bbl3BaHa aHH30Tporrmr MaTepHaJIOB? 

12.3. KaKHe BH.ll:bl aHII30TporrHH Bbl 3HaeTe? 

12.4. Ha30BIITe HeCKOJibKO xapaKTepHblX aHII30TporrHblX MaTepIIaJIOB. 

12.5. B qeM 3aKJiroqaeTc51 cJIOJKHOCTb rrpII pacqeTe 9KpaHOB c aHII3oTponHblMH 

CBOHCTBaMIIMaTepIIaJioB? 

12.6. IlpH KaKIIX ycJIOBII.sIX aHII30TpOIIHble 9KpaHbl rro,n:,n:aIOTC51 aHaJIIITIIqecKOMY 

pacqeTy? 

12.7. PaccKaJKHTe o rrop.sI,n:Ke pacqeTa ccpepHqecKoro aKpaHa. 

12.8. PaccKaJKIITe o rrop51,n:Ke pacqeTa KpyroBoro UIIJIHH,n:pIIqecKoro 9KpaHa. 

12.9. B qeM 3aKJiroqaeTc.sI OCHOBHa.sI TPY.ll:HOCTb rrpH pacqeTe rrJiocKoro aHH30-

Tporrttoro 9Kpatta? 
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rnasa 13 

3neKTpoMarHMTHb1e nonJ1 
e nepeMelQatOll.\MXCJI cpe~ax 

13.1. 3neKTPOMarHMTHOe none .... 
B ABM>KytQeMCJI cpeAe 

13.1.1. Oco6eHHOCTM ypaeHeHMM 
3neKTPOMarHMTHOro nonR B ABM>Kyu.t.eMCJI cpeAe 
YpaBHeHH.sI MaKcBeJIJia i'J.JI.sI i'J.BHiKymuxrn cpei'J. rroJiyqaroTc.s1 H3 attaJionr'IHbIX ypaB

HeHHH i'J.JI.sl HeIIOi'J.BHiKHbIX cpei'1, rryTeM 3aMeHbl qacTHbIX rrpOH3BOi'J.HbIX no BpeMeHH 

IIOJIHbIMH rrpOH3BOi'J.HbIMH, orrpei'1,eJI.sIIDII.lHMH H3MeHeHHe i'1,aHHOH BeJIH'IHHbl B TO'IKe, 

i'J.BHiKYI11eilc.s1 co CKOpOCTbID v BMeCTe co cpei'J.OH [13.1]. 
Ifa BeKTOpHoro aHaJIH3a H3BeCTHO, 'ITO B CHMBOJIH'leCKOH BeKTOpHOH cpopMe 3a

IIHCH i'J.JI.sl Jiro6oil CKaJI.sipHOH BeJIH'IHHbl a : 

i'J.JI.sI BeKTopttoil BeJIH'IHHbI A : 

da aa -
- = -+ (v grad) a, 
dt at 

d.A a.A _ -
-=-+(vgrad)A. 
dt at 

B rrepBoM cJiyqae (v grad)a = v grad a, Bo BTOpoM (v grad)A :;e v grad A. 
B 6oJibIDHHCTBe TeXHH'leCKHX 3ai'1,a'I BbIITOJIH.sIIDTC.sI cJiei'1,yromtte ycJIOBH.sI. 

(13.1) 

(13.2) 

1. MOi'J.YJib CKOpOCTH i'J.BHiKeHH.sI cpei'1,bl v 3Ha'IHTeJibHO MeHbme CKOpOCTH CBeTa 

c ( v < < c) , 'ITO II03BOJI.sieT rrpette6pe<Jb <JJiettaMH Bhlcmero rrop&i'J.Ka MaJIOCTH 

H He Tpe6yeT rrpHBJie<JeHH.sI TeopHH OTHOCHTeJibHOCTH. 

2. MaTepttaJibHble rrapaMeTpbI cpei'1,bI - i'J.H3JieKTpuqecKa.sI H MarHHTHa.sI rrpottm:i;a

eMOCTH H yi'1,eJibHa.sI IIpOBOWfMOCTb - .sIBJI.sIIDTC.sI IIOCTO.sIHHbIMH BeJIWIHHaMH. 

13.1.2. YpaeHeHMR 3neKTpoMarHMTHoro nonR 
B ABM>KYu.t.eMCJI npOBOARu.t.eM cpeAe 
,l{JI.s1 HeIIOi'J.BHiKHOH rrpoBOi'J.&meil cpei'J.bI ypaBHeHH.sI MaKcBeJIJia HMeroT BHi'J. 

rotH=], ]=yE, rotE=-8B/8t, divB=O. 
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,llJHI rrpoBO)VIIUeii cpe)l;bl, )l;Bll)KYIUeiic.si: co CKOpOCTbIO v ' 3aMeHa qacTHbIX rrpo

H3BO)l;HbIX IIOJIHhIMH .naeT 

- - - dB' an' - -rotH' = yE', rotE' =--=---(vgrad)B', div B' = 0, dt at (13.3) 

r.ne 3Haqemu1 BeKTOpOB co IllTpHXaMll OTHOCSITCSI K .ZJ;Bll)KYilleHCSI cpe.ne, T. e. 

K CHCTeMe KOOp)l;HHaT' .ZJ;Bll)KYilleHcSI BMeCTe co cpe)l;OM. 

B CHJIY rrpHHHTbIX ycnoBHH 

(ii grad)B' = v div ii' - rot[vB'] 

H ypaBHeHHH MaKcBenna rrpMHHMaIOT BM)]; 
-, 

- - (- - ) aB -rotH' = yE', rot E' - [vB'] =-at, div B' = 0. (13.4) 

CorrocTaBneHHe 3THX ypaBHeHnii c ypaBHeHHHMH .ZJ;JIH Herro.n;BH)KHOM cpe.n;hI rro

Ka3bIBaeT, qTO B' =ii n E' -[vB'] = E. Cne.nOBaTenhHO, ypaBHeHHH MaKcBenna .nnH 

)l;Bll)KYilleHCH rrpoBO)VIIUeH cpe.z:t;hl MOryT 6b1Th 3arrncaHhl qepe3 BeJilfqlfHbl BeKTOpOB 

IIOJIH B HeIIO.ZJ;Bll)KHOH CllCTeMe KOOp.ZJ;MHaT: 

- - - (- - ) - aB -rotH=y(E+Eu)=y E+[vB], rotE=-at' divB=O. (13.5) 

Ifa 3THX ypaBHeHHH cne)l;yeT, qTO ,nBH)KeHHe rrpoBoMmeii cpe,nhI He H3Mem1eT 

MIT, a 3IT H3MeHHeTCH Ha BenHqHHY Eu = [vB] - rron.H, B03HHKaromero rrpll .ZJ;BH

)KeHHH rrpoBOMilleii cpe)l;bl B MIT. 

13.1.3. YpaaHeHM.A 3neKTpoMarHMTHoro nonR 
B ABM>l<Yll.\eMC.A AM3neKTpM'leCKOM cpeAe 
YpaBHeHHH MaKcBenna )l;JIH Herro.n;BH)KHOH )l;ll3JieKTpnqecKoH cpe,nbI 

- an - an - -rotH =-,rotE =--,div D=p, div B = 0. at at (13.6) 

.llnH cpe,nhI, .ZJ;Bll)KYilleHCH co CKOpOCThlO v H BBe)l;eHHH .ZJ;JIH Hee 3HaqeHHM BeK

TOpOB co IllTpHXaMH, ypaBHeHHH (13.6) rrpMo6peTaIOT BM)]; [13.2]: 

- dn' an' -rotH' =-=-+(vgrad)D', dt at 
-, dB' aii' _ -, 

rotE =--=---(vgrad)B, (13.7) dt at 
div B' = 0 , div n' = p . 

ITpeo6pa3oBaHHe, aHaJIOI'll'IHoe rrpHBe,neHHOMY B pa3,nene 13.1.2, npHBO.ZJ;HT K ypaB
HeHHHM 

-, -, 
( - - ) av (- - ) aB rot H' + [vD'] =fit+ pv, rot E' - [vB'] =-at, (13.8) 

. -, d' -, div B = 0 , 1v D = p . 
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CorrocTaBJiemi:e c ypaBnemnIMH ,n:Jrn nerro,n:BmKnoii: cpe,n:hI rrpttBO.D:HT K cooTHo

meHHHM 

HJIH 

£ = i' - fvB'J. ii= ii'+ [vD'] 

fl' = .5 + EfvB'L n' = n - µ fvD'l. 

(13.9) 

(13.10) 

Ifa (13.9-13.10) MO/KHO Bbipa3HTh Be1rnqttnh1 co nITpttxaMH qepe3 BeJIH'IHHhI 6e3 

IIITpHXOB: 

.51 = fJ + E[vB'l = fJ + E[vB]- Eµ [v[vD'l] = 

= fJ + E[vB] - Eµ { v(vD') - v2 D'} = fJ + E[vBJ- c
1
2 { v(vD') - v2 D'} . ( 13.11) 

1 
TaK KaK no rrpHHHTOMY BhIIIIe ycJIOBHIO cI<opocTb cnew c = C > > v, To rro-

vEµ 
cJie,n:HHMH qJienaMH, rrponop11uoHaJihHhIMH I<Ba,n:paTy MaJioro OTHOIIIenm1 ( v / c)2 , 

MO/KHO npene6pe'Ih. Tor,n:a 

iJ' = iJ + E[vBJ. (13.12) 

AnaJiorn'IHO rr011yqaeTCH cooTHOIIIenue 

B' = B - µ[vD] . (13.13) 

TaKHM o6pa30M, ypaBnettm1 MaI<CBeJIJia ,n:Jia ,n:Btt)Kymeii:rn ,n:m1J1e1<Tptt'Iec1<oii: 

cpe,n:hI, Bhipa)l(eHHbie qepe3 3Ha'IeHHH BeI<TopoB B Herro,n:BIDKHOM CHCTeMe KOOp,n:H

HaT, IIOJiyqaIOT BH,n:: 

~ afJ a ~ ~ aB a ~ 
rotH = - + E-[vB] + pv' rotE = --+ µ-[vD], at at at at (13.14) 

div ( fJ + E[vB]) = o, div ( B - µ[vD]) = o . 

IloHBJienue nonhlx 'IJienon n aTHX ypaBneHHHX 03naqaeT, 'ITO MII co3,n:aeTCH ne 

TOJlhKO H3MeHeHHeM 3II BO BpeMeHII, HOH ,n:BHJKeHHeM HaMarHH'IeHHOM cpe,D:hl H ,D:BH

)KeHHeM BMeCTe co cpetJ,OM CB060)J.HhIX 3apSI,n:OB, a 3II orrpe,neJISieTC>I, IIOMHMO II3Me

HeHmI MII BO BpeMeHH, eme ,n:BmKemreM rroJISipH3oBannoii: cpe)J.hI. 

13.2. 3neKTPOMarHMTHOe none 
so apa1Qa101QMXCJ1 npeo6pa3oeaTenJ1x 

13.2.1. Oco6eHHOCTM TpaHcnopTHblX 
epa1Qat011tHXCJ1 npeo6pa3oeaTeneti 
TpancrropTHhie aJieKTpoanepreTuqecKHe ycTanoBKH rrpe)J.cTaBJI>IIOT oco6yro pa3no
BH,ZJ;HocTb aBTOHOMHbIX :meproycTaHOBOK 0HII xapaKTepmyIOTCSI crre11HcpH'IecKIIMII 

TPe6oBaHHHMII, rrpe.z:o,>IBJI>IeMhIMH K aJieKTpoo6opy,n:oBaHHIO, KOTopoe a1<c1myaTttpyeTC>I 
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Ha TpaHCITOpTHhIX cpe,n:crnax. fJiaBHhre Tpe6oBaHmI: Ha,n:e)KHOCTh pa6oThI B Te'IeHJie 

3a,n:aHHOro cpoKa cJiy)K6hr c yqeTOM ITepeMeHHhIX ycJIOBIIH OKpy:>KaIOlll,eH cpe,n:bl 

(BJiaJKHOCTII, ,n:aBJieHII.sI II TeMITepaTyphI); ITpII HaJIII'IIIII BII6parrIIli; B03MOJKHOCTh 

BOCITpII.sITII.sI KpaTKOBpeMeHHhIX ITeperpy30K ITO MOIIfHOCTII (TOKy); o6ecITe'IeHIIe 3a

,n:aHHhIX ITOKa3aTeJiell Ka'IeCTBa 3JieKTpo::meprIIII ITPII pa6oTe B TpaHCITOpTHOH CIIC

TeMe 3JieKTpOCHa6JKeHII.sI; 3JieKTpoMexaHII'IeCKOe II 3JieKTpoMarHIITHOe 6bICTpoi'l;eli

CTBIIe; yJiyqIIIeHHhie y,n:eJihHhie Maccora6apIITHhie II ITOBhIIIIeHHhie 3HepreTII'IeCKIIe 

ITOKa3aTeJIH; TO'IHOCTh pa60Thl 3JieMeHTOB 3JieKTpoo6opy,n:oBaHH.sI, OTHOC.silll,lIXC.sI 

K IIHcpopMaIIIIOHHOll rpyITne; 3JieKTpoMarHIITHM COBMeCTHMOCTh 3JieMeHTOB 3JieK

Tp03HepreTII'IeCKIIX CHCTeM; ,n:oCTaTO'IHM CTeneHh pe3epBIIpOBaHII.sI; BhICOKHe Tex

HIIK03KOHOMII'IeCKIIe ITOKa3aTeJIII, B TOM 'IIICJie ITpOCTOTa o6cJiyJKIIBaHII.sI B ITporrecce 

perJiaMeHTHhIX pa6oT, JierKOCTh MOHTa)Ka II 3aMeHhI, ITOHH)KeHHM CTOIIMOCTh H3fO

TOBJieHH.sI H 3KCnJiyaTaIIIIH c yqeTOM o6ecITe'IeHII.sI acpcpeKTIIBHOCTII II 6e3onacHOCTII 

ITepeMeIIIeHII.sI, BKJIIO'IM 3JieKTpo6e30ilaCHOCTh. 

,[{aJibHeilIIIee ITOBhIIIIeHHe 3KOHOMII'IHOCTII, 6e30TKa3HOCTII, CKOpOCTII H i'];aJihHO

CTH ITepeMelll,eHII.sI B 3HalJIITeJihHOll Mepe onpe,n:eJI.sIIOTC.sI CTpyKTypoil II cpyHKU:HO

HaJihHhIMII B03MO)KHOCT.sIMII CIICTeM reHepIIpOBaHII.sI, pacITpetJ;eJieHII.sI H IlOTpe6JieHH.sI 

3JieKTpH'IeCKOH 3HeprHH, T. e. KalJeCTBOM 3JieKTpHcpIIKaU:IIH. 

13.2.2. Cl>M3M'leCKMe OCHOBbl 
3neKTPOMexaHM'leCKOro npeo6pa30BaHMH 3HeprMM 
3JieKTpoMexaHII'IeCKOe npeo6pa3oBaHIIe 3HeprHII .sIBJI.sieTC.sI o,n:HOH H3 BaJKHeHIIIHX 

ITpo6JieM, onpetJ;eJI.sIIOlll,IIX COCTO.sIHHe H TeMIThI pa3BIITII.sI 3JieKTp03HepreTIIKII B rre

JIOM. MexattH'IeCKM n aJieKTpwiecKM cpopMhI atteprnII o6Jia,n:aroT BhICOKo:ii cTene

HhIO YITOp.sI,n:oqeHHOCTII, OTHOCHTeJihHO JierKo yITpaBJI.sieMhI II IIIIIpOKO IICIIOJih3YIOTC.sI 

Ha ITpaKTIIKe i'J;JI.sI caMbIX pa3JIII'IHhIX rreJieli. Il03TOMY aKTYaJihHOCTh rrpo6JieMhI B3a

IIMHoro ITpeo6pa3oBaHII.sI 3TIIX BIIAOB atteprnII RMeeT HeITpexo.n:HIIIIIH xapa1nep. 

Ilpo6JieMa 3JieKTpOMexaHII'IeCKOro rrpeo6pa30BaHII.sI B HaCTO.sIIIfee BpeM.sI Bhli');BRraeT 

HOBhie 3a,n:a'IH B CB.sI3H c .ll:aJihHeHIIIIIM pa3BIITReM HayKR H TeXHHKH. IlpnMepoM 

pa3BHTII.sI 3JieKTpOMexaHHKH MO)KeT CJIYJKIITh Ha6Jiro,n:aeMoe paCIIIIIpeHHe ee Tpa,n:II -

U:HOHHbIX rpaHIIU: 3a C'IeT BKJIIO'IeHH.sI aKTyaJibHhIX ITpo6JieM, CB.sI3aHHhIX c pa3pa-

60TKOH CBepxITpOBOi'];HIIKOBhIX 3JieKTpH'IeCKHX MaIIIHH (3M), MarHHTOrII,n:po,n:nHa

MII'IeCKHX ycTpOHCTB, eMKOCTHhIX MaIIIHH, HaKOITRTeJieli 3Heprnn II ,n:pyrIIX o6neK

TOB, o6Jiai'];aIOlll,HX 3aMeTHOH crrerrHcpIIKOH ITO cpaBHeHIIIO c KJiaCCH'IeCKIIMII 3M. 

HecMoTp.sI Ha TO 'ITO o6lll,ne ITpHHU:IIIThI pa6oThI ::meKTpoMexaHII'IeCKIIX ITpeo6pa30-

BaTeJie:ii 3HeprnII xopoIIIO H3BeCTHhI, HX TeopH.sI ITpO,n:OJIJKaeT HerrpepbIBHO COBep

IIIeHCTBOBaThC.sI KaK IlpH ormcaHHH COOTBeTCTBYIOIIIIIX cpH3II'IeCKHX ITporreccoB, TaK 

II ITpH C03,n:aHHH aHaJIIITII'IeCKHX MeTOi'J;OB HCCJiei'];OBaHH.sI xapaKTepHCTHK, OITTHMII-

3a1IIIH, aBToMaTII3arrnn ITpoeKTMpoBaHM.sI H T. rr. Cylll,ecTBeHHoe yrny6JieHHe ITpe,n:

cTaBJieHIIH 0 pa6oTe 3JieKTpOMeXaHIIqecKoro ITpeo6pa30BaTeJI.sI 3HeprHH CB.sI3aHO 

c ITpO.sIBJI.sIIOlll,HMC.sI CTpeMJieHHeM YHHcpMrrHpOBaTb OITHCaHHe pa3.7III'IHhIX THITOB 3M 

Ha 6a3e ei'];IIHOH o6o6lll,eHHOH TeopIIH. IloMIIMO OITIICaHH.sI OCHOBHbIX xapaKTepHCTIIK 

3M, o6o6lll,eHHM TeopH.sI CIToco6crnyeT HaKOITJieHIIIO 3HaHHH ITO 3JieKTpoMexaHII'Ie

CKHM npeo6pa30BaTeJI.sIM B e,n:IIHYIO CHCTeMy, Bhl.sIBJI.sIIOIIIYIO cpytt,n:aMeHTaJihHhIH xa

paKTep 3JieKTpoMexaHHqecKHX nporreccoB B COBpeMeHHOH HayKe. 
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)leilcTBHe :rneKTpOMexamr'leCKOro npeo6pa30BaTeJUI OCHOBaHO Ha ,Zl,BHX<eHirn 

rrpoBO,Zl,HHKOB B 3IT H MIT, K0Topb1e orrHchrnaIOTCH ypaBHemrnMH MaKcBemia 

[13.3]: 

- - afJ rotH=J+-; 
8t 

~ ai3 
rotE= --· 

at' 

div B=O; 

divi5=p, 

(13.15) 

(13.16) 

(13.17) 

(13.18) 

r.ue ii - BeKTOp Hanp.HX<eHHOCTH MIT; ] - BeKTop TIJIOTHocTH TOKa npoBO,Zl,HMO

cTH; D - BeKTop 3JieKTPJITiec1wro cMelI(eHHR; E - BeKTOP HarrpRX<eHHOCTH 3IT; 

B - BeKTOp MarHHTHOH HH,Zl,YKllHH; p - o6neMHa.H IIJIOTHOCTh 3JieKTpJITiec1rnx 3a

pH,Zl,OB. 

YpanHeHHR (13.15-13.18) cJie;a;yeT ;a;onoJIHHTh ypaBHeHHRMH 

B=µil; 
D=EE, 

(13.19); 

(13.20), 

r.n:e µ - a6coJIIOTHa5I MarHHTHaR rrpoHHI1aeMOCTh; € - a6coJIIOTHaJl ,Zl,H3JieKTpH'le

CKa.H rrpoHHI1aeMOCTh paccMaTpHBaeMOH cpe,ZJ,bl. 

B ypaBHeHHH (13.15) rrpH HCCJie,ZJ,oBaHHH 3JieKTpoMexaHH'leCKHX npo11eccoB 

B rrpeo6pa3oBaTeJIHX TOKOM cMelI(eHHH 8D / 8t MOX<Ho npeHe6pe'lh; ocTaBIIIHecH 

'IJieHhI onHchlBaIOT CBH3h MeX<;a;y 3JieKTpH'leCKHM TOKOM H C03,Zl,aHHhIM HM MIT. 

YpaBHeHHe (13.16) xapaKTepH3yeT 3aBHCHMOCTh MeX<,Zl,Y H3MeHHIOII(HMCH BO BpeMe

HH MIT H C03,Zl,aBaeMhlM HM 3IT. YpaBHeHHH (13.17) H (13.18) xapaKTepH3YIOT 

cTpyKTYPY MITH 3IT. lfa HHX cJie,Zl,yeT, 'ITO JIHHHH MarHHTHOH HH,Zl,YKllHH He HMeIOT 

Ha'laJI H KOHllOB, a CHJIOBhie JIHHHH 3IT Ha'IHHaIOTCH H OKaH'IHBaIOTCH Ha 3JieKTpH

qecKHX 3apH,Zl,ax. ITo3ToMy y o,Zl,Hopo,Zl,Horo MIT B KaKoil-J1H60 o,Zl,HOCB5I3HoH pa6oqen 

30He 'laCTh KaX<,ZJ,OH JIHHHH MarHHTHOH HH,Zl,YKllHH 6y,ZJ,eT pacnoJiaraTbCH B OKpy

X<aIOII(eM 3TY 30HY rrpocTpaHCTBe. qT06b1 yMeHhllIHTh 3aTpaThl 3HeprnH Ha C03,Zl,aHMe 

MIT B pa6oqen 30Re, 'lacTo npnxo,ZJ,HTCR pa3MelI(aTh BHe ee <PeppoMarHHTHhIH cep

,Zl,e'IHHK, no KOTopoMy 3aMhIKaIOTCH JIHHHH MarHHTHOH HH,Zl,YKllHH. 

EcJIH X<e Heo6XO,Zl,HMO HMeTh B aHaJIOfH'IHOH 30He 3IT, TO BHeIIIHHe 3JieMeHThl He 

HYX<HhI, TaK KaK 3TO noJie MOX<eT 6hITh co3;a;atto 3JieKTp11qec1rnMH 3apR;a;aMH Ha rpa

HH11ax 30Hhl. 

LlH<P<t>epeHI1HaJihHhle YJl'lBHeHHH (13.15-13.18) .11:aIOT CB.Sl3h MeX<,ZJ,Y 3JieKTpoMar

HHTHhIMH napaMeTpaMH B KaX<,Zl,OH TO'IKe npOCTPaHCTBa. 

ITp11 HCCJie,ZJ,oBaHHH 3JieKTpOMeXaHH'leCKHX npeo6pa30BaTeJieM qacTo rrpHXO,Zl,HTCH 

HMeTh ,Zl,eJIO c ,Zl,HCKpeTHhIMH 3JieMeHTaMH, ,Zl,JIH aHaJIH3a KOTOphIX 6oJiee y.11:06HOM 

OKa3hIBaeTCH HHTerpaJihHa.H cpopMa 3JieKTpO,ll,HHaMH'leCKHX ypaBHeHHH. 

ECJIH HMeeTCH KOHTyp L' c KOTOphIM c11enJieHhI JIHHeHHbie TOKH ii' i2 ' ... ,in' TO 

c noMOII(hIO TeopeMhI CrnKca, npHMeHeHHOM K (13.15), noJiyqHM 
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(13.21) 

To ecTh 11;i1pKymn(IDI MarttMTHoii Hanp.si::>KeHHOCTM no 3aMKHYTOMY KOHTYPY L paBHa 
a.rrre6paMqeCKoii cyMMe TOKOB, cuemieHHbIX c 3TMM KOHTypoM. Bo MHOfMX c.11yqa.si:x 

KoHTYP L , oxBaThrnaromMii TOKM, MO:>KHO pa36MTh Ha ,ll,MCKpeTHhre yqacTKM, B rrpe

,ll,e.11ax KOTOpbIX ii----? const. IlycTb <Pk= Bk sk - MarHMTHblH IlOTOK k-ro yqacTKa, 
HMeIOmero rrorrepeqHoe ceqeHMe Sk M ,ll,JIMHY f k , M B KOHType L MMeeTCH m yqaCT

KOB. YqMThlBM, qTo Hk =Bk / µk, M BBOM MarHMTHoe corrpoTRBJieHMe yqacTKa 

R_..K = lk / µkSk , rro.11yqaeM 

J: _ m m <]J[ m 

J' Hdl = EHik = E-k_k = E<PkRMk. 
L k=! k=1 µkSk k=I 

n 

TaK KaK E ik no orrpe,ll,eJieHMIO ecTb MarttMTO,ll,BM:>Kyma.si: cn.11a (M.UC) KOHTypa, 
k=1 

o6o3HaqaeMM F, TO rro.11yqMM 

(13.22) 

CooTttomettne (13.22) MO:>KHO TpaKTOBaTb KaK BTopoii 3aKOH Kttpxrocpa ,ll,JIH 

MafHMTHOH uerrn: M.UC B KOHType paBHa a.11re6panqecKOH cyMMe MarHMTHbIX Ha

rrpH:>KeHMH <!JkRMk B TOM :>Ke KOHType. TaI<aH cpopMa 3ailHCM 3aKOHa IIOJIHoro TOI<a 
(13.21) oTpa:>KaeT atta.11orn10 Me:>K,ll,Y a.11eKrpnqecKRMH n MarnMTHbIMM l(enHMM: M.UC 

aHaJIOfHqHa 3.lleI<TpO,ll,BMIKYmeii: CMJie (3lJ.C), MarHMTHbIH IIOTOK - BJieKTpHqecKOMY 

TOKy, MarHMTHOe corrpOTMBJieHHe - 3JieKtpnqecI<oMy corrpoTMBJieHHIO. 

AHaJIOflfqHO MO:>KHO IIOJiyqMTb MHTerpaJibHOe rrpe,ll,CTaBJieHMe ypaBHeHMH 

(13.16) . .Um1 aToro yqreM, qTo npH ,ll,BM:>KeHHH cpe,ll,bI B crnuttottapHoM Mn c HH

.l{yK:u;Heii B co cKopoCThIO v B Ka:>K,ll,OH ToqKe rroMHMO npMJIO)!(eHHoro cTopoHHero 

3 n c Harrp.si::>KeHHOCTblO E HaBO,ll,1!,TCH _pn s HarrpH:>KeHHOCTblO Ev = v x B M IIOJIHaH 
HarrpH:>KeHHOCTb 3Il cocTaBHT E' = E +vB . .Ua.11ee, ,ll,o6aBJIHH K o6enM qacrnM 

(13.16) rot(v x B) M yqMTbIBaH, qTQ npM v---* const cornacHo npammaM BeKropHo

ro aHaJIM3a 

aB _ - aB _ - - dB -at+ rot(v x B)=-Bt-(v\i')B=- dt , 

rro.11yqaeM BH,ll,Oll3MeHeHHYIO cpopMy BToporo ypaBHeHRH MaKcBe.11.11a: rot E' = 
= - dB/ dt. IIHrerpttpyH ero no nnoma,ll,M S, orpaHHqeHHoii KOHTypoM L 
H ncrroJib3YH TeopeMy CToKca, rro.11yqaeM 

d<!J 
e=--

dt ' 
r,ll,e e - 3)lC, paBHM 

e= f E'dl. (13.23) 
L 
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Ecm1 KOHTYP CO.l(epJKMT w BMTKOB, TO, BB0,1(51 IIOTOKOCIJ;eIIJieHMe 'I'= w<JJ, IIOJiy

qaeM 

d<JJ d'P 
e=-W--=---. 

dt dt 
(13.24) 

CooTHOIIIeHMe ( 13.24) BnipaJKaeT 3aKOH 3JieKTpoMarHMTHOM MHAYKIJ;MM <l>apa.l(e51: 

3LI:C B KOHType orrpe.l(eJI51eTC51 B351TOM co 3HaKOM MHHYC IIOJIHOM rrpOM3BO,l(HOM no 

BpeMeHM OT IIOTOKOCIJ;eIIJieHM51 KOHTypa. 

3HaK MMHyc B cpopMyJiax ,1(.7151 e CB513aH c MHepu;MOHHbIM xapaKTepoM 3JieKTpo

MarHMTHOM MHAYKIJ;MM: HaBe,l(eHHa51 3LI:C HarrpaBJieHa TaK, qTQ C03,l(aBaeMbIM ero TOK 

rrperrnTcTByeT M3MeHeHMIO MarHMTHOro IIOTOKa (rrpamrno Jlettu;a). 

ITpMMeHMM cpopMyJiy (13.24) K IIJIOCKOM paMoqHOM KaTynme c w BMTKaMM, KO

TOpa51 Bpam:aeTC51 c yrJioBoll: cKopocTnro ro B O.l(Hopo~HOM cTau;MottapttoM MIT c MH

AYKIJ;ttell: B (p11c. 13.1). ITp11 t = 0 IIJIOCKOCTb KaTyIIIKH rreprreHAHKY.7I51pHa B Hee 

IIOTOKOCIJ;eIIJieHMe 'I' MaKCMMaJibHO, T. e. 'I'= 'I'm= wBS, f,l(e 5 - IIJIOIIJ;a.l(b, OXBa

TbIBaeMa51 BMTKOM KaTyIIIKM. QqeBM,l(HO, qTQ 'I' MeH51eTC51 BO BpeMeHM KaK 

'I' (t)= 'I'm cos rot. 

/ 

/ 
/ 

/ 

I 
.I 

I I ,," 
I I / 
I N I/ "'.'\ffi - - - - - - - - _,, ·' 

-----;;i 
/ ' 

,," I 
/ I 

/ I 
// I 

/ I 
I 

s 

PHc. 13.1. PaMoqttaH KaTylllKa B MIT 

B CHCTeMe KOOp.l(HHaT, CB513aHHOM c KaTyIIIKOM, MMeeM 

e(t)=- d'P =Em sin cot 
dt 

Em =W'P m • 

(13.25) 

(13.26) 

(13.27) 

<l>opMyJinI ( 13.26) M ( 13.27) crrpaBe,l(JIMBbI M t(JI.sl CJiyqM, KOrti;a paMKa tterro

~BMJKHa, a c yrJioBoll: cKopocTnro ro Bpam:aroTC51 rroJirocnr, co3,n;arom:11e MIT. 
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qacTO Heo6xo,zv1MO HaHTH 3)lC el Me:lKny KOHIJ;aMH JIMHeHHOro npoBOl(HHKa 

ll:JIHHOH l, lJ:BH:lKymeroc.H co cKopocThIO v B cTan;ttoHapHoM MII c HHll:yKn;HeH B . 
EyneM cqHTaTb, qTo KOHIJ;bl npoBOl(HHKa CKOJib351T no Henol(BH:lKHbIM HanpaBJI.HIO

IIJ;HM, coenttHeHHbIM c naccMBHOH BHenrneM. u;enbIO. Torna lJ:AA BceM. u;enM, oxBaTbI

BaeMOH KOHTypoM L ' noJiyqHM 

e=jE'dl +jEdl +j(vxB)dl. 
L L 

IIepBbIH MHTerpaJI no 3aMKHYTOMY KOHTYPY paBeH HYJIIO, TaK KaK npM cTan;Ho

HapHOM MII crnpottttee 3II - noTeHn;HaJibHoe. Bo BTOpoM HHTerpaJie npeneJihI MH

TerpHpoBaHH.H orpaHHqeHbl l(JIHHOH npOBOl(HHKa, nOCKOJibKY y OCTaJibHbIX aJieMeH

TOB u;enH cKopocTb paBHa HYJIIO. TaKMM o6pa3oM, 

l 

e1 = J (v x B) dl. (13.28) 
0 

Ec.11M npoBOlJ:HHK Henol(BH:lKeH, a lJ:BH:lKYTC.H no.1110cb1, co3naIOIIJ;He ii, no.11yqnM 

TOT )Ke pe3yJibTaT. Ilon v Bcerna c.11enyeT noHHMaTb OTHOCHTeJibHYIO CKOpOCTb npo

BOl(HHKa B MII. 

Ifa (13.28) c.11e,Z1;yeT, qrn 3)lC MaKCHMaJibHa, Koma BeKTOpbI v, ii, / B3aHMHo 

opTOfOHaJibHbl. )lJI.H ::>Toro CJiyqa51 

(13.29) 

HanpaBJieHMe e1 onpeneJI.HeTC.H npaBn.110M npaBoH pyKH: ecJIH 6oJihIIIOH oTorHy

TbIH naJieu; HanpaBJieH no OTHOCHTeJibHOH cKopocTH npoBOll:HHKa, a JIMHMM MII 

BXO,Zl;HT B .lla,Zl;OHb, TO qeTbipe OCTaJibHbIX naJibIJ;a yKa3bIBaIOT HarrpaB.11emi:e el. 
KpoMe ypaBHeHHH MaKcBeJIJia, <l>YHll:aMeHTaJibHbIM cooTHOIIIeHHeM l(JI.H onHca

HH.H 3MII .HBJI.HeTrn 3aKOH 0Ma, ycTaHaB.11HBaIOIIJ;MH cB.H3b Me:lKny 3II M MII, c on

Holi cTopoHhI, H a.11eKTpHqecKHM TOKOM - c .ZJ:pyroM.. B oTcyTcrnne a<P<PeKTa Xo.11.11a 

OH HMeeT BHl( 

J =rE' =r(£ +<v xii)), (13.30) 

TO eCTb nJIOTHOCTb TOKa nponopn;HOHaJibHa H napaJIJieJibHa noJIHOH Hanp.H:lKeHHOCTH 

E', CKJial(b1BaIOII1eHcH H3 Hanp.H:lKeHHOCTH BHeIIIttero 3II c Hanp.H:lKeHHOCTbIO E 
M HaBeneHHOH 3a cqeT ll:BH:lKeHHH Hanp.H:lKeHHOCTM, paBHOH v x B . Koa<P<PHu;HeHT 

nponopu;noHaJibHocTH y Me:lKll:Y J n E' ecTb yneJibHaH aJieKTpHqecKaH npoBonn

MOCTh cpe,Zl;bl. 

lIHTerpaJibHOe npencTaBJieHHe 3aKOHa 0Ma noJiyqaeTC.H npOCTbIM HHTerpHpOBa

HHeM (13.30) no ceqeHHIO npoBOlJ:HHKa. EcJIH K npoBOll:HHKY c conpoTHBJieHHeM R 
( rrpoBO.ZJ:HMOCTbIO G = 1 / R ) npHJIO:lKeHo Hanp.H:lKeHHe U H B HeM HaBOll:HTC.H 

3)lC e' TO no HeMy noTeqeT TOK 

l=G(U±e). (13.31) 

3HaK nJIIOC 03HaqaeT corJiaCHYIO nOJI.HpHOCTb u H e' 3HaK MHHYC - npOTHBO

IlOJIO)KHYIO. 
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IloMHMO 3TI H MTI so ecex 3MTI cymecrnyroT aJieKTpHqecKHe TOKH, B3aHMO

.n;eiicTey10m;He c IIOJIHMH, qTo rrpOHBJIHeTCH B C03)l;aHHH o6'beMHbIX SJieKTPOMarHHT

HblX CHJI, .n;eiicrnyrom;Hx Ha aKTHBHYIO 30HY H o6ecrreqHBaIOm;Hx B3aHMHOe rrpeo6pa-

30BaHHe MexaHlfqeCKOH H aJieKTpHqecKOH SHeprnH. 

OcHOBHOe COOTHOIIIeHHe )l;JIH y.n;eJihHOH SJieKTpOMarHHTHOH CHJibl, .n;eiicrny10meii 

Ha e.n;HHHqHhlH o6'beM cpe.n;hI, HMeeT BH,ZI; 

J.=]x"B. (13.32) 

IloJIHaH aJieKTPOMarHHTHAA CHJia F. ' .n;eiicrnyrom;AA Ha JIHHeHHhIH rrpOBO,Zl;HHK 7 
c TOKOM i B rroJie c HH.ZJ:YKI1Heii B, orrpe.n;eJIHeTcH HHTerpHpoeaHHeM f. no o6neMy 

rrpOBO,Zl;HHKa: 

F.=i(7x"B). (13.33) 

HaH6oJiee acpcpeKTHBHoe rrpeo6pa3oBaHHe MexaHHqecKoii aHeprHH B aJieKTpHqe

CKYIO 6y.n;eT rrpH MaKCHMaJihHOM 3HaqeHHH F, , Kor.n;a BeKTOphl 7 H B B3aHMHO op

ToroHaJihHhI H 

F. ="Eli. (13.34) 

,llJIH orrpe.n;eJieHHH HarrpaBJieHHH F, MO)KHO HCIIOJih30BaTh rrpaBHJio JieBOH pyKH: 

6oJihrnoii 0TornyTh1ii_ rraJie11 JieBoii pyKH yKa)KeT HarrpaBJieHHe F, , ecJIH JIHHHH Mar

HHTHOH HH.ZJ:YKllHH B BXO.ZJ:HT B Jia.n;OHh, a ocTaJibHhie qeThipe IIaJihlla HarrpaBJieHhI 

no TOKy. 

q 

F 

d 

PHc. 13.2. Cmrhl, 11eiicrnyromHe Ha KaTyIIIKY a MIT 

Bo MHorHx 3MTI rrpHxo.n;uTrn paccMaTpHBaTh MOMeHT, .n;eiicrnyrom;Hii Ha pa

Moqttyro KaTyrnKy c TOKOM, BpaIIIaIOIIIYIOCH B MTI. TaKAA KaTyrnKa H3o6pa)Ketta Ha 

pHc. 13.2 B Koop.n;HHaTax d H q . IlycTb MTI ttarrpaBJieHo no ocH, B KaTyrnKe HMe

eTCH w BMTKOB c TOKOM i' a OCh KaTyIIIKM HaKJIOHeHa rro.n: yrJIOM y K OCH d. 
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KaTylllKa co3,ll;aeT M)l C F = iw , H c KaTylllKOH cu;ermeH MarHHTHhIH IIOTOK <t> , 3a

BHc.sur~HH OT ee IIOJIOJKCHH51. Ha KaJK,ll;yIO CTOpOHY KaTylllKH ,ll;JIHHOH l, cornaCHO 

(13.34), ,Z1;elicrnyeT CHJia Bqilw, co3,ll;aroru;aH 3JICKTpoMarHHTHhIH MOMeHT: 

M, =2(Bqilw)rcosy=(Bq · 2r/)(iwcosy) = <t>q Fd, 

r,ll;e <t>q - IIOJIHhIH MaKCHMaJihHhIH MafHHTHhIH IIOTOK ,ll;JIH KaTylllKH no OCH q; 
Fd - M)lC KaTylllKH no ocu d. ITpu rrpoH3BOJihHOM HanpanJieHHH MIT c cocrnn

JIHIOIIJ;HMH HHi'l:YKIJ;HH Bq H Bd noJiyqHM 

M, =<l>q Fd -<t>dFq, (13.35) 

r,Z1;e <t>q = Bq · 2rl ; <Pd = Bd · 2rl ; Fq = F sin y; Fd = F cosy. 

<l>opMyJiy (13.35) MOJKHO rreperrucaTh B BH,ll;e 

(13.36) 

r,ll;e id = i cosy ; iq = i sin y . 

<l>opMyJia (11.36) Henocpe,ll;CTBCHHO rrpHMCHHMa ,ll;JI51 CHCTCMhI H3 ,ll;Byx paBHOBe

JIHKHX? MexaHH'ICCKH CB513aHHhIX KaTyllleK, H3o6paJKeHHhIX Ha pHC. 13.3. lIH,ll;eKC d 
B 3TOM cJiyqae OTHOCHTC51 K rrapaMeTpaM KaTyIIIKH, OCh KOTOpoii HanpaBJieHa no d, 
a HH,ll;eKC q - K rrapaMeTpaM KaTylllKH c OChIO B,ll;OJih q . 

~lJ 
I I Bd 

£---!-~--~- t 
---1-t- --

1 I 
\....I I 

M, @=>F. 
PHc. 13.3. CttCTeMa H3 ~syx paBHOBeJIHKHX, MexaHttqecKH CB}i3aHHhIX KaTyIIIeK 

B JIMHeMHhIX cHcTeMax 3JieKTpoMarHHTHYIO CMJIY F,~ , ,nelicrnyroru;yro Ha KOHTYP 

c TOKOM, nepeMeru;a10ru;uiirn B HanpaBJieHHH ~ , MOJKHO onpe,ll;eJIHTh no cpopMyJie: 

(13.37) 

r,Z1;e WM - MarHHTHaH 3HeprHH CHCTCMhI, KOTopy10 rrpH µ --+ canst HJIH Kyco'IHO

nocTOHHHOM µ MO/KHO BhI'IHCJIHTh KaK 

B2 
WM= JJJ=--av, 

v 2µ 

r,ll;e V - o6beM, 3aHHThIH MIT. 

B 3JICKTpOMeXaHH'ICCKHX CHCTeMaX, r,ll;e o6bI'IHO HMCCTCH KOHC'IHOe 'IHCJIO ,ll;HC

KpeTHhIX KOHTypoB c TOKaMM, MafHHTHYIO 3Heprnro CHCTCMhl y,no6Ho Bhl'IHCJIHTh no 

cpopMyJie: 
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n 

w.., = 0,5 :L::>k '¥ k ' (13.38) 
hi 

r,ZJ,e ik II 'f'k - 3JieKTPII'IeCKIIH TOK II IIOTOKocu:ernieHIIe k-ro KOHTypa. 

Ll,JHI m IIH.ll.YKTIIBHO CB513aHHhlX KOHTypoB IIOTOKOCIJ;eIIJieHIIe '¥ k HaXO,l(IITC51 KaK 

m 

'f'k = Lkik + L Mknin • (13.39) 
n=1,n7-k 

r,n;e Lk - IIH.ll.YKTIIBHOCTh KOHTypa; Mkn - B3aIIMHa51 IIH.ll.YKTIIBHOCTh Me)K,ZJ,y KOH

TypaMM k II n . 
B HeK0Topb1x cJiyqaRx 3JieKTpoMarHIITHYIO CIIJIY MO)KHO pacC'IMTaTh no pa3HOCTII 

MarHIITHhIX ,ZJ,aBJieHIIH Ha rpaHIIIJ;ax o6JiaCTfL IlycTh, HarrpIIMep, HMeeTC51 rrpOBO,ZJ,51-

mIIH CJIOH c TOKaMII, CJieBa II crrpaBa OT KOTOporo MarHIITHbie IIH.ll.YKU:IIII paBHhl co

OTBeTCTBeHHO B1 II B2 . Tor,ZJ,a y,n;eJibHoe MarHIITHoe ,ZJ,aBJieHIIe Ha CJIOH crrpaBa 6y

,ZJ,eT B~ /(2µ0 ), a cJieBa - Bi /(2µ0 ). Pa3HOCTh 3TIIX BeJIII'IIIH, YMHO)KeHHM Ha 

IIJIOIIJ;a,l(h O,l(HOH cTOpOHhI CJI051, ,n;acT IIOJIHYIO CIIJiy, ,n;e:i1crny10my10 Ha CJIOH. 

3JieKTpOMeXaHII'IeCKIIe rrpeo6pa30BaTeJIII, IICIIOJib3YIOIIJ;IIe ::icpcpeKT ::JJieKTpOMar

HIITHOH IIH,l(YKU:IH1, Ha30BeM IIH,l(YKTIIBHhIMH. 

CornacHo rrpRHU:IIIIY aJieKTpocTaTII'IecKoii: IIHll.YKU:IIM, rrpII BHeceHII.11 rrpoBO,l(HII

Ka BO BHenrnee 311 ero cBo6o,ZJ,Hhre 3ap51.ll.hI rrepepacrrpe,n;eJI51IOTC51 TaK, 'ITO IIOJIHoe 

3II BHYTPII rrpoBo,ZJ,HRKa cTaHOBIITC51 paBHhIM HYJIIO. Pa60Ta10m11e Ha 3TOM rrpIIH

u:mre 3JieKTpOMeXaHII'IeCKIIe rrpeo6pa30BaTeJI.11 Ha30BeM eMKOCTHblMII. 

I13BeCTHO, 'ITO 3ap51,l( rrpOBO,l(HRKa q JIIIHeii:HO CB513aH c ero IIOTeHIJ;IIaJIOM <p qe

pe3 Koa¢¢rru;1IeHT uporropu;IIOHaJihHOCTII C, Ha3hIBaeMhIH eMKOCThIO rrpoBO,l(HIIKa: 

q=C<p. (13.40) 

EMKOCTb CIICTeMbl rrpoBO,l(HMKOB 3aBMCMT OT cpopMbl rrpOBO,l(HMKOB 11 IIX OTHOCII

TeJihHoro IIOJIO)KeHII51 B rrpocTpaHCTBe. Ll,JI51 Ka)K,l(Oro M3 n IIpOBO,l(HIIKOB CIICTeMbl 

3ap51.11, oupe,ZJ,eJI51eTc51 KaK 

n 

qi= L:cik cpk, ( 13.41) 
k=1 

r,ZJ,e Cik - K03cpcpMIJ;MeHTbl IIpOIIOpll;IIOHaJihHOCTII, 3aBIIC51IIJ;IIe OT IIOJIO:IKeHH51 rrpo

BO,ZJ,HRKOB ll Ha3bIBaeMbie eMKOCTHblMII K03cpcpHU:IIeHTaMII, a <pk - IIOTeHIJ;llaJI k-ro 
rrpoBO,l(HHKa. 

B eMKOCTHOM aJieKTpoMexaHII'IeCKOM rrpeo6pa3oBaTeJie eMKOCTh C HJIH eMKOCT

Hhre K03cpcpMIJ;IIeHThl Cik IIepIIO,l(.11'IeCKM MeH51IOTC51 BO BpeMeHH 6Jiaro,Z1,ap51 ,l(BM)Ke

HIIIO rrpOBO,l(HIIKOB; rrpM 3TOM MeH51eTC51 q ll B u:errII, CB513hIBaromeii: rrpoBO,l(HIIKM 

M Harpy3Ky, B03HMKaeT 3JieKTpM'IeCKMH TOK 

i=dq/dt. (13.42) 

3Heprmi:, KOTopa5l BhI,ZJ,eJI5leTC5l B u:errII c TOKOM i, KOMIIeHCIIpyeTC5l MexaHII'Ie

CKOH atteprHe:i1, 3aTpa'IHBaeMo:i1 Ha rrpeo,ZJ,oJieHIIe aJieKTpocTaTH'IeCKIIX CHJI Me)K.ll.Y 

rrepeMemaromHMRCH rrpoBO,l(HIII<aMII. 
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B JIHHeHHbIX cttcTeMax CHJIY F3~, .n;e:HcTByromyro co CTOpOHhl 3IT Ha rrpoBo,n;HHK, 

rrepeMemaromHHC5I B HarrpaBJICHHH ~ ' MO:tKHO HaHTH no cpopMyJie: 

(13.43) 

ni:e W
3 

- :mepnrn 3IT, KOTopM npH IIOCT05IHHOH ,ll;H3JICKTpHqecKOH rrpoHHIJ;aeMO

CTH ( E - const) HJIH KycoqHo-noCT05IHHOH E paBHa 

W, = J 0,5eE2dv, 
v 

r.n;e V - o6neM, 3aH5ITbIH 3IT. 

ITpH HCCJie,n;oBaHirn 3.lICKTpOMexannqecKHX ycTpOHCTB y.n;o6ttee nOJib30BaTbC5I 

cpopMyJioH: 

n 

W, =O,Sl:qk<pk' (13.44) 
k=1 

r.n;e qk, <pk - 3ap5I.n; H IIOTeHIJ;HaJI npoBO,ll;HHKa, a cyMMHpOBaHHe npoBO,ll;HTC5I no 

BCeM 3ap5I)KCHHbIM rrpoBO,ll;HHKaM. 

IToCKOJibKY eMKOCTHbie 3.lICKTpoMexaHMqecKHe rrpeo6pa30BaTeJIH, no cy.mecTBy, 

COCT05IT H3 KOH,ll;CHCaTopoB c IIO,ll;BH)KHbIMH 3.lICMeHTaMH, qaCTO HCIIOJib3yeTC}l cpop

MyJia M5I 3HeprnH KOH,ll;CHCaTopa: 

W, =0,5CU2 =0,5(q2 IC)' C=f.5 Id' (13.45) 

r.n;e u - HaIIp5I)KCHHe Ha o6KJia.n;Kax; s - IIJIO.W:Mb rrpOTHBOJIC)Kamnx yqacTKOB 

IIJiaCTHH; d - pacCT05IHHe Me)K,ll;y nJiaCTHHaMH. 

13.3. MarHMTOrMAPOAMHaMM'leCKMe 
npeo6pa3oeaTenM 

13.3.1. OcHOBbl MarHMTHOM rMAPOAMHaMMKM 

B KOHIJ;e xx BeKa HHTCHCHBHO pa3BHBaJiaCb MarnHTHM rH.n;po.n;HHaMHKa. 3Ta 06-

JiaCTb 3HaHHll KacaeTC5:1 ,ll;BH)KCHH5I rrpoBO,IJ;.Hmeil: )KH,ll;KOH HJIH ra3006pa3HOH cpe.n;hl 

BO BHCIIIHeM MIT. 

)lBH)KeHHe rrp0Bo,n;51meil: cpe,n;bI B MIT, B oTJinqne OT paccMoTpeHHoro B pa3.n;e

Jie 13.2 ,ll;BH)KCHH5I 6e3 BHCIIIHero IIOJI5I, corrpoBQ)K,IJ;aeTC5I II05IBJICHHCM TOKOB, C03-

.n;aromnx .n;orroJIHHTCJibHOe MIT. B3anMo.n;eil:cTB11e 3THX TOKOB c cyMMapHbIM MIT 

o6ycJIOBJIHBaeT oco6b1il: xapaKTep ,n;Btt)KeHH5I cpe.n;hl. PacqeT noro ,n;Btt)Kettn.si: n co

CTaBJI5IeT OCHOBHYIO 3a,n;aqy MarHHTHOH rn.n;po.n;HHaMHKH. 

MarnnTDrn.n;po.n;HHaMMqecKHe (MflO 5IBJieHH5I HMCIOT MCCTO B ycJIOBH5IX 3eMJIH 

(ttanpttMep, rrepeMemettHe MopcKoil: BO,IJ;bI B MIT 3eMJIH) n B KOCMoce. 3Be3,IJ;bI, 

COJIHIJ;e H 51,n;pa IIJiaHeT rrpe,n;CTaBJI.sIIOT co6oil: )KH,IJ;KHC H ra3oo6pa3Hble cpe.n;bI, ,ll;BH

)Kymnec5I B MIT, B .n;nttaMttKe Me)KrrJiaHeTHbIX noHH30BaHHbIX ra30BbIX cpe.n; (tta

rrpttMep, B nottoccpepe 3eMJIH, ttaxo.n;51meil:c5I B 3eMHOM MIT). B ycJIOBH5IX KocMoca 
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,n;a)Ke MaJibie CHJibI ::meKTpOMarHHTHOfO xapaKTepa MOryr Bbl3BaTb 3aMeTHhle pe-
3Y JII>TaThI, TaK KaK BpeM.H ,n;eHCTBH.H 3THX CHJI BeCbMa BeJIHKO. 

MHoro ycHJIHH rroTpaqeHo Ha HCIIOJih30Bamre Mf)l HBJieHHH ,n;JIH rrpaMoro rrpe
o6pa30BaHH.H TeIIJIOBOH aHeprHH B aJieKTpHqecKyIO B Mf)l reHepaTopax, He HMero
m;Hx Bpam;arom;HXC.H qaCTeH H 3aMeH.HIOID;HX CHCTeMy KOTeJI - ryp6HHa - reHepa
TOp. Mf)l HBJieHH.H ncrroJII>3YIOTCH TaK)Ke B pa6oTax no co3,n;aHHIO yrrpaBJI.HeMo:H 
TepMO.H,n;epHOH peaKU:HH, ,ll;JI.H rrepeKaqKH pacrrJiaBJieHHOfO MeTaJIJia, ITJia3MeHHbIX 
peaKTHBHbIX ,ll;BHraTeJieH KOCMHqecKHX arrrrapaTOB HT . .n;. 

Teop1rn Mf)l HBJieHn:H pa3BHBaeTc.H KaK ,n;JI.H HeC)KHMaeM»Ix, TaK H C)KHMaeMI>IX 
cpe.n;. 3.n;ecb Heo6xo,n;HMO COBMeCTHO pernaTb ypaBHeHHH 3MII B ,ll;BHJKym;eii:c.sr rrpo
BO,ll;.HIIJ:eH cpe.n;e (pa3,n;eJI 13.1) c ypaBHemrnMH m.n;po,n;HHaMHKH, ,ll;OllOJIHeHHhlMII 
qJieHaMII, COOTBeTCTBYIOIIJ:HMII CIIJiaM aJieKTpoMarHIITHOfO rrpoIICXO)K,ll;eHII.H. 

Bnrne,n;eHHI>Ie B pa3.n;eJie 13.1 ypaBHeHIIH 3MII B ,n;BH)Kyin:eii:c.H rrpoBo.n;.Hin:e:H cpe.n;e 
y.n;o6Ho 3aIIIICaTb HeCKOJibKO IIHaqe, HCKJIIQqlIB II3 HUX BeKTOp Harrp.H)KeHHOCTH 3II. 

IIpuMeHeHue onepan:uu rot ,n;JIH o6eux qacTeii: ypaBHeHIIH (13.4) H no,n;CTaHOBKII 
BeKTOpa E H3 ypaBtteHH.H ( 13.9) .n;aIOT 

as 1 - -
- = --rotrotH + rot[v,B] = at 1 

1 - - - 1- -= - -(grad div H - L\. H) + rot[v, B] = - L\. H + rot[v, B] (13.46) 
'Y y 

rrpH div H = 0 . TaK KaK B = µif, TO 

ail 1 - --=-L\.H +rot[v,H]. at yµ 
(13.47) 

OcttoBHhIMII ypaBHeHH.HMII m.n;po,n;HHaMHKH ,n;JI.H cpe.n;»1 c ITJIOTHOCTI>IO Bein:ecTBa 
p, ,n;BH)Kyin:e:Hrn co cKopocTI>IO v, .HBJIHIOTC.H ypaBHettue HerrpepnrnHocTH u ypaBHe
HIIe ,ll;BH)KeHIUI. 

YpaeHeHHe Henpep&IBHOCTH 

op+ div(pv) = o at (13.48) 

OTpa)KaeT 3aKOH coxpaHeHII.H MaCChl - II3MeHeHHe ee B ,n;aHHOM o6neMe paBHO Mac
ce, nporne.n;rne:H qepe3 noBepxHOCTh, orpaHuq1rna10in:yro aToT o6neM. 

YpaeHeHHe ,ll;BH:iKeHH» (ypaeHeHHe Hae&e-CTOKca) 

dV d - - - p-p lit = - gra p + pg + pvL\.v + , (13.49) 

r.n;e p - IIJIOTHOCTb cpe.n;»I, p - .n;aBJieHHe cpe.n;»I, oTpa)KaeT 3aKOH HhIOTOHa -
rrpoII3Be,n;eHHe Macchl Ha ycKopeHHe paBHO .n;eii:cTByroin:e:H CHJie. 3.n;ecn Bee qJieHhl 
OTHeCeHhl K e.n;HHifU:e o6neMa. IIepBhlH qJieH rrpaBOH qacni: COOTBeTcTByeT CHJie, 
B03HHKarom;e:H H3-3a rpa.n;neHTa ,n;aBJieHII.H; BTopoH: qJieH - CHJie T.H)KeCTH, r.n;e g -
ycKopeHne CHJibI T.H)Kecrn; TPeTHH qJieH - CHJie B.H3KOCTH, r.n;e v - KHHeMaTuqecKHH 
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Koacpqm:n;HeHT BH3KOCTH; qernepTbIH qJieH - cirne F 3JieKTpoMarttHTHoro rrpo11c

xo1K.n;eHH.S1. 

BeJIHqHHa F MOJKeT 6hITb rroJiyqeHa H3 Bb1pa1KeHH.S1 

p = d] = [idf,Bl = l~ Bl 
dV dfdS ' ' 

(13.50) 

r.n;e d] - CHJia, .n;e:HcTBy101n;a.si: B Mar~H_!HOM rroJie Ha aJieMeHT TOKa idf, i = MS -
TOK, rrpoTeKaIOIIJ;HH B o6neMe dV = dldS. 

,l{JI.SI C/KHMaeMOH cpe,Zl;bl OCHOBHbie ypaBHeHH.SI rH.n;pO,Zl;HHaMHKH ,Zl;OJI/KHbl 6bITb 

,Zl;OIIOJIHeHbl: ypaBHeHHeM COCTO.SIHHH, CBH3bIBaIOIIJ;HM MeJK.n;y co6o:H IIJIOTHOCTb p ' 

.n;aBJieHHe p H TeMrrepaTypy T : 

p= p(p, T), (13.51) 

H ypaBHemreM TeIIJIOBoro 6aJiattca, CB.Sl3bIBaIOillHM TeIIJIOBYIO atteprHIO Wr e.n;HHHUbI 

MaCCbl, IIJIOTHOCTb p H IIOJIHOe KOJIHqeCTBO TerrJia 0: B e.n;Hmtn;e o6'beMa, o6ycJIOB

JieHHOe TeIIJIOIIpOBO,Zl;HOCTbIO, B.S13KOCTbIO H 3JieKTpH'IeCKHM TOKOM: 

dWr p dp p--=--+o:. 
dt p dt 

(13.52) 

B 6oJibIDHHCTBe cJiyqaeB ocHOBHYIO poJib HrpaeT TerrJiorrpoBo.n;HocTb. Tor.n;a 

0: = (3dT, r.n;e (3 - KoacpcpHn;HeHT TeIIJIOIIpOBO,Zl;HOCTH. 

YpaBHeHH.SI (13.51) H (13.52) .n;oJIJKHbI rrpHHHMaTbC.SI Bo BHHMaHHe JIHmb rnr.n;a, 

Kor.n;a H3MeHeHHe .n;aBJieHH.SI, ITJIOTHOCTH H TeMrrepaTypbl OKa3bIBaeT cymecTBeHHOe 

BJIHHHHe Ha ,Zl;BHJKeHHe rrpOB0,11;.SlllleH cpe.n;hI, KaK 3TO, HaIIpHMep, HMeeT MeCTO rrpH 

paccMOTpemrn Mf.l{ HBJieHHH B ITJia3Me H ra30BbIX cpe.n;ax. 

TaKHM o6pa3oM, noJIHaH cncTeMa ypaBHettn:H MarHHTHoii rn.n;po.n;HHaMHKH co

CTOHT H3 CJie.n;yIOIIJ;HX ypaBHeHHll [13.4]: 

aiI 1 ~ ~ 
-=-MI +rot[vH], 
8t yµ 

ap + div(pv) = o , 
8t 

dV - ..... - --p dt = -gradp +pg+ pvdv + [oB], 

p = p(p,T), 

dWr p dp p--=--+o:. 
dt p dt 

(13.53) 

KaK BH.n;tto H3 CHCTeMbI ypaBHeHHii MarHHTHoii rn.n;po.n;HHaMHKH (13.53), npo

uecchI 3aBHC.SIT OT MHorHX cpaKTOpOB, B TOM qncJie OT CKOpOCTH nepeMeIIJ;eHJf}{ cpe

.l(bl H OT ee rrpoBO,Zl;HMOCTH. TaK KaK 3HaqeHHH c1<opocTH H rrpoBo,Zl;HMOCTH cpe.n;bI 

B pa3JIH'IHbIX ycTpOHCTBaX MeH.SIIOTC.SI B BeCbMa mHpOKHX rrpe.n;eJiax, pemeHHe 3TOH 

CHCTeMbl ypaBHeHHH B o6meM BH.n;e npe.n;cTaBJI.SleT 3HaqnTeJibHbie CJIO/KHOCTH. 
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13.3.2. MarHMTOrMAPOAMHaMM1.1ecKMM reHepaTop 
MfLl,-retteparnp, rrpHmJ;HllHaJihHa.H cxeMa KOTOporo rrpHBeti;eHa Ha pHc. 13.4, rrpeti;

cTaBJrneT co6o:H Kalla.JI K c ti;BYM.H cTeHKaMH H3 aJieKTpOH30JI.HIJ;HOHHoro MaTepHaJia; 

ti;Be ti;pyrHe CTeHKH 3 H3fOTOBJieHbI H3 aJieKTponpoBO)l;.HIIJ;ero MaTepHaJia H CJIYJKaT 

aJieKTpo11:aMH. EcJIH no I<aHaJIY B HarrpaBJieHHH, yKa3aHHOM CTpeJIKoii, co cKopo

CTbIO v rrporrycTHTb aJieKTporrpoBOtl;.HIIJ;YIO cpe)'.l.y ( JKH)'.l.KYIO HJIH ra3oo6pa3HYIO ), 

a neprreH)l;HKYJI.Hptto H30JI.HTopHbIM CTeHKaM rrpHJIOJKHTh MIT c HHll:YKIJ;Heii B , To 

B )'.l.BHJKymeiic.H cpe)'.l.e 6y)'.l.eT HHll:YKTHpoBaThC.H 3IT ttarrp.HJKettttocThIO E = [vB], 
rreprreH)l;HKYJI.Hpttoe ttarrpaBJieHHIO )'.l.BHJKeHH.H H HarrpaBJieHHIO rrpHJIOJKeHttoro MIT 

(rrpaBHJIO rrpaBoii pyKH). 3rn HHll:YKTHpoBaHHoe 3IT onpe)'.l.eJI.HeT 3Ll,C MfLl.

retteparnpa, CHHMaeMyIO c aJieKTpO)'.l.OB 3. 

Pnc. 13.4. Ilp1rnu;mrnaJibHal! cxeMa MfJl-retteparnpa 

EcJIH B Ka'Iecrne pa6oqero TeJia B KattaJie MfLl,-retteparnpa HCITOJih3yeTc.H ra3o

o6pa3Ha.H cpe)'.l,a, TO Ha ee )'.l,BHJKeHHe H HarpeB )'.1,0 aJieKTporrpOBO)'.l,HOfO COCTO.HHH.H 

3aTpa'IHBaeTc.H TeITJIOBa.H atteprn», KOTOpa.H 3aTeM B retteparnpe rrpeo6pa3yeTc.H B aJie

KTpH'IeCKYIO atteprnIO. Pa6orn retteparnpa Ha Harpy3KY CB.H3aHa c llO.HBJieHHeM CHJlbI 

Ha e)'.l,HHHu;y o6neMa F =[BB], HarrpaBJietttto:H rrpoTHB ll:BHJKeHH.H pa6oqeii cpe)'.l.bI. 

YBeJIH'IeHHe ttarpy3KH retteparnpa corrpoBoJK)'.l,aeTC.H yMeHhilleHHeM cKopocTH pa6o

qero TeJia B KattaJie. 

MIT, tteo6xo)'.l,HMoe )'.I.JI» pa6oThI MfLl,-retteparnpa TaK JKe, KaK H B o6bI'IHhIX HH

ll:YKTHBHhIX rettepaTopax, coxpaH.HeT CBOIO aHeprHIO HeH3MeHHOH: B aJieKTpH'IeCKYIO 

attepm10 otta He rrpeo6pa3yeTC.H. 

13.3.3. MarHMTOrMAPOAMHaMM1.1ecKMM ABMraTenb 
Mf Ll,-retteparnp .HBJI.HeTc.H o6paTHMhIM, T. e. rrpH rro)'.l,a'Ie ttanp.HJKeHH.H rrocrnpottttero 

HCTO'IHHKa Ha 3 B rrpoBO)'.l..Hm~:H cpe)'.l.e B03HHKaeT 3IT. Otto B3aHMO)'.l.eiicrnyeT c MIT, 

C03)'.l,aHHbIM CHCTeMOH B036yJK)'.l.eHH.H. Bo3HHKaeT CHJia, KOTOpa.H rrepeMemaeT aJieK

TporrpOBO)'.l,.HIIJ;yIO cpe)'.l.y. MamHHa pa6orneT B )'.l.BHraTeJihHOM peJKHMe. 

3)'.l.ecb, TaKHM o6pa3oM, )'.l.eiicrnyeT rrpHHIJ;Hrr npeo6pa3oBaHH.H attepmH ll:BHJKy

me:Hrn aJieKTporrpoBOll:»me:H cpe)'.l.bI npH HaJIH'IHH rrocTO.HHHoro MIT B rrocTo.HHHoe 

3IT, H Hao6opoT, rrepeMemeHHe npoBO)'.l,.Hme:H aJieKTpH'IeCKHH TOK cpe)'.l.bl B CKpe

meHHbIX rrocTo.HHHhIX MIT H 3IT. AttaJIOrH'IHhIH a¢¢eKT tta6JIIO)'.l.aeTc.H H B cJiyqae 
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HCITOHb30BaHHH TaKoro rrpHHUHITa rrpeo6pa30BaHHH 3HeprHH H rrpH rrpHHO)l(eHHH 

rrepeMeHHhIX MIL TaK, ,ll,HH rrepeKa'IKH )KH,ll,Koro MeTMna rrpttMeHHIOTCH HacocbI 

Tpex¢a3ttoro TOKa. B HHX aHMOrH'IHO BpamaromeMyrn MIT (B o6bl'IHhIX 3M) co-

3,ll,aeTCH 6erymee MIT, yBneKaromee 3a co6oli MeTMH. IT0.n.06Hb1e MaIIIHHhI MoryT 

6bITb HCITOHb30BaHbl H B rettepaTOpHOM pe)KHMe. 

AHMorH'IHO Mf.ll MaIIIHHaM B03MO)KHO C03,ll,atttte aneKTporH,ZJ;po,ll,HHaMH'lecKHx 

MaIIIHH, OCHOBaHHbIX Ha ,ll,BH)KeHHH HeupOBOMIIIHX 3HeKTPH'leCKHH TOK cpe.n; B 9IT. 

13.4. Pac'leT 3neKTpoMarH1tTHb1x noneif 
e nepeMe1Qat01QMXCJ1 cpe.Qax 

13.4.1. AeM>KeHMe 3ap.A>KeHHb1x "laCTM .... 
B CKpe°'eHHblX non.AX 

HpUMep 13 .1. llcTo'IHHK 3apH)KeHHhIX 11acTHU co3.n.aeT rryqoK, B KoTopoM Bee 11ac

THUhI c 3ap51){0M q H Macco:H m HMeIOT O,ll,HO H TO )Ke HarrpaBnetttte CKOpOCTH -

B,ll,OHb OCH x (pHC. 13.5). ITpH ,Zl;BH)KeHHH qacTHUbl rrorra.n.aroT B 3a3op IlOCTOHHHOrO 

MarttHTa, B KoTopoM co3.n;atto o.n;ttopo.n.aoe MarnttTHoe none c HH.ll.YKUtteii B, tta

rrpaBnettttoe rreprreH,ll,HKYHHpHO ,ll,BH)KeHHIO qacTHU 3a IlHOCKOCTb qepTe)Ka - «Mar

HHTHM CTeHKa5> [ 13.5]. 

y 
Jf 

xx I xx 
xx 

-+ 
u xx x xx 

xx 
xx 
xx 
d 

PHc. 13.5. IlyqoK 3apH2KeHHhIX qacnu1 B rrorrepeqHOM MIT 

Tpe6yemca onpeiJeJlum&: 1. ITpH KaKHX HaH60HblIIHX CKOpOCTHX vmax 3apH)KeH

Hble 'laCTHUhI eme OTpa)KaIOTCH OT «MarHHTHOH CTeHKH5>? 2. 3aBHCHT HH ycnOBHe 

oTpa)KeHHH OT 3HaKa 3apH.n;a? 3. Ha KaKoH yron H3MeHHTCH TpaeKTOpHH 3apH)KeH

HhIX 'laCTHU, ,ll,BH)l(ymHXCH co CKOpOCTHMH V=10vmax rrocne rrponeTa «MafHHTHOH 

CTeHKH5>? 

Peuurnue. 1. 3apH)KeHHbie 11acTHUhI B o.n.ttopo.n.ttoM MIT 6y.n;yr ,ll,BHraThCH no oKpy)K

ttocrnM (pHC. 13.6), pa,ll,HYCbI KOTOpbIX orrpe.n.enHIOTCH ycnOBHeM paBeHCTBa ueHTpo

CTpeMHTeHhHOH CHHbl H CHHbl Jlopettua: 

mv2 
-=qvB. 

R 
10 No 6063 
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CJie,n;oBaTeJibHO, R=(mv / qB). UeHTpbI OKPYJKHOCTH O' ,n;m1 q > 0 H O" ,n;JIH 

q < 0 JieJKaT Ha ocH y. Y cJioBHe oTpaJKeHHH BbIIIOJIHHeTcH, ecJIH R < d, T. e. rrpH 

V=Vmax < (qBd Im). 
2. YcJIOBHe oTpaJKeHHH He 3aBHCHT OT 3HaKa 3apH,n;a (pHc. 13.6, a). 
3. EcJIH ?! = 10 vmax' TO R = 10d. YroJI OTKJIOHeHHH (pHC. 13.6, 6) IIOCJie rrpoJieTa 

qacrnne:H «MarmrrHo:H cTeHKH~ orrpe,n;eJIHM H3 BbipaJKeHHH: a= arcsin ( d / R) ~ 0, 1 pa,n;, 

TaK KaK rrpH MaJibIX a sin a~ a . 

a 

O' 

0 

O" 

6 

I I 

Puc. 13.6. TpaeKrnp.1rn .ll.BIDKemrn 3apJilKeHHhIX qacT.1111 B rrorrepeqHoM MIT 

HpWHep 13.2. B o,n;Hopo,n;HOM MTI c HH.llYKU:He:H B B ToqKe 0 rroMem;eH Hcrnq

HHK, HcrrycKaIOII(HH O,llHHaKOBbie qacTHU:bl c 3apH,llOM q H Macco:H m . llCTOqHHK 

HcrrycKaeT qacTHU:bl IIO,ll yrnoM a K HarrpaBJieHHIO CHJIOBbIX JIHHHH (pHC. 13.7). 

Puc. 13. 7. I1CToqtt.11K, .11crrycKarom.11n 3apJilKeHHb1e qacT.llllhI B rrp.11cyTCTB.11.11 MIT 

Tpe6yemca: 1. Orrpe,n;eJIHTb TpaeKTOpHIO )J;BHJKeHHH qacTHU:. 2. IloKaJaTb, qrn 

rrpH MaJibIX yrnax a MarnHTHoe rroJie o6Jia,n;aeT <PoKycHpyIOmHM ,n;e:HcTBHeM. 3. Orr

pe,n;eJIHTb, 6y,n;eT JIH ,llBHJKeHHe qaCTHU: rrpH a = 0 ycTOHqHBbIM? 

Peweuue. 1. ,llBHJKeHHe 3apH1KeHHbIX qacTHU: MO/KHO rrpe,n;cTaBHTb KaK cyrreprro-

3HU:HIO ,n;Byx He3aBHCHMbIX ,llBHJKeHHH: paBHOMepHoro rrepeMemeHHH B)J;OJlb CHJIOBblX 

JIHHHH MTI co cKopocTbIO .Vnep = v cos a H paBHOMepHoro BpameHHH no oKpyJKHOCTH 

pa,n;Hyca R = ( qv lffJ / mB) BoKpyr CHJIOBOH JIHHHH, r,n;e v lffJ = v sin a . B coBoKyrrHOCTH 

o6a ,llBHJKeHHH rrpHBO,llHT K rrepeMemeHHIO qacTHU: no BHHTOBblM JIHHHHM. TaK KaK 

BpeMH o,n;Horo o6opOTa qacTHU:bI (rrepHo,n; ee BpameHHH) T =(2nR / v.P)= 
= (2nm / qB), mar BHHTOBOH JIHHHH I= vlf{JT = (2nm / qB) v cos a. 

2. IlpH MaJibIX a cos a~ 1-( a.2 
/ 2) H, cJie,n;oBaTeJibHO, Bee qacTHU:bI c o,n;HHaKo

BbIMH q / m H v , HcrrymeHHbie H3 ToqKH 0 rro,n; MaJibIMH yrJiaMH a K CHJIOBbIM 
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JIHHH.SIM, co6epyTc.si: Ha TOH :>Ke JIHHHH Ha paccrn.si:Hllll /0 ~ (21tm / qB)v (pa36poc 

rrop.si:.zi;Ka a.2 
/ 2 ). 

IlpuMep 13.3. )lJI.SI orrpe.zi;eJieHll.SI MaCCbI m 3ap.si::>KeHHbIX qacTllII llCI10Jlb3YeTC.SI 

TPOXOTPOH ( o.zi;nH H3 THITOB Macc-crreKTPOMeTPOB ), Ha3BaHHhrn TaK rroTOMY, qTO B HeM 

qaCTllIIbl rro.zi; .zi;eHCTBlleM B3aHMHO rreprreH,ZJ;llKYJI.SIPHbIX O,ZJ;HOpO,Zl;HbIX 3JieKTPnqecKoro 

( E ) n MarttHTHoro ( B ) rroJieii ,ZJ;BH:>KYTC.SI no TPOXOll,ZJ;aJibHhIM TPaeKTOpll.SIM. 

Tpe6yemcsi: 1. IloKa3aTh, qrn rryqoK c o.zi;nHaKOBbIM OTHoIIIeHneM q / m rrpn 

mo6bIX 3HaqeHll.SIX HaqaJibHOH CKOpOCTll v ' BeKTOp KOTOpoll: Jie:>KllT B IlJIOCKOCTll 

yOz (pnc. 13.8), rro.zi; .zi;ell:crnneM CKpeIIIeHHbIX rroJieii E n B BHOBb rrepeceqeT 

och y B rnqKe q . 2. Hall:Tn 3aBHCHMOCTb <PoKycHoro paccTO.SIHH.SI I OT BeJinqllHbI 

E,B n q Im. 3. Orrpe.zi;eJIHTh, 3aBHCHT JIH <PoKycHoe .zi;ell:crnne cKpeIIIeHHbIX rroJiell: 

E n B OT 3HaKa 3ap.si:.zi;a? 

z 

Puc. 13.8. IJyqoK 3apHJKeHHhIX qacTHII B rrp11cyTcrn1111 cKpemeHHhIX 3II 11 MIT 

PeUleHue. YpaBHeHne ,ZJ;BH:>KeHn.si: qacTHI1hI B CKpeIIIeHHbIX rroJI.si:x E n B 
dv (~ ~) 

m dt =q E +[vB] 

B .zi;aHHOM CJiyqae pa36HBaeTC.SI Ha ,ZJ;Ba ypaBHeHH.SI: 

d2y dz 
m dt2 =qB dt; (13.54) 

d2z dy 
m dt2 =qE-qB dt. (13.55) 

IIepell:.zi;.si: K CllCTeMe KOOp,Zl;HHaT, ,ZJ;Bll:>KYIIIeHC.SI B HarrpaBJieHllll OCH y c IlOCTO.SIH

HOH cKopoCTbIO v = E / B , T. e. BBe.zi;.si: HOBYIO rrepeMeHHYIO y1 = y- vt, H3 Bbipa:>Ke

HHH ( 13.54) n ( 13.55) rroJiyqHM 

d2 dz 
_.!!_i_=(qB Im)-· 
dt2 dt' 

(13.56) 

d2z =-( B/m) dy1. 
dt2 q dt 

(13.57) 

B ypaBHeHn.si:x (13.56) n (13.57) oTcyTcrnyeT E. 3rn 03HaqaeT, qrn B ,ZJ;BH:>Ky

IIIeiic.si: CllCTeMe KOop.zi;nHaT Ha qaCTllIIY OKa3bIBaeT B03,ZJ;eHCTBlle TOJibKO O,ZJ;HOpO,Zl;HOe 
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MTI, rro.u .zi;eiicTBHeM KOToporo B cHcTeMe Koop.zi;HHaT yl' z oHa 6y.zi;eT .UBHraThC.H no 

oKpy:>KHOCTH. Pe3yJihTHpyro:ru;ee .UBH:>KeHHe qacTH:U:hI ecTb HaJIO:>KeHHe Bpa:ru;eHH.H 

B IIJIOCKOCTH yOz H IIOCTyrraTeJibHOfO (.upeii:cpoBoro) i'J:BH:>KeHmJ co CKOpOCTbID 

v= E / B B.UOJih ocH y. qepe3 BpeM.H T, paBHoe o.zi;HoMy o6opoTy (rrepHo.zi;y Bpa

:ru;eHH.H), qacTmi;a rrpoii:.zi;eT B.l(OJlb OCH y paccTO.HHHe l = vT H BHOBh rrepeceqeT OCh y. 
TaK KaK cKopocTh .zi;peii:cpa v = E / B H rrepHo.zi; T = 2nm / qB (CM. 3a.zi;aqy 13.2) He 

3aBHC.HT oT HaqaJihHOH cKopocTH, Bee qacTHllhI c o.zi;HHaKOBhIM oTHOilleHHeM q / m 
rrorra.zi;yT B TQqKy q ' OTCTO.HIIJ;YID OT HaqaJia KOOp,UHHaT Ha paCCTO.HHHe 

l =2nmE / qB2
• 

HarrpaBJiemi:e .zi;peii:cpa qacTHll rrpH q > 0 H q < 0 o.zi;Ho H To :>Ke, TaK KaK c H3-

MeHeHHeM 3HaKa 3ap.H.zi;a MeH.HeTC.H H HarrpaBJieHHe .zi;eii:CTBH.H 3JieKTpHqecKOH CHJlhl. 

llpUMep 13.4. B HeKoTopoii: o6JiacTH rrpocTpattcTBa co3.zi;aHo aKcHaJihHO CHMMeT

pHqHoe HapacTa10:ru;ee BO BpeMeHH MTI c HH.UYKI1Heii: B(t), KOTopoe HHlJ:YllHPYeT 

BHxpeBoe 3Il c Harrp.HJKeHHOCThID E(t) (pHc. 13.9). CqHTa.H, qTQ B MOMeHT HaqaJia 

B036y)K,UeHH.H IIO.IDI 3JleKTpOH B TOqKe A HaxOlJ;HJIC.H B COCTO.HHHH IIOKOH, HaHTH 

ycJIOBHe ero .UBHJKeHHH ITO KpyrOBOH op6HTe co CKOpOCThID v < < c . 

if(t) 

Puc. 13.9. B11xpesoe 3II 

Pemeuue. XapaKTep TpaeKTOpHH 3aBHCHT OT cooTHOIIIeHH.H MeJK.zi;y 3JieKTpHqe

CKHMH H MarHHTHhIMH CHJiaMH. EcJIH CHJIOBoe .zi;eii:cTBHe MTI B 30He .UBHJKeHH.H 

3JieKTpoHa MaJio no cpaBHeHHID c .zi;eii:cTBHeM 3Il, TO BHxpeBoe rroJie E 3acTaBJI.HeT 

3JieKTpoH .UBHfaThC.H no pacKpyqHBaID:ru;eii:c.H c1mpaJIH. B rrpoTHBOIIOJIOJKHOM cJiyqae 

3JieKTpoH 6y.ueT .UBHfaThC.H no CJKHMaID:ru;eii:c.H crrHpaJIH K 11eHTpy. CJie,UoBaTeJihHO, 

rrpH orrpe.zi;eJieHHhIX cooTHOIIIeHm1x MeJK.uy E H B B03MOJKHO .UBHJKeHHe no oKpyJK

HOCTH. )lorrycTHM, qTo 3TH cooTHollleHH.H BhlIIOJIH.HIDTC.H. Tor.ua rrpH KpyroBoM .UBH

:>KeHHH 

.mv2 /R=qvB, mv/R=qBR, (13.58) 

r.ue R - pa.zi;Hyc OKPYJKHOCTH. 

IlpH .UBH:>KeHHH 3JieI<TpoHa no OKPYJKHOCTH H3MeHeHHe HMIIYJibca o6ycJIOBJieHo 

3JieKTpHqecKHMH CHJiaMH: 

d(mv) =-qE' 
dt 
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1 d<P 
rJJ:e E = - --· -d , OTCIOJJ:a mdv = ( q / 21tR) d<P H, cJieJJ:oBaTeJihHO, 

21tR t 

293 

mv(t) =_!J_<P(t). 
21tR 

(13.59) 

Ilo YCJIOBHIO HaqaJibHa.si: CKOpOCTb v ( 0) = 0 H noTOK <P ( 0) = 0 . llcnOJib3Y.sJ 

ypaBHeHHe ( 13.58), noJiyqHM 

</J(t) 
B(t)=--2 =0,5Bcp(t), 

21tR 

fJJ:e Bcp (t) = <P(t) / 1tR2 
- cpeJJ:Hee 3HaqeHne. 

IIocJieJJ:Hee ycJioBne 03HaqaeT, qTo aJieKTpoH Mo:>KeT Bparn;aTbc.si: no KpyroBOH 

op6nre, ecJIH noJie B(t) Ha aToil op6nTe B JJ:Ba pa3a MeHbIIIe cpeJJ:Hero noJI.si: BHYT

pn Hee. 

13.4.2. ABM>KeHMe cnnowHblX npoeOA.RlllMX cpeA 
B 3neKTpOMarHMTHOM none 
HpUMep 13.5. MeJJ:HbIH TOHKHH JIHCT nocrynaTeJihHO JJ:BH:>KeTc.si: co cKopocTbIO v 
( v < < c) B nepneHJJ:HKY JI.si:pHo HanpaBJieHHOM OJJ:HopoJJ:HOM MarHHTHOM noJie B 
(pnc. 13.10). 

y 

Puc. 13.10. IIepeMemeH11e MeTaJJJmqeCKoro JJHCTa B MIT 

Tpe6yemcR: 1. HailTH nJioTHOCTb HH,n;yu;npoBaHHoro 3ap.si:,n;a Ha noBepxHoCTH 

n HH.n;yu;npoBaHHOe 3II. 2. Onpe,n;eJIHTb noKa3aHne BOJibTMeTpa, npncoe.n;nHeHHoro 

qepe3 rn;eTKH K 6oKOBblM noBepXHOCT.sJM JIHCTa, cqnra.si: d < < l H conpOTHBJieHHe 

BOJibTMeTpa Rv --+ oo . 3. Onpe,n;eJIHTb, H3MeH.si:Tc.si: JIM noKa3aHH.sJ BOJibTMeTpa, ecJIH 

,n;BH:>Kyrn;nik.si: JIHCT BbIITOJIHeH H3 MafHHTHOfO MaTepnaJia c µ - const? 

Petu.eHue. 1. Ilpn ,Zl;BH:>KeHHH JIHCTa HH,n;yu;npyerc.si: CTOpO~Hee noJie Ecm = [ vBo]' 
HanpaBJieHHoe no ocn x. _IIo,n; f.JHCTB]feM Ecm B npoBo,n;.si:rn;eM JIHCTe ,n;oJI:>KeH npo

TeKaTh TOK nJiornocTbIO j = y~ E + [vB01). TaK KaK u;enb He 3aMKHYTa ( Rv --+ oo ), 
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] = 0 H, cJiei71:osaTeJihHO, E = - [vB0 ]. 3Ta Hanp5DKeHHOCTh o6ycJIOBJieHa IT051BJieHH

eM IIOBepXHOCTHbIX 3ap51AOB ITJIOTHOCTbID <J=eoE (Ha BepxHeH IIJIOCKOCTH +a, Ha 

Hm1rnell: -cr ). CocTaBHM U:HPKYJIHU:HID E no KOHTYPY c BOJihTMeTpoM. IloTOK qe

pe3 KOHTYP He Mem1eTc5I, noaToMy 

:f £ dl = -
8

8~ = o . 

0Tc10i71:a Exd +Uv =0; Uv =vB0d. 
2. IloKa3aHH51 BOJihTMeTpa Uv He MeHHIDTC51. )1,ell:cTBHTeJihHO, :f E dl 7: 0 , TaK 

KaK ITOTOK qepe3 KOHTYP yMeHblllaeTC51 co CKOpOCTbID v: - 8<1> I at= (B - µoH)vd, 
ri71:e Bo = µo H . CJiei71:0BaTeJihHO, UV = - E xd + 8<1> I at= Bvd - Bvd + Bovd = vBod . 

HpUMep 13.6. B ITJIOCKOM KaHaJie rnHpHHoll: d BAOJih ocn z (pnc. 13.11) JJ:BH

JKeTc51 B nonepe'IHOM MII c ITJIOTHOCThID B B513Ka51 HeCJKHMaeMa51 npoBOJJ:5111(a51 

JKHAKOCTh. 

x 

-· u 
z 

PHc. 13.11. LlamKemi:e HeOKHMaeMoil rrpoao.n.Hrqei1: lKH.l\KOCTH a ITJIOCKOM KaHaJie a rrorrepeqHoM MTI 

Tpe6yemcR: HaHTH pacnpei71:eJieHHe CKOpOCTeH no Ce'leHHID KaHaJia, C'IHTa51 Te

'leHHe JKHJJ:KOCTH ycTaHOBHBIIIHMC51. KpaeBhIMH acpcpeKTaMH npeHe6pe'lh. 

PetaeHue. IlpH ABHJKeHHH JKHi'J:KOCTH BO BHernHeM MII c ITJIOTHOCThIO Bx HHAY

n:npyIOTC51 TOKH ITJIOTHOCThIO ]y. B CBOIO oqepei71:b, HHAYU:HposaHHhre TOKll C03JJ:aIOT 

co6cTBeHHoe MII B, (pnc. 13.12). IloJie B, co3i71:aeT o6neMHhie CHJihI, KOTOphre 

ypasHosernHBaIDTC51 nonepe'IHhIM K nornKy rpai71:MeHTOM JJ:aBJieHH51 (-op/ oz). 
B CllJIY CTal(HOHapHOCTH Te'leHH51 op I oz - const. 

Ifa ypasHeHHH JJ:BHJKeHHH \lp = [}.B] + ri \72v ITOJIY'IHM 

op=-] B +n d2v, 
oz y x •• dx2 . 

Ilo 3aKoHy 0Ma ]y =y(EY +v,Bx), ri71:e EY -const, TaK KaK rotE=O. 0TCIDJJ:a 

d2v, .n2 op 2 
Tl dx2 - "fnxVz =-+yEyBx =- yBxvO' oz . 
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x 

- z ff, 

y 

Puc. 13.12. ToKH 11 MarnHTHoe rroJie, 11tt11:y1111pyeMbie rrp11 11:a11JKett1111 

ttecJK11MaeMo:ll JKHIJ:KOCTH B rrorrepeqHoM MIT 

C yqeTOM rpam1qHhIX ycJIOBIIM ( v = 0; B, = 0 ) rrpM x = ± d ttaif.n;eM 

[ 
ch(d0 / d)x) 

Vz(X)=Vo 1- chdo ' 

r.n;e d0 =dBx~Y /Tl.. 

13.4.3. MarHMTHOe none nMHeMHoro 
LIMnMHAPMl.leCKOro MHAYKTOpa 
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HpUMep 13.7. PaccMoTpIIM 6ecKoHeqHo .n;JIIIHHhIM llIIJIIIH.n;pIIqecKIIM IIH.n;yKTop 

[ 13.4] c IIOJIOCThIO, o6pa30BaHHOH ,ll;BYMH MarHIITOIIpOBOi'(aMII: BHeIIIHlIM c BHyTPeH

HlIM pa.n;HycoM 1j II BHyTpeHHlIM c BHeIIIHlIM pa.n;HycoM r2 (pIIC. 13.13). 

~I~~~ 
Puc. 13.13. 3cKH3 HHll:YKTOpa UHJIHH/l:pttqecKo:ll HHIJ:YKIIHOHHOH Mf.[(-MaIIIHHbl 

CJ.{eJiaeM cJie.l.{yIOm;He J.{orrym;eHIIH: 

1. ,LJ:JIIIHa lIH.D;YKTOpa B HarrpaBJieHIIlI OCH z B o6e CTOpOHhl 6ecKoHeqHo BeJIIIKa, 

T. e. rrpo.n;oJihHhie KpaeBhie acpcpeKThI 0TcyTcrny10T. 

2. IloBepXHOCTII MarHIITOIIpOBOi'(OB He IIMeIOT Ila30B II 3y6110B. 

3. MarHIITHaH rrpoHIIIIaeMOCTh MarHIITorrpoBo.n;oB µc = oo , a aJieKTpIIqecKaH rrpo

BOi'J;IIMOCTh Ye = 0. 
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4. 06MOTKH pacIIOJIO)KeHbl Ha IIOBepXHOCTHX MarHHTOIIpOBO.l(OB, HX pa,nHaJibHbie 

pa3Mepb1 6ecKOHeqHo MaJibl, H OHM HecyT TOKH, KOTOpbie 3aMbIKaIOTC51 no KOJib

ueBbIM HHTHM c r = 1j H r = r2 ' npttqeM B HanpaBJieHHH OCH z pacnpeneJieHHe 

TOKOB rrpencTaBJI51eT co6o:H CHHYCOH.l(aJibHYIO BOJIHY c IIOJIIOCHbIM neJieHtteM 'C • 

Bb16epeM npaBOBHHTOBYIO ~H.l(pmecKYIO CHCTeMY KOOp.l(HHaT R, 0, Z (pttc. 13.13). 

JIHHeMHbie TIJIOTHOCTH TOKOB BHenrne:H 11 H BttyTpeHHeH 12 o6MOTKH 6y.nyT: 

11 : lim cos(cot - a.z);} 
12 -l2m cos(cot - a.z). 

(13.60) 

Pemenue. MII B o6JiacTax, rne npoTeKaIOT aJieKTpttqecKtte TOKH, MO)KHO onpe

neJIHTb qepe3 CKaJIHpHbIH MarHHTHbIH TIOTeHUHaJI UM. B CJiyqae pttc. 13.13 BO Bce:H 

o6JiaCTH r2 :::; r :::; 1j BeJittqttHa UM onpeneJiaeTca ypaBHeHtteM JlanJiaca, KOTopoe 

B UHJIHH.l(pttqecKHX KOOp.l(HHaTax HMeeT BM.I( (B CHJIY KpyroBOH CHMMeTpHH u M He 

3aBHCHT OT KOOp.l(HHaTbI): 

(13.61) 

IlpH npHHHTbIX nonyII1eHHHX TIOJie B.l(OJib OCH z H3MeHaeTC51 CHHYCOH.l(aJibHO 

H npencTaBJIHeT co6o:H 6eryII1yIO BOJIHy. Ilo3TOMY MO)KHO TIOJIO)KHTb (orrycKaa Toq

KH Han KOMTIJieKCHblMH BeJIHqHHaMH) 

u =Re[u ej(rot-a.z)] 
.M Mm ' 

(13.62) 

rne U Mm - aMnJIHTyna MarHHTHoro rrOTeHUHaJia; a= n / 'C, j = ~ . 
IlpH rroncTaHOBKe u M H3 ( 13.62) B ( 13.61) TIOJiyqHM ypaBHeHHe .l(JIH u Mm: 

a2u ... m 1 au,.m 2 
---+----a U,,m =0. 

or2 r ar 
PerneHtteM aToro ypaBHemrn 6yneT [ 13.12] 

UMm =CJ0(ar)+C2K 0(ar), (13.63) 

rne I 0 ( ur) ; K0 ( ur) - MonmpHUHpoBaHHbie cpyHKUHH BecceAA HY JieBoro nopanKa 

COOTBeTCTBeHHO 1-ro H 2-ro pona OT apryMeHTa CX.r, Cp C2 - TIOCTOHHHbie HHTer

pttpOBaHHH. 

,l{AA onpeneJieHtta c, H c2 HCIIOJib3yeM CYIIIeCTBYIOIIIHe cpH3meCKHe rpattmHble 

ycJIOBHa noJia Ha noBepxHocTax r = 1j H r = 1":i • CorJiacHo 3THM ycJioBHHM Kaca

TeJihHbie COCTaBJIHIOIIIHe ii Ha 3THX TIOBepXHOCTHX paBHbl JIHHeHHbIM IlJIOTHOCTHM 

TOKOB Ha 3THX TIOBepxHoC.THX. Il03TOMY 

HJIH B KOMTIJieKCHOH cpopMe 

H, 1 = + lim cos(cot - a.z); 

H,2 =+ l 2m cos(cot - a.z) 

H = + l ej<rot-azJ • H = _ l ej<rot-azJ 
z1 1m ' z2 2m • (13.64) 
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c ll:pyrou CTOpOHhI, iI = - gradU"' ' TI03TOMY 

H =-au,., . H =-.!_au,., . H _au,., 
r ar' 0 roe'' oz (13.65) 

TaKMM o6pa30M, 

aU,., I = -] ej(rot-az) • 
OZ r=ri !m ' 

au,., I = +J ej(rot-az) 
OZ r=r2 2m • 

IlO)l;CTaBMB CIO)l;a 3HaqeHMH u M H3 (13.62) H (13.63), noJiyqMM )l;JIH onpe)l;eJie

HHH C, H C2 ypaBHeHHH 

-ja(C/01 +C2 Ko1)=-f,m; 

-ja(C/02 +C2 Ko2)=+ f2m' 

npHqeM 3)l;eCh H mrn<e )l;JIH KpaTKOCTM o6o3HaqMM / 01 = I 0 (ari); 102 = J0(ar2); 
Ko1 = Ko(atj); Ko2 = Ko(ar2). 

Ifa aTHX ypaBHemi:u noJiyqttM 

c
1 

= + . f,mK02 + f 2mK01 ) 

1a(Io,Ko2 - Io2Ko1) . 

C
2 

= . f1mlo2 + f2mlo1 
;a(Io,Ko2 - lo2Ko1) 

(13.66) 

TaKMM o6pa3oM, noTemi:ttaJI U,., onpe)l;eJieH H 3a)l;aqy MOJKHo cqMTaTh perneHHOH. 

MoJKHO HaHTH )l;OTIOJIHHTeJihHO BeJinqHHY MarttHTO)l;BHIKYIIJ:eil CMJihI (M,llC) Ha 

Oll:MH noJIIOc MJIH Ha Oll:HH 3a3op. HaMarHnqttBaIOmaH cnJia paBHa pa3HOCTM 3Haqe

HHH U,., Ha noBepxHOCTHX r = tj H r = r2 : 

F=U I -U I . .Mm r=r1 Mm r=r2 

IloCJie HCTIOJlh30BaHHH paBeHCTB (13.63) H (13.66) TIOJiyqHM 

p = _ j(j!m + f 2m) • 

a 
Ha ocHoBaHHH 3Toro paBeHCTBa MOll:YJih aMTIJIHTYll:hI HaMarHnqnBaIOni:eil CHJihI 

(13.67) 

CnpaBe)l;JIHBOCTh ( 13.67) BhITeKaeT TaKJKe H3 cpn3nqecKHX npe)l;cTaBJieHHH, no

CKOJihKY BeJIHqHHa HaMarHHqHBaIOmeu CHJlhl Ha )];Ba TIOJIIOCa paBHa HHTerpaJiy JIH

HeHHOll TOKOBOH Harpy3KH Ha npOTHJKeHMH TIOJIIOCHOro )l;eJieHHH. 

HHoy1emop c ooHocmopoHHeii 06.Mom1eoii. Kor)l;a o6MoTKa pacnoJioJKeHa TOJihKO 

Ha BHenrneM MarHHTonpoBO)l;e, cJie)l;yeT IIOJIOJKMTh f 1m = lm; f 2m = 0. Tor)l;a Ha 

OCHOBaHHH (13.69) H (13.72) 
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UMm =-ifm K02 l 0(ar)-l02 K0(ar) 
a lo1Ko2 - lo2Ko1 

H aMIIJIHTY.Zl:a Ml{C cornacHo (13.67) 

't 
F=-lm· 

7t 

(13.68) 

(13.69) 

Ha OCHOBaHHH ( 13.68) rrpu r = r2 HMeeM U Mm = 0. Ilpu .Zl:aJibHeiimux orrepau;u-

HX yqTeM, 'ITO [13.7] 

d d 
-l0(ar) = al1(ar); -K0(ar) = -aK1(ar), 
dr dr 

ni:e l 1 ( ar), K1 ( ar) - MO.ll::tt<Puu:upoBaHHhie <l>YHKU:HH BecceJIH 1-ro rropH.zi;Ka. 

Tor.Z1:a Ha OCHOBaHHH (13.62), (13.65) H (13.68) aMIIJIHTY.Zl:hl MarHHTHOH HH.Zl:YK

mrn 

(13.70) 

lfa (13.70) Ha IIOBepXHOCTH r = 1j 

B,1 =Bl =B, lr=r, = µofm' (13.71) 

'ITO COOTBeTcTByeT aJieMeHTapHbIM <P:tt3H'IeCKHM rrpe.zi;CTaBJieHHHM. 

c TO'IKH 3peHHH pacqeTa MamHHbl cymecTBeHHblH HHTepec rrpe.zi;CTaBJIHeT BeJIH'IHHa 

B, Ha IIOBepxHOCTH BHemHero MarHHTOIIpOBO.ll;a: B,1 = B, I r=r, = Bo ' KOTopyro MO)K

HO npHHHTb 3a HCXO.ll:HYIO pacqeTHYIO BeJIH'IHHy, H BeJIH'IHHa B, B cpe.Z1:Heii qacTH 

CJIOH )Kll.l(KOro MeTaJIJia, npH r = r0 (puc. 13.13): B11 = B, lr=ro . 
BBe.zi;eM TaK)Ke .zi;orroJIHHTeJibHO cJie.Z1:yromue coKpameHHbie o6o3Haqemrn: 

111 = J1(a11); 112 = l 1(ar2 ); 110 = I1(ar0 ); 

K11 = K1 ( a11) ; K12 = K1 ( ar2 ) ; K10 = K1 ( ar0 ) ; 

a= lo1K10 + KoJ10; b = lo2K10 + Ko2I10; c = lo1Ko2 - Ko1Io2; 

d = lo2K11 + Ko2I11; e = lo1K12 + Ko1I12 · 

c yqeTOM aTHX o6o3Ha'IeHHH Ha OCHOBaHHH (13.70) IlOJiyqHM 

Bo =µofmd; B11 =µofmb. (13.72) 
c c 

CornacHo paBeHCTBaM (13.72) Koa<P<l>mi:ueHT ocJia6JieHHH pa.zi;HaJihHOH cocTaB

JIHIOmeii HH.Zl:YKU:HH B cpe.Z1:Heii''IaCTH CJIOH )Kll.ll:KOfO MeTaJIJia 

k - Bo_!!:_ 
[[ - -

B11 b 
(13.73) 

AMnJIHTY.Zl:Y Ml{C u;eJiecoo6pasHo Bbipa3HTb qepe3 B11 H BeJIH'IHHY 3a3opa 

0=1j -12. Tor.zi:a Ha OCHOBaHHH (13.69) H (13.73) 
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(13.74) 

(13.75) 

.lJ:Jrn ynpomeHH51 MOJKHO npHH51Th r0 = 0, 5(!j + r2 ) H Tor.n;a kn H k;' nOJ1yquM 

KpHBhie [13.4], H3o6paJKeHHhie Ha puc. 13.14, 13.15. Ha puc. 13.15 npephIBHCToiI 

JIHHHeH M51 cpaBHeHH51 H3o6paJKeHa KpHBa51 k[] .IJ:Jl51 IlJIOCKoro HH.IJ:YKTopa c .n;Byx

CTOpOHHeiI o6MOTKoll. .lJ:Jrn HH.ll:YKTOpa c O.IJ:HOCTOpOHHeiI o6MOTKOH .n:eiicTBHTeJibHhl 

KpHBbie puc. 13.14 H 13.15 npH r0 / 't = oo . 

1,36 
kf, 

1,32 

1,28 

1,24 

1,20 

1,16 

1,12 

1,08 

!Q =0 3 
't ' 

0,4 

0,5 

06 
0,8 
00 

8 
t 0,96 ~-~-~--~-~-~-~ 

0 0,1 0,2 0,3 0,4 0,5 0,6 
PHc. 13.14. KpttBhie Ko3¢cpm.1n:eHTa kn umrnH11puqecKoro HHl\YKTOpa 

HuiJyKmop 6e3 euympeuuezo MaiuumonpoeoiJa. Bh1pa1KeHH5I .UJI51 aToro cJiyqaH 

noJiyqHM, ecJIH ITOJIOJKHM r2 = 0 H cooTBeTCTBeHHO 3ToMy / 02 = 0 H K 02 = oo. To

r.n:a Ha OCHOBaHHH (13.70) 

B = . ] I 1(ar). B = ] l 0 (ar) 
r }µo m J ' z µO m J · 

01 01 

(13.76) 
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2,1 

2,0 

1,9 

1,8 

1,7 

1,6 

1,5 

1,4 

1,3 

1,2 

1,1 

1,0 

r11a0a 13. 311eKTpoMarH1t1THb1e no11si B nepeMe11.1aio11.1111xCS1 cpe,llax 

00 

4,0 

2,0 
1,4 

l----+----+--+----+---hr:-t-1.-1,2 
1,0 
0,8 

l--+---+--+---+l-Hlllll't-0,6 

0,4 

!Q = 0 3 
't ' 

0,9 i-------"..,i---"'--+-----+-----+-----j 

~ 
0,8,___--'--------'---J__~-'-~---'~---J't 

0 0, 1 0,2 0,3 0,4 0,5 0,6 

PHc. 13.15. KpMBbie Koa¢¢mmeHTa k~' UMJIMHl\pMqecKoro MHl\YKTopa 

KoHTponbHble eonpocb1 K rnaee 13 
13.1. Ha30BHTe OCHOBHbie aJieKTpoTeXHH'IeCKHe ycTpOHCTBa, KOTOpbre HCIIOJib3YIOT 

rrpM pa6oTe rrepeMell(eHHe 3MIT B rrpocTpaHCTBe. 

13.2. KaKHe OCHOBHbie yparmeHHH co;11;ep)l(HT aHaJIHTHqecKa.H MO;'(eJib TaKoro Tex

HHqecKoro ycTpOHCTBa? 

13.3. PaccKa)l(HTe o rrp1rn:u;1me ;11;elicTBHH Mf,ll rrpeo6pa3oBaTeJie:H atteprHH. 

13.4. Ha3oBHTe rrepcrreKTHBHbie o6JiacTH ncrroJib30BaHHH Mf)l rrpeo6pa3oBaTeJieii 

9HeprHH. 

13.5. PaccKa)l(HTe o npHH:u;nrre ;11;e:H:cTBHH JIHHeRHbIX cHHxpoHHbIX ;11;BnraTeJieii 

H o6JiaCTH HX rrepcneKTHBHoro HCIIOJib30BaHHH. 
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3neKTPOMarHMTHOe none 
. -a 3neKTpoTexHM1.1ecKMX ycrpoMcreax 

14.1. noeepxHOCTHblM 3<l><l>eKT 
"' B 3neKTpoTeXHM'leCKMX ycrpoMCTBax 

14.1.1. SleneHMe noeepxHOCTHoro s<1><1>eKTa 
3JieKTpOTexmi:qecKHe ycTpOMCTBa B KaqeCTBe CBOHX 3JieMeHTOB HMeIOT npOBO,ZJ:HHKH, 

CJiy)}(all{He JJ;JI.SI npoBe,n:eHH.SI 3JieKTpHqecKoro TOKa, H MarHHTOnpOBO,ZJ:hI, CJiy)Kall{He 

,n:JI.SI npoBe,n:eHH.SI MarHHTttoro noTOKa. B Tex cJiyqa.Six, Kor,n:a 3JieKTpoTeXHHqecKHe 

ycTpOHCTBa CB.SI3aHhl c HCTOqHHKaMH noCTO.SIHHOro Hanp.SI)}(eHH.SI, B03HHKaIOm;He TO

KH H MarHHTHbie nOTOKH paBHOMeptto pacnpe,n:eJI.SIIOTC.SI no ceqeHHIO COOTBeTcTByIO

ll{HX 3JieMeHTOB. IlpH nHTaHHH ycTpOMCTBa OT HCToqHHKa nepeMeHHOro TOKa (Ha

npHMep, CHHYCOH,ZJ:aJihHOro TOKa) B03HHKaIOm;He B 3JieMeHTaX TOKH H noTOKH pac

npe,n:eJI.SIIOTC.SI no ceqeHH.SIM HepaBHOMepHO. IIepeMeHHhIM TOK HMeeT HaHMeHbIIIYIO 

nJIOTHOCTh Ha OCH npoBo,n:a H HaH60JihIIIYIO y ero noBepXHOCTH. AttanornqHo pac

npe.n;eJI.SieTC.SI H nepeMeHHhIH MarHHTHhIH nOTOK B npoBO,ZJ:.SIIIJ;eM TeJie. 

06a 3TH CJiyqa.SI .SIBJISIIOTC.SI pe3yJihTaTOM noBepXHOCTHOro 3$$eKTa ( CKHH-

3$$eKTa), CB.SI3aHHOfO c HepaBHOMepHblM pacnpe.n;eJieHHeM 3MII B npOBO,ZJ:.Sill{e:ii 

cpe.n:e H3-3a 3aTyxamm 3JieKTpOMarHHTHOH BOJIHhl. 

Pattee 6hIJio noKa3atto, qTQ nepeMeHHOe 3MII noJie 6blcTpo 3aTyxaeT no Mepe 

npOHHKHOBeHH.SI B TOJIIT{Y npoBO,ZJ;.SIIIJ;eH cpe,n:hI. 3TO npHBO,ZJ:HT K HepaBHOMepttoMy 

pacnpe,n:eJieHHIO noJI& no ceqeHHIO npoBo,n:a, a cJie,n:oBaTeJibHO, K HepaBHOMepHoMy 

pacnpe.n;eJieHHIO TOKa n MarHHTttoro noTOKa. B ycTaHOBHBIIIeMc.SI pe)KHMe 3TH BeJIH

qJiHhI HMCIOT MaKCHMaJihHOe 3HaqeHne y noBepXHOCTH npoBo,n:a. 

IloBepXHOCTHhlM 3$$eKT B 6oJihIIIHHCTBe cJiyqaeB Bpe.n:ttoe .SIBJieHHe, TaK KaK OH 

yBeJIHqHBaeT conpoTHBJieHHe npoBo,n:a nepeMeHHOMy TOKY H MarHHTHoe conpoTHB

JieHHe nepeMeHHOMY MarnHTHOMY noToKy. B tteKoTophIX cJiyqa.Six .SIBJiettHe noBepx

HOCTHoro 3$$eKTa HCnOJih3yeTCSI, HanpHMep, B ycTaHOBKax ,ZJ:JI.SI HH,n:yKD;HOHHOfO 

noBepxHOCTHOro ttarpeBa If 3aKaJIKH. 
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14.1.2. noaepxHOCTHblM 3neKTpM'leCKlllM 
3<l><l>eKT B np.AMOyronbHOM WlllHe 
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Pernem1e TaKoil: 3a;i:a•m HMeeT oqeHb Ba.JKHoe 3HaqeHHe B 3JieKTpoMaIIIHHOCTpoeHHH. 

Bee 3JieKTpw1ecKHe MaIIIHHbI HMeIOT na3bI Ha no,11;BHJKHOM H Ha Heno,11;BHJKHoil: qac

T.srx (y p.sr,11;a MaIIIHH TOJibKO Ha O,ll;HOM H3 qacTeil: - no,ll;BH:lKHOM HJIH Heno,ll;BH:lKHOM), 

B KOTOpbie yJio:>KeHbl o6MOTKH, COCTO.sIIIIHe H3 npoBO,ll;HHKOB pa3HOM cpopMbl ceqeHH.sI 

(HanpnMep, npRMoyroJibHOM, KpyroBoil: I(HJIHH,ll;pnqecKoil: H T. ,11;). B 3THX npoBo,11;

HHKax np05IBJI.sieTC5I 3JieKTpH'leCKHM noBepXHOCTHbIM 3cpcpeKT. 

PacnoJIO:lKHM OCH 11:eKapTOBOH CHCTeMbl B COOTBeTCTBHH c pHC. 14.1, a. 0603Ha

qHM: i - TOK no IIIHHe, b - IIIHpHHa, h - BbICOTa na3a. MarHHTHM npoHHI(ae

MOCTb IIIHHbI µ . MarHHTHYIO npoHmi;aeMOCTb cpeppoMarHHTHOI'O MaTepHaJia, B KO

TOpOM c,11;eJiaH na3, noJiaraeM oqeHb 6oJibIIIOM, TeopeTHqeCKH CTpeMJIIIIeil:c.sr K 6ecKO

HeqHOCTH. IlpH 3TOM ,11;onymeHHH HH,ll;YKIJ;H5I B cpeppoMarHHTHOM MaTepMaJie 6y,11;eT 

KoHeqHa, a HanpR:>KeHHOCTb noJIJI B HeM 6y,11;eT cTpeMHTbCJI K HYJIIO. B IIIHHe H Ha

npaBJieHa no ocH Oy, E - no ocM Ox. BeKTop IIoil:HTHHra HanpaBJieH no ocH Oz. 
3JiernpoMarHHTHa5I BOJIHa npoHHRaeT H3 ,ll;H3JieKTPHKa B IIIHHY qepe3 Hapy:>KHYIO 

noBepxHOCTb mnsq H no Mepe npoHHKHOBeHH.sI B IIIHHY 3aTyxaeT no aMITJIHTy,11;e. 

MaTepnaJI 

a 6 8 

PHc. 14.1. lli1rna B rra3y 3JieKrpuqernon MalllHHbI 

Ilo 3aKoHy noJIHoro TOKa npn z = 0 H = i / b , a npH z = h H = 0 . .l{JIJI onpe

,11;eJieHM5I nocT05IHHbIX HHTerpMpOBaHH.sI ~ H ~ B BbipaJKeHHH 

(14.1) 
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COCTaBHM ,11,Ba ypaBHeHH.H 

£\ + ~ = i I b, r\eP' + ~e-ph = 0. 

IlocJie orrpe,11,eJieHH.H £\ H ~ H II0,11,CTaHOBKH HX B (14.1) IIOJIJ'IHM 

· ish[p(h-z)] .:. -:· -:· 
H= E=iE =tE, 

b sh(ph) ' x 
(14.2) 

E =_!di!= p £ ch[p(h- z)], ~ = yi. 
y dz y b sh(ph) 

(14.3) 

fpa$HKH Mo,11,yJie:H H n E no BhrcoTe IIIHHhI H3o6paJKeHhI Ha pnc. 14.1, 6, e. 

14.1.3. noaepxHOCTHblM 3neKTpM'leCKMM 3<l><l>eKT 
B KpyroaoM l.IMnMHAPM'leCKOM npOBOAHMKe 
Ilpe,11,IIOJIOJKHM, qTo xapaKTepHCTHKH 3MTI H3MeH.HIDTC.H BO BpeMeHH no rapMOHH

qecKOMy 3aKoHy. CoBMecnIM OCh z KpyroBOR IJJIJIRHll;pnqeCKOR CHCTeMhl KOOpll;H

HaT {r, cp, z} c OChID rrpOB0,11,a (pnc. 14.2). IlpoBOA cqnrneM ,11,JIRHHhIM, qrn II03BOJI.HeT 

rrpeHe6peqh KpaeBhIMH a<t><t>eKTaMH (rrpeHe6peqh H3MeHeHH.HMH no OCR z) H pac

CMaTpHBaTh H3MeHeHml xapaKTepHCTHK JIHIIIh ITO pall;Hycy r (n3-3a CRMMeTpHH rrpo

BOAHRKa xapaKTepHCTHKH IIOJI.H He 3aBHC.HT OT yrna cp ). 3JieKTpnqecKa.H HaIIp.H-. . 
JKeHHOCTh E 3MTI HMeeT TOJihKO oceByro cocTaBJI.Hroll(yro {O, 0, E,}, a MarHHTHa.H 

. . 
Harrp.HJKeHHOCTh ii - TOJihKO KacaTeJihHyro cocTaBJI.Hroll(yro {O, ii 'I', O} . UeJihID pe-

rneHH.H .HBJI.HeTC.H orrpel];eJIHTh, KaK R3MeHSIIDTC.H IIJIOTHOCTh TOKa & H ii ITO PaARy

cy rrpoB0,11,HHKa r. IlpeHe6peJKeM BJIH.HHHeM o6paTHOfO rrpOBOll;a. 

2 

y 

x 

PHc. 14.2. Kpyrosoii UHJIHH.l\pHqecKHH nposo.Z(HHK 



14.1. noeepxHOCTHblH 3cpcj>eKT B 3JleKTpOTeXHl'14eCKl'1X ycrpoHCTBaX 

Mcxo,anhle ypaBHemrn MaKcBeJIJrn 3amnueM B BII,ae 

. . . aµii . 
rotH = 8, rotE =--- = -jroµH. at 
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(14.4) 

IlpHHIIMa.51 BO BHIIMaHRe, qTo B rrpoBOi'l:HIIKe OCHOBHhIM. TOK<?M rrpR pa3yMHhIX 

qaci:oTax ( f <.104 fu) 5IBJUieTC5I TOK rrpoBOi'J:lIMOCTII, T. e. ~ = yE' CJie,aoBaTeJihHO, 

rot 8 = - jroµyH ' IIOCJie rrpeo6pa30BaHHH BIIj(a 
. . . 

rot rot 8 = - jooµyrot H = - jroµy8. (14.5) 

yqHTbIBa.51 H3BeCTHOe BbipaJKeHHe BeKTOpHoro aHaJIH3a 
. . . 

rot rot 8 = grad div 8 - AB 

H IIOt(CTaBJI5I5I ero B ( 14.5), cqHTa.51, qTO div~= 0, IIOJiyqHM 
. . 

A~= jroµy 8. (14.6) 

ECJIII Terrepb IIO,ll;CTaBHM B ( 14.6) BbipaJKeHIIe BeKTOpHoro JiaIIJiaCHaHa B Kpyro-
BOH IIHJIIIH,ll;pHqecKOH CIICTeMe KOOpi'J:HHaT r, cp, z II3 rrpIIJIOJKeHHSI, TO IIOJiyqIIM 

d2B 1 dB . . 
-+--=;roµy 8. 
dr2 r dr 

(14.7) 

IlOCKOJlhKY IIJIOTHOCTb :=meKTpMqecKoro TOKa II3MeHSieTC5I TOJibKO ITO Pai'l:liaJihHOH 

KOOPi'J:MHaTe, TO Mbl B (14.7) rrepemJIM K CKaJISipHoMy ypaBHeHMIO MSI KOMIIJieKCHhIX 
BeJIIIqIIH H oT qacTHhIX rrpoII3BOi'J:HhIX - K IIOJIHhIM rrpoH3BOi'J:HhIM. EcJIII BBeCTII 

o6o3HaqeHne q 2 = - jroµy, TO ( 14.7) rrpeo6pa3yeTrn K BHi'l:Y 

HJIH 

d
2
B +..!_d8 +q2B=O 

dr2 r dr 

~+_!_~+8=0. 
d(qr) 2 qr d(qr) 

(14.8) 

YpaBHeHIIe ( 14.8) rrpei'J:CTaBJISieT ypaBHeHIIe THrra EecceJISI rrpn x = qr H y = 8 , 
ero pemeHHe (HarrpHMep, [14.2]) 3aIIHCbIBaeTC5I B BH,ae 

8 = A]0 (qr) + BN0 (qr), (14.9) 

r.n:e ] 0(qr) - tPYHKIIH5l EecceJISI HYJieBoro rropH,aKa 1-ro poi'l:a, N0(qr) - tPYHKU:HSI 
EecceJISI HyJieBoro rropSI,ll;Ka 2-ro poi'J:a. 

<l>yHKU:H5I N 0 (qr) -+ oo rrpn qr-+ 0 (r-+ 0), 'ITO rrpoTHBopeqnT tPH3M'IeCKHM 

rrpe.acrnBJieHHHM. IloaToMy rrpHHHMaeM B = 0. Tor,aa 

8 =A ]0 (qr). 

MarttHTHaSI ttarrpSIJKeHHOCTh if Haxo,aHTCSI H3 ypaBttemnr 
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B BH,ZJ;e 

TO eCTh 

iI = _ _!_i_[AJo(qr)] =_A d[]0 (qr)] d(qr) =_A q[-Ji(qr)], 
q2 dr q2 d(qr) dr q2 

. A 
H =-J1(qr), 

q 
(14.10) 

r,n;e j 1(qr) - <PyttKu;m1 BecceJUI 1-ro po,n;a nepBoro nop.si:,n;Ka. 
Jl.Jr.si: onpe,n;eJieHH.si: nocTo.sIHHOH HHTerpHpoBaHH.si: A BOCITOJih3yeMc.si: 3aKoHOM 

IlOJIHOfO TOKa. IlpH r =a 

Tor,n;a 

i A 
-2 =-Ui(qa)), 

1ta q 

i> = qi.Jo(qr) , iI = i.f1 (qr) . 
2na]1(qa) 2na]1(qa) 

B u;eHTpe npoBo,n;a ( r = 0) - ] 0 (0) = 1: 

. qi . . o0 = , o = o0] 0(qr). 
2na]1(qa) 

(14.11) 

KoMrrJieKCHhre <PYHKU:HH BecceJIH } 0 (qr) , ] 1 (qr) MO)J(HO npe,n;cTaBHTh B 3Kcno
Hettu;HaJihHOH <PopMe B BH,n;e 

]
0
(qr) = b0e1~0 , ] 1 (qr)= b1 ei~, , 

r,n;e b0 , b1 - Moey nu; f30 , j31 - apryMeHThI <PYHKu:HH. Hx 3HaqeHH.sI ,n;aHhI B rn6JI. 14.1. 

r~royµ ho f3o bl 131 

0 1 0 0 -45,00 

1 1,015 . 14,22 0,501 -37,84 

2 1,229 52,28 1,041 -16,73 

3 1,95 96,52 1,80 15,71 

4 3,439 138,19 3,173 53,90 

5 6,231 178,93 5,812 93,55 

6 11,501 219,62 10,850 133,45 



14. 1. noeepXHOCTHblH 3cpcpeKT B 3JleKTpoTeXH"14eCK"1X ycrpOHCTBaX 

r.Jroyµ ho Po h1 P1 
7 21,548 260,29 20,50 173,51 

8 40,82 300,92 39,07 213,69 

9 77,96 341,52 74,97 253,95 

10 149,8 382,10 144,58 294,27 

14.1.4. noeepxHOCTHblM MarHMTHblM s<1><1>eKT 
B nnoCKOM <l>eppoMarHMTHOM nMCTe 
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,llJI.SI yMeHbIIIemrn: noTepb Ha BHXpeBbie TOKH H ,[J;Jl.SI 6oJiee paBHOMepaoro pacnpe,a;e

JieHHH MarHHTHOfO noToKa no ceqeHHIO MafHHTonpOBO,lJ;bI MOIUHbIX 3JieKTpoTeXHH

qecKHX ycTpOHCTB (3JieKTpHqecKHX MaIIIHH, Tpattc<PopMaTOpOB H T. ,ll;.) co6Hpa10Trn 

H3 <PeppoMarHHTHbIX JIHCTOB, H30JIHpOBaHHbIX ,a;pyr OT ,a;pyra. PaccMoTpHM, KaK 

pacnpe,a;eJIHeTCH MafHHTHbIH noTOK B O,ll;HOM H3 TaKHX JIHCTOB. 

if 
ff 

x 

a 

H 

z 

z 

6 
PHc. 14.3. IIJiocKnn ¢>eppoMarHHTHh!H JI11cT 

IlycTb B nJIOCKOM JIHCTe TOJIIUHHOH a, BbICOTOH h H ,a;mrnoH: l HanpaBJieHHe 

MafHHTHOfO noTOKa COBna,naeT c OCblO Oy (pHc. 14.3, a) H MarHHTHbIH noTOK H3-

MeHHeTCH Bo BpeMeHH c11ttycoH,Z\aJibHO. KaK H B pacqeTe, npH paBHOMepttoM pacnpe

,11;eJieHHH noToKa no ceqeHHIO npHHHMaeTcH, qTo h > > a , l > > a H y- const . To

r,a;a HCKa:>1<em1eM nOJIH y KpaeB nJiaCTHHbI MO:>KHO npette6peqb R cqRTaTb, qTo B ITJia

CTRHY c ,rJ;Byx CTOpOH npoHRKaeT nJIOCKaH 3JieKTpOMarHRTHaH BOJIHa, ,Z\JIH KOTOpOH 

cnpaBe,a;JIHBbI ypaBHeHHH (14.4). CJie,rJ;oBaTeJibHO, onycKM RH,Z\eKCbI x R y, MO:>KHO 

HanHCaTb: 

(14.12) 
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r.ne rro-rrpe:arneMy p = ~ jroµy = (1 + j)~ro~y = (1 + j)k. 

CooTBeTCTBeHHO KOMIIJieKCHOe 3Haqemre 1rn.nyKU:HH 

B = ~µe-pz + ~µeP' . (14.13) 

IlocKOJlhKY 3JleKTpoMarHHTHbre BOJIHbI BXO.ll;5IT B JIHCT c .ll;BYX CTOpOH, TO 3Haqe
HH51 HH.ll;YKU:HH B rrpn z = ±0, 5a paBHhI MeJKp;y co6oll:. 3To rrpHBO.ll;HT K paBeHcTBy 

~=~-
TaKHM o6pa30M, 

B = ~µ(e-P' + eP') = 2~µch(pz) = B0 ch(pz), 

. . diI Bop 
?J = yE = -- = --sh(pz), 

dz µ 

(14.14) 

(14.15) 

r.ne B0 = 2~µ - KOMrrJieKcuoe ,nell:cTBy10rn:ee 3Haqeune HH.ll;YKU:HH B cepe,nnae ce
qemrn JIHCTa ( z = 0 ). 

Cpe,nuee 3Haqeune KOMIIJieKcuoro ,nell:cTBy10rn:ero 3Haqemrn BeKTopa MarHHTHOH 

HH.ll;YKU:HH 

1 0,5a B 0,5a jJ ( ) 
Bcp = - J Bdz = - 0 J ch(pz)dz = 2-0 sh pa . 

a -o.sa a -o,s pa 2 
(14.16) 

Ilepexo.n OT KOMIIJieKCOB K .n:ell:CTBYIOIUHM 3HaqeHH5IM Tpe6yeT BbJqHCJieHH51 MO
,nyJieH KOMIIJieKCOB sh(pz), ch(pz) H p: 

!sh(pz)l
2 = sh(kz + jkz)sh(kz - jkz) = O,S[ch(2kz) - cos(2kz)], 

!ch(pz)l
2 

= ch(kz + jkz)ch(kz - jkz) = O,S[ch(2kz) + cos(2kz)], 

lvl=J2k. 
TaKHM o6pa3oM, 

B = B0 ~0,S(ch2kz + cos2kz), S = kBo ~O,S(ch2kz - cos2kz), 
µ 

Bcp = :~ ~ch(ka) - cos(ka) . 

Han60JI1>rnee 3naqeane HH.ll;YKU:HH HMeeT y noBepxuocTH JIHCTa: 

Be = B0 ~0,5[ch(ka) + cos(ka)]. (14.17) 

3aBHCHMOCTH .neil:cTByrorn:nx 3HaqeHHM BeKTopa MarHHTHOH HH.ll;YKU:HH H BeKTOpa 
IIJIOTHOCTH TOI<a OT I<Oop.n;HHaThI z rrpe,ncTaBJieHbI Ha pHC. 14.3, 6. 

IlpH 3uaqeumr rrapaMeTpa ka = ~O, Sroµy a = 2 , qTo HMeeT MecTo rrptt 

f = 400 fn:, µ = 1000µ0 , y = 107 CM/M H a= 0,5 MM, OTHOIIIeHHe Be/ B0 =1,3, HO 
yJKe rrpH ka =4, T. e. a =1 MM, Be/ B0 =3,7. IIonoMy uepaBHoMepaocTb pacrrpe.ne
JieHHH MarHHTHOfO IIOTOI<a no ceqeHHIO MOJKeT cqnTaThCK ,norrycTHMOH rrpH 3Haqe

HH5IX ka <2. 
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Morn:HOCTb ITOTepb Ha BHXpeBbie TOKH B eJ];HHHIIe o6oeMa JIHCTa 

82 B2 rok2a2 B2 
Po = - = ~[ch(2kz) - cos(2kz)] = cp 

'Y 2µ 2µ 
ch(2kz)- cos(2kz) (

14
_
18

) 
ch(ka) - cos(ka) 

IloTepH BO BCeM JIHCTe 

p = J Polhdz = B2 roka. sh(ka) - sin(ka) . 
~o,sa cp 2µ ch(ka) - cos(ka) 

(14.19) 

IlpH ka < < 1 3TH ITOTepH onpe,n:eJIHIOTCH cpopMyJioii: 

1t2 
p = -f2'1/a2B2 

Ocp 3 I' cp ' (14.20) 

COBITaJJ;aIOIIIeii c BbIBeJJ;eHHOH B ITpeJJ;ITOJIOJKeHHH paBHOMepHoro pacITpeJJ;eJieHHH IIOTOKa. 

TaK KaK ka = ~O, Sroµy a , TO rrpH yBeJIHqeHHH qacTOTbI JJ;JIH coxpaHeHHH Toti JKe 
BeJIHqHHbl ITOTepb ITPHXOJJ;HTCH yMeHblllaTb TOJIIIIHHY JIHCTa HJIH npHMeHHTb ITpec

COBaHHbie cepJJ;eqHHKH H3 cpeppHTOB. 

14.2. 3<l><l>eKT 6nM30CTM AJlJI ABVX 
napannenbHblX TOKOnpOBOAJllQMX WMH 

PacCMOTpeHHoe HepaBHOMepHOe pacITpeJJ;eJieHHe MarHHTHoro ITOTOKa H TOKa ITO ce

qeHHIO ITpOBOJJ;HHKa OTHOCHTCH K yeJJ;HHeHHOMY ITpOBOJJ;HHKy. EcJIH 6JIH3KO pacITO

JIOJKeHbl HeCKOJibKO ITPOBOJJ;HHKOB c ITepeMeHHblMH TOKaMH, TO HepaBHOMepHoe pac

ITpeJJ;eJieHHe TOKa B KaJKJ];OM H3 ITpOBOJ];HHKOB 6yJJ;eT OITpeJJ;eJIHTbCH He TOJlbKO ero 

co6CTBeHHhlM ITOJieM, HO H ITOJIHMH OCTaJibHbIX ITpOBOJ];HHKOB. 3TO HBJieHHe Ha3bIBa

eTC51 3cpcpeKTOM 6JIH30CTH H HMeeT cyrn:ecTBeHHOe 3HaqeHHe J];JIH HeKOTOpbIX 3JieK

TPOTeXHHqecKHX ycTpoiicTB. 

IIycTb JJ;Be ITJIOCKHe IIIHHbI TOJIIIIHHoii a, BbICOTOii: h >>a pacITOJIOJKeHbI ITa

PaJIJieJibHO JJ;pyr JJ;pyry Ha paccTOHHHH b < < h (pHc. 14.4). 
)lJIHHa IIIHH l > > b H HCKaJKeHHSI ITOJIH y KOHllOB H KpaeB IIIHH B pacqeTe He 

yqHTbIBaIOTCH. MaTepHaJI IIIHH o6JiaJJ;aeT ITOCTOHHHblMH MarHHTHOH ITpOHHI1aeMO

CTbIO µ H yJJ;eJibHOH ITpOBOJJ;HMOCTbIO 'Y . Ilo IIIHHaM ITpOTeKaIOT B pa3HbIX HaITpaB

JieHHSIX TOKH j qacTOTbl (J)' OJ];HHaKOBble ITO BeJIHqHHe. 

OcH Koop,n:HHaT yKasaHbI Ha pHC. 14.4, a. HaqaJio KoopJJ;HHaT HaxoJJ;HTCH ITocepe

JJ:HHe Me/KAY IIIHHaMH. 

IlpH ITpHHSITbIX YCJIOBHSIX ITOJie SIBJIHeTCSI ITJIOCKOITapaJIJieJibHbIM H BeKTOp iI 
HMeeT ITpaKTHqecKH JIHIIlb OAHY cocTaBJISIIOIIIYIO HY= ii. Bee Bemi:qHHbI SIBJISIIOTCH 

cPYHKIIHeH TOJibKO OJ];HOH KOOpJJ;HHaTbl x . 
TaK JKe KaK H B pasJJ;eJie 14.1.2, 06111ee pellleHHe ypaBHeHHSI AJISI KOMITJieKcttoro 

JJ;eii:cTByro111ero 3HaqeHH51 HaITpsi1KeHHOCTH MIT HMeeT BHA 

(14.21) 
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I 

y 

L: h 

2a 2a 2b 2a 
a 6 

Puc. 14.4. )lBe IIJIOCKHe rrapaJIJieJibHO pacrroJio)KeHHhle IIIHHhI 

lfa 3aKOHa noJIHOro TOKa, npHMeHeHHOro K JJ:BYM KOHTypaM, Ol{HH H3 KOTOpbIX 

OXBaTbrnaeT OJJ:HY IIIHHy, a ;:i:pyroii - o6e IIIHHbl, CJie;:i:yeT, qTo HaIIp.S:DKeHHOCTh nOJIH 

Me)K;:i:y IIIHHaMH HeH3MeRHa H paBHa j / h , a Ha BHeIIIHHX noBepxROCTHX o6enx 

IIIHH - paBHa HYJIIO H3-3a B3aHMHOH KOMneHca~HH o6enx IIIMH. 

TaKHM o6pa30M, ;:i:11si: npaBoli IIIHHbI npH x = 0, 5b 

~e-o,Spb + ~eo,5pb = l, 
h 

(14.22) 

np:rr x = 0, 5b + a 

~e-p(0,5b+a) + ~ep(0,5b+a) = O. (14.23) 

lfa ypaBHeHHH (14.19), (14.20) HaXOJ{HT nOCTOHHHbie HHTerpHpoBaHHH: 

. j eo,5pb • j e-p(0,5b+2a) 

Ai = h. 1 - e-Zpa ' ~ = -h. 1- e 2pa • 
(14.24) 

C11e;:i:oBaTeJibHO, 

iI = L 1 [e-p(x-0.5b) _ ep(x-0,5b-2a) J. < 14_25) 
h 1- e-2pa 

BeKTOp nJIOTHOCTH TOR:a 8 HMeeT JIHIIlb o;:i:Hy COCTaBJIHIOilJ;YIO liz = 8, n03TOMY 

8 =di! = _L P [e-p<x-o,5b) + ep<x-0,5b-2a)]. <14.26) 
dx • h 1- e-2pa 

L{JIH JieBOH IIIHHbl no11yqa10TCH aHaJIOrHqHbJe tPOPMYJihl. 

lfa Bbipa)KeHHH l{JIH IlJIOTHOCTH TOKa ( 14.26) BHJ{HO, qrn pacnpe;:i:eJieHHe TOKa no 

ceqeHHIO IIIHHbl HeCHMMeTpHqHO no OTHomeHHIO K OCH CHMMeTpHH ee ceqeHHH. 

IlJIOTHOCTb TOKa 6oJibIIIe y BHyTpeHHeii noBepXHOCTH (pnc. 14.4, 6). IlpH 3TOM B03-

pacrneT aKTHBHOe conpOTHBJieHHe IIIHH. lfa-3a c6JIH)KeHHH npHMoro H o6paTHoro 

TOKOB yMeHbIIIaeTCH IlJIOilJ;a,ZJ;b KOHTypa, a CJiet{OBaTeJihHO, H ero HH,ZJ;yKTHBHOCTb. 
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IlpH o,n:HHaKOBOM HanpaBneHHM TOKOB B o6eMx IIIHHaX nnoTHOCTb TOKa 6y,n:eT 

HaHMeHhIIIeii: y BHyTpeHHHX IlOBepXHOCTeii: IIIHH H HaM6onhIIIeii: y Hapy)l(HbIX. 

3cpcpeKT 6nH30CTH HCITOnh3yeTC51 B HH,l(YKIJ;HOHHOM IlOBepxHOCTHOM HarpeBe. 

EcnH KOHTYP c TOKOM BhICOKoii: qacTOThI (HH.n:YKTOp) npH6nH3HTh K noBepxHoCTM 

HarpeBaeMoro Tena, TO B6nM3M IlOBepxHOCTM B03HHKaeT MHll:YKTHpOBaHHhlH TOK. lfa-
3a acpcpeKTa 6nM30CTH nyTh MH,n:yKTHpOBaHHOfO B Tene TOKa IIOBTOp.HeT cpopMy HH

,n:yKTopa, TaK KaK HH,l(YKTHpOBaHHblH B Tene TOK HaXO,l(HTC.H B rrpoTHBOcpa3e c TOKOM 

MHll:YKTopa, qTo KaqecrneHHO cooTBeTcTByeT paccMoTpeHHOMY rrpHMepy. TeM caMhIM 

C03,n:aeTC51 HarpeB IlOBepXHOCTH B Tpe6yeMblX MeCTaX. 3TOT MeTO,l( IIIHpOKO HCIIOnb-

3yeTC.H ,n:n.H IIOBepXHOCTHOH 3aKanKH CTanbHblX M3,l(enHH cnOJKHOH cpopMbl. 

14.3. PacnpocrpaHeHM.R 3neKTpoMarHMTHoro 
non.R a KOaKcManbHOM Ka6ene 
PaccMoTpHM nepe.zi:aqy aHeprnH no KoaKcHanhHOMY Ka6emo ,n:nHHoii l OT reHepa

rnpa c rrocTO.HHHoii 3,l{C E K Harpy3Ke c corrpoTHBneHHeM RH (pHc. 14.5). 
y .n:enbHa.H npoBO,l(MMOCTb BHyTpeHHeii JKHnhI Ka6en.si: H HapyJKHOro IJ;HnHH,l(pa ( 060-

noqKH) - y. 

- - - - ll=O Jf =O - - .... ,, .,,,,,. ..... ...... .,,,,., ...... 

"' .... "' ' 
/ ' / ' 

/ ' / \ 
/ I \ I \ 

I I I \ 

,' f2-z:2~~~~??2~~Z:Z~f22??4 \ 
t .E, rr I I 
r I Hae L______!.!.z S I I 
I - ~ 3 I I I 
I ..---_.+..,,.._. ___ -·-·-·-·-·-·-·-·-·---a---..i..·-·-·-·-· + - I 
I I 

\ Ha
9 0, II, R : 

\ I 
\ I 
\ I I I 
\ ) ~ Z1 I 

' / \ I ' / ' / '........ ..-"' ' / 
- - - - - S2 S1 ' - - ... "' 

PHc. 14.5. PacrrpoCTparremre 3MII B KoaKcn:aJihHOM Ka6eJie 

,l{n.si: Toro qT06h1 cy,n:HTh o pacrrpocTpaHeHHH aHeprnH B rrpoCTpaHcTse, Heo6xo

.l(MMO HaHTM BeKTOp YMOBa-IIoiiHTHHra B ceqeHMH, nepneH,n:HKynJipHOM OCH Ka6enJI 

Ha paCCTOJIHMH z OT ero KOHIJ;a. 

ToK B Ka6ene Haxo,n:HTC.H B BH,n:e 

l= E ' 
RH +RK 
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I I 
RK = --2 + 2 2 = !Ra 

1tYfo 1t"f( r2 - 1i ) 
r)l;e (14.27) 

npe)l;CTaB.IDieT co6oii cyMMY conponrnJieHHH BHyTpetttteii )l(HJihI H o6oJioqKH Ka6e

JI.H, a Ra - conpoTHBJICHHe C)l;HHHI1hI )l;JIHHhI Ka6eJI.H. 

Hanp.H)l(ettHe Me)l()l;y )l(HJioii u o6oJioqKoii B paccMaTpHBaeMoM ceqemm 

(14.28) 

Pa)l;HaJibHa.H COCTaBJI.HIOIIIa.H Hanp.H)l(CHHOCTH 9II B JII06oii TOqKe H30JIHPYIOIIIero 

CJIO.H Ha paCCTO.HHHH r OT OCH Ka6eJI.H B 3TOM ceqeHHH paBHa 

u 
Er= --1

- npH 70<r<1j. 
rln 1i 

(14.29) 

ro 
KpoMe pa)l;HaJihHOH cocTaB.IDIIOIIIeii, ttanp.H)l(eHHOCTh noJI.H B H30JIHPYIOIIIeM cJioe 

HMeeT H oceByIO (rrpo)l;OJihHYIO) cocTaBJI.HIOIIIYIO E, . Btte Ka6eAA Er = 0 npH r > 12 . 
Hanp.H)l(eHHOCTh MIT B H30JIHPYIOIIIeM cJioe no 3aKotty noJittoro TOKa 

I 
H=H =-

a 21tr 
(14.30) 

H ttanpaBJieHa nepneH)l;HKYJI.HpHO Pall:Hycy r paccMaTpHBaeMOH ToqKH H OCH Ka6e

JI.H. Btte Ka6eJI.H H = 0 . 3tta.H nJIOTHOCTh rnKa B )KHJie 

(14.31) 

o - I 
2z - ( 2 2)' 1tr2-r1 

(14.32) 

MO/KHO HaHTH OCeBYIO COCTaBJI.HIOIIIYIO Harrp.H)KeHHOCTH 9II B )l(HJie H B o6oJioqKe: 

(14.33) 

Ha rroBepxHoCT.sIX )KHJihI H o6oJIOqKH corJiacRo rpaHJiqHhIM ycJioBH.sIM ttopMaJih

Ha.H COCTaBJI.HIOIIIa.H Hanp.HiKeHHOCTH 9II TepnHT pa3phIB, H eCJIH B H30JI.HI1HH Ha

np.HiKeHHOCTh 9II HMeeT 3HaquTeJihHYIO pa)l;HaJihHYIO COCTaBJI.HIOIIIYIO Er' TO B npo

BO)l;HHKe Er =0. 
Hanp.HiKeHHOCTh MII B:e:yTpH npoBO/l:OB ttanpaBJietta TaK )Ke, KaK H B H30JI.HI1HH, 

H no 3aKOHY nOJIHOfO TOKa 

(14.34) 
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Hai1:JJ;eM Ten~pb BeKTop YMoBa-IloM:ttnrnra fl= [£.H] B pa3JHPIHbIX ToqKax Ka-

6em1. BeKTop II HMeeT nne cocTaB.IDIIOIIIHe: ocenyIO II,, onpeJJ;em1eMyIO paJJ;Ha.Jib

HOH COCTaBJUIIOIIIeH Hanp.si:)KeHHOCTH 3II - Er, TaK qTO II,= Er Ha= Er H, H pa

JJ;Ha.JihHYIO COCTaBJl.SIIOIIIYIO [Jr ' onpeneJI.si:eMyIO oceBOH COCTaB.IDIIOIIIeH Hanp.si:)KeH

HOCTH 3II - E,, TaK qTQ IJ
7 
= E, Ha= E, H (pnc. 14.6). 

Wl!!!IU!!lllll@@@/lll!IU!!!&m 
ff ---

~~z 
-IIr 

S3 Ha M .._____. __ ....,. _______ _ 

s;:---.--~ 

dS,, ... -
PHc. 14.6. Pacrrpe11.eJiettue BeKTopa YMoaa-IloilttTHttra B KOaKCHaJibHOM Ka6eJie 

B H30JI.SIIJ;HH Ka6eJI.si: pannaJihHa.si: cocTaBJI.SIIOrn:a.si: ttanp.si:)KeHHOCTH 3Il npaKTnqe

CKH BCerJJ;a 3HaqnTeJibHO npeBbIIIIaeT oceByIO, H, CJie,ZJ;OBaTeJibHO, ocena.si: COCTaB

JI.SIIOIIJ;a.H BeKTopa YMoBa-IloM:ttnrnra no Mepe Yi'la.JieHH.SI OT ocn Ka6eJI.si: y6hrnaeT 

o6paTHo nponopu;notta.JibHo KBa,ZJ;paTy pa,ZJ;nyca: 

II= VII 
' 27tr2 ln(1j / '2) · 

(14.35) 

TaKHM o6pa30M, aJieKTpoMarHHTHa.si: atteprn.si:, pacnpoCTpatt.si:.si:cb BJJ;OJib Ka6eJI.si:, 

HMeeT 6oJiblIIYIO IlJIOTHOCTb 6JIH)Ke K BHyTpeHHeH )J(HJie Ka6eJI.SI. 

Ha.Jinqne XOT51 H tte60JiblIIOH oceBOH COCTaBJI.SIIOIIIHX Hanp51)KeHHOCTH 3II npn

BO,ZJ;HT K TOMy, qrn B6JIH3H nonepxttoCTH npono,ZJ;HHKa n: BHYTPH era HMeeTc.si: pann:

aJibtta.si: COCTaBJl51IOllla.H BeKTOpa YMOBa-IlOHHTHHra [Jr. 

3Ta cocTaBJI51IOllla.H BeKTopa fl ttanpaBJieHa BHYTPh npononoB Ka6eJI51 n: Bbipa

)J(aeT Co6oi1: IlJIOTHOCTb IlOTOKa 3Heprn:H, HJJ;yllleH B eJJ;HHHIJ;y BpeMeHH Ha HarpeB 

npoBonon Ka6eJI51. EcTeCTBeHHo, qeM 6oJihIDe y , TeM Mettbme aTa cocTaBJI51IOllla.H. 

BHyTpn: npoBOJJ;OB II, = 0, TaK KaK Er= 0. 
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Ha pHc. 14.6 cxeMaTHqecKH rroKa3aH BeKTop YMoBa-IloiiHTHHra B H30JI.SUJ:HH, 

B JKMJie H B o6oJIOl[Ke Ka6eJI.Si:. 

PaccMoTpHM HeCKOJibKo pa3JIHl[HbIX 3aMKHYTbIX rroBepxHocTe:H H y6e,n:HMc.si:, qTo 

noToK BeKTopa YMoBa-IloiiHTHHra, BXO.ll:51IllHH BHYTPb 3THX noBepxHocTeii, paBeH 

MOillHOCTH, rroTpe6JIHeMo:H BHYTPH nnx rroBepxHOCTeii. 

)lJI.si: rroBepxHOCTH 51 (CM. pHc. 14.5) rroToK BeI<Topa YMoBa-IloHHTHHra, BXO

.ll:HillHH BHYTPb aTo:H rroBepxHoCTH, Bbipa3HTC.sI B BH,n:e 

" " UI I II 2nrdr = J 1 dr = UJ . 
' r ln(lj I 1Q) 

ro ro 

(14.36) 

l1HTerpnpoBaHHe npOH3BOi'J:HJIOCb TOJibKO B rrpei'];eJiaX H30JI51IIHH Ka6eJIH, TaK KaK 

BHYTPH rrpoBOi'J:OB BeKTOp ii JieJKHT B rrJIOCKOCTH HHTerpnpoBamrn HopMaJibHOH 

OCH Ka6eJI51 ii= IIr, a BHe Ka6em1 H = 0 H, CJiei'J:OBaTeJihHO, ii= 0. Pe3yJihTaT HH

TerpnpoBaHHH i');aeT 06I11yIO MOillHOCTb, Bbli'J:eJIHIOillYIOCH B Harpy3Ke H B rrpoBo,n:ax 

Ka6eJIH BHYTPH rroBepxHOCTH MHTerpupoBaHml. 

)lJI.SI IIOBepxHOCTH 52 aHaJIOrHl[HO ( 14.35) ITOTOK BeKTOpa ii, BXO.ll:5lll.J;HH BHyTpb 

3TOH rroBepxttocTH, paBeH - U2!. 0TPHIIaTeJibHhIH 3HaK 03HaqaeT, qTo rroTpe6Jie-

1rne MOillHOCTH BHYTPH o6JiacTH HHTerpHpoBaHH51 oTpHIIaTeJibHO MJIH qTo B ,n:aHHOM 

o6neMe Bhlpa6aThIBaeTcH attepnrn 6oJihIIIe, qeM noTpe6JIHeTc.si:. 

)lJI.SI IIOBepxHOCTH 53' OKpyJKa10meii no,n:o6Ho qyJIKY yqacTOK BHyTpeHHeH JKHJlbl 

I<a6eJI51 ,n:JIHHOH a, noJiyqaeM, qTo Ha TOpIIeBbIX yqacTKax noBepxHoCTH ( ST = 7t1Q
2 

) 

BeKTOp ii JieJKHT B nJIOCKOCTH HHTerpnpoBaHm1 II,= 0, ii =II,, a Ha ocTaJibHOH 

. IIHJIHH,n:pnqeCKOH qacTH IIOBepXHOCTH ( s~ = 2nroa ) ero pa,n:mUihHaH COCTaBJIHIOIIIaH 

IIr HOpMa.JihHa K IIOBepXHOCTH HHTerpnpoBaHH.sI M IIOCT051HHa 110 BeJIMl[HHe: 

12 
-Ilr = -E1,Ha. = - 2 3 • 

27t yr0 

(14.37) 

B TaKoM cJiyqae, HHTerpnpya BeKTOp YMoBa-IloiiHTHHra no noBepxHOCTH S3 , 

noJiyqaeM 

£ ~ I - I- I 12a -j IJdS = - flds - flds = 0 - -IJrds = IJr5u, = - 2 , 

53 Sr s, s, Tr:'(ro 

(14.38) 

3,n:ecb nepBbIH HHTerpaJI o6pamaeTcH B HYJih, TaK KaK ii J_ ST. CJie,n:oBaTeJibHo, no

TOK BeKTopa YMoBa-IloHHTMHra BXOi'J:HillHH qepe3 paccMaTpHBaeMyIO IIOBepx

HOCTb S3 ' paBeH MOillHOCTM, n.n:ymen Ha HarpeB yqacTKa JKHJlbl, HaxOMI11eroCH 

BHYTPH noBepxHOCTH 53 • 

l13 paccMOTpeHHOro npnMepa BHi'J:HO, qTO pacnpocTpaHeHHe 3JieKTpoMarHHTHOH 

3HeprHH OT HCTOl[HHKa K no'TpefoneJIIO He npoHCXO,llJl:T no rrpOBOi'];aM, KaK 3TO HHO

r,n:a HenpaBHJlbHO roBopHTCH. 3Hepnrn i'J:BHJKeTCH B npoCTpaHCTBe B.ll:OJlb npoBo,n:oB, 

a npoBo,n:a HBJIHIOTC.sI HanpaBJIHIOillHMH, KOHIIeHTPHPYIOillMMM nepe,n:aBaeMyIO 3Hep

rn10 H rrorJIOII.J;aIOillHMH ee qaCTb, Hi'J:YII.J;YIO Ha HX HarpeB. EcJIH BOCITOJlb30BaTbCH 

aHaJiorne:H: MeJK,n:y nepe,i'l:alfen aJieKTpoaaeprmr <mo npoBo,ll;aM» n ,ll;BHJKeHHeM BO.ll:bI 

B KaHaJie, TO npHJieraIOillM K rrpoBo,n:aM HenpOBOi'J:HlllaH cpe.n:a HBAAeTCH BMeCTHJIHI11eM 
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aJieKTpOMarHHTHOH 3Heprmr H aHaJIOrwma o6'beMy, 3aIIOJlll51eMOMy BO,/J;OH B KaHaJie, 

a IIOBepxHOCTb rrpOBO,UOB aHaJIOfHqHa IIOBepXHOCTH BO,Ubl B KaHaJie. PacXOJJ; aJieK
TpnqeCKOH aHeprHH Ha HarpeB rrpOBO,/J;OB aHaJiornqeH IIOTep51M BO,/J;hl, rrpocaqnBaIO

IIIeHC51 B rpyHT 6eperoB H ,UHa KaHaJia, a TaKJI<e HCIIap51IOIIIeHC51 c ee OTKpbITOH rro

BepXHOCTH. 
TeopeMa YMoBa-IIoliHTHHra ,uaeT B03MOJI<HOCTh cy,n:HTh o rrepe,uaqe H pacrrpo

cTpaHeHHH aJieKTpOMarHHTHOH aHeprHH KaK B JIHHH51X aJieKTporrepeJJ;aq, TaK H B pa3-

JIHqHhIX aJieKTpoTeXHHqecKHX ycTpOHCTBax. 

KoHTponbHbte eonpocb1 K rnaee 14 
14.1. q TO TaKoe aJieKTpHqecKHH IIOBepXHOCTHhIH a<P<PeKT? 

14.2. qTO TaKoe MarHHTHhIH IIOBepXHOCTHbIH a<P<PeKT? 

14.3. qTO TaKoe a<P<PeKT 6JIH30CTH? 
14.4. KaK paccqnTaTh aJieKTpnqecKHH rroBepxHoCTHhIH a¢¢eKT? 

14.5. qTO rrpoHCXO,/J;HT c aKTHBHhIM conpOTHBJieHlfeM cpe,uhl npH HaJinqHH aJieK

TpnqecKoro ITOBepXHOCTHoro a¢¢eKTa? 

14.6. IlpH KaKHX 'iaCTOTax rrpOBO,/J;HHK He rrpoBO,/J;HT TOK? 
14.7. KaK pacrrpoCTpaH51eTC51 aJieKTpoMarHHTHM aneprH51 no KoaKCHaJihHOMy Ka-

6eJIIO? 
14.8. qTo npe,ucTaBJI51eT co6o:i1: BeKrnp YMoBa-IloliHTHHra H KaK ero paccqHTaTh? 

6H6nHorpacf>MlfeCKMM cnHCOK K rnaee 14 
14.1. Eecco11oe JI. A. TeopeTnqecKHe ocHOBhI aJieKTpoTeXHHKH. 3JieKTpoMarHHTHoe 

noJie. - M.: BbICIII. IIIKOJia, 1978. - 231 c. 

14.2. KaMICfJ 3. CnpaBoqnnK no 06h1KHOBeHHhIM ,/J;H¢¢epeHI!HaJihHhIM ypaBHeHH51M. -

M.: HayKa, fP<DMJI, 1971. - 576 c. 
14.3. Heii.Ma11 JI. P., )le.Mup'l.fJl,11 K. C. TeopeTnqecKne ocHOBhI aJieKTpotexHHKH. T. 2. 

q_ 4: Teopn.si: aJieKTpoMarHHTHoro rroJI51. - JI.: 3Heprn51, 1967. - 234 c. 

14.4. HemymWl A. B., Il0Jluea11oe K. M. OcHOBhI aJieKtpoTeXlIHKH. q_ 3: Teopn.si: 
aJieKTpoMarnnmoro IIOAA. - M., JI.: f3H, 1956. - 191 c. 



rnasa 15 

Cne._.ManbHble <l>YHK'-'"" 
B ypaaHeHM.AX 
MaTeMaTM"leCKOM <l>M3MKM 

15.1. <l>yHK ... MM ne>KaHAPa 

15.1.1. AM<l>ct>epeH1.1ManbHOe ypaeHeHMe ne>KaHApa 
<!>yttKD;lUIMH JleJKaH,npa (mrn ccpepttl!eCKHMH cpyHKD;li.HMH) Ha3bIBaIOTC.H peIIIeHH.H 

.u11cpcpepettu;11aJihHOro ypaBHeHH.H 

2 d
2
w dw [ µ l (1-z )--2z-+ v(v+1)---w=0. 

dz2 dz 1- z2 ( 15.1.1) 

3.uecb z - KOMIIJieKCHa.H rrepeMeHHa.H, IIOCTO.HHHbie V, µ' Ha3hIBaeMble rrapa

MeTpaMH, TaKJKe MoryT 6bITh rrpoH3BOJihHhIMH KOMIIJieKCHhIMH q11cJiaM11. B ,UaJih

tte.ii:IIIeM rrpe.urroJiaraeM, 'ITO rrapaMeTpbI .HBJI.HIOTC.H HaTypaJibHhIMH 'IHCJiaMH: v = n ' 
µ=m. 

B qacTHOM cJiyqae m = 0 rroJiyqaeTrn .u11cpcpepettu;11aJihHOe ypaBHett11e JleJKaH

i'\pa: 

2 d 2w dw 
(1-z )--2z-+v(v+1)w=0. 

dz2 dz 
(15.1.2) 

YpaBHett11e (15.1.2) rrp11 v = n;::: 0 HMeeT CBOHM peIIIeHHeM IIOJIHHOM Pn(z), 
KOTOpbIH Ha3bIBaeTC.H noJtUHOMOM Jle:HCauopa 1-w pooa n-.ii: CTerreHH ( cpyHKD;He.ii: 

JleJKaH,npa 1-ro poi'(a HJIH 30HaJihHOH rapMOHH'IeCKOH ccpep11qecKOH cpyHKD;He.ii: 1-ro 

po.ua). 

BTopoe peIIIeHHe, JIHtte.ii:tto tte3aBHCHMoe OT rrepBoro, Ha3hrnaeTC.H tjJyH1cu,ueii 
Jle:HCaHopa 2-w pooa (HJIH 30HaJibHOH rapMOHH'IeCKOH ccpepttl!eCKO.ii: cpyHKD;He.ii: 

2-ro poL1a). Otta .HBJI.HeTC.H '6ecKotte'IH03Ha'IHOM attaJIHTH'IecKo.ii: cpyttKn;11e.ii: z, TO'I

KaMH BeTBJieHH.H KoTopo.ii: 6y,nyT ± 1 . Ha HHTepBaJie -1 < x < 1 .ueifcTBHTeJihHOM 

OCH 3Ta cpyHKD;li.H 6y,neT .ue.ii:CTBHTeJibHOH O,UH03Ha'IHOH cpyHKD;HeM, KOTopyro ,UaJib

IIIe 6y,neM o6o3Hal!aTh qepe3 Qn(x). 
L{JI.H rrpOH3BOJihHOro KOMIIJieKCHOfO HH,UeKca v .u11cpcpepeHD;liaJihHOe ypaBHeHHe 

JleJKatt,npa HMeeT ,nBa peIIIeHH.H P(z) , Q(z), KOTOpbie .HBJI.HIOTC.H attaJIHTH'IeCKHMH 

cpyHKD;li.HMH OT v Ii o6paID;aIOTC.H B pn ( z) ' Q. ( z) rrp11 v = n . QqeBH,UHO, 
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P_v_1(z) = Pv(z). <I>yHKUHH Pn(z), Q,,(z) - 6ecKoHeqH03HaqHbre, ToqKaMH BeTBJie
HHH .ZJ:JI.SI Pn(z) 6y.ZJ:yT -1 H 00,.ZJ:JI.R: Q,,(z) -±1 H 00. 

PerneHHe npH m ~ 0 MO)I<eT 6bITh BhrpaJKeHo qepe3 perneHHe npH m = 0 . B 06-
rueM cJiyqae v = n , µ = m ~ 0 B Kaqecrne perneHHH .ZJ:HcpcpepeHUHaJihHOro ypaBHe
HHH rroJiyqaeM npucoeiJuHemtbte <}Jymcu,uu Jle:J1Ca1tiJpa 1-io poiJa Pnm(z) H 2-w 
poiJa Q:(z). 3.ZJ:ech n Ha3hIBaeTCH cTerreHbIO, a m - rropH.ZJ:KOM cpyHKUHH. Ha ,ZJ;eii
CTBHTeJibHoii OCH MeJK.ZJ:Y ToqKaMH -1 H 1 o6e cpyHKUHH 6y.ZJ:yT ,ZJ;eHCTBHTeJibHbIMH 
H o603HaqaroTCH qepe3 pnm ( x) H Q;' ( x) . 

15.1.2. Cl>yHKL.IMM ne>KaHApa 1-ro POAa 

P (z) = _1_.!£._(z2 -1)n. 
n 2nn! dzn 

(15.1.3) 

[ l
-05 c IIOMOIUbIO npOH3BO.ZJ:HIUeH cpyHKI{HH 1 - 2 z r + r 2 ' MOJKHO IIOJiyqHTb IIOJIH-

HOMbI JieJKaH,ZJ;pa H3 pa3JIOJKeHH.R: (BbIIIOJIHHIOIUerocH ,l{JIH lrl < min lz ± ,J z2 - 11 j) 
-0 5 00 

[1-2zr + r 2] ' = 2:Pn(z)rn 
n=O 

HJIH H3 pa3JIOJKeHHH (BbIIlOJIHHIOIUerorn ,l{JIH lrl > maxjz ± -Jz2 -11) 
-0 5 00 1 

[1-2zr+r
2
] ' = LPn(z)--;;+1" 

n=O T 

Pa3JIOJKeHHe Pn(z) no cTeneHHM z HMeeT BH.ZJ: 

.p ( ) - 1 · 3. 5 ... (2n -1) [ n - n(n -1) n-2 n(n -1)(n - 2)(n - 3) n-4 - l 
nz- z z + z .... 

n ! 2(2n -1) 2 · 4 · (2n - 1)(2n - 3) 

,llJIH ,ZJ;eHCTBHTeJibHOfO apryMettTa x = cos 0 HMeeM TpHrDHOMeTpHqecKoe rrpe,ZJ;
cTaBJieHHe 

P (cos0) = 2· ... cosn0+-·--cos(n -2)0+ 
1·3 · 5 (2n -1) [ 1 n 

n 2" . n ! 1 2n - 1 
(15.1.4) 

+- cos n- + cos n- + .... 
1·3 n.(n-1) ( 4)0 1·3·5 n(n-1)(n-2) ( 6)0 ] 
1·2 (2n -1)(2n - 3) 1·2·3 (2n -1)(2n - 3)(2n - 5) 

Ecm1 n - HeqeTHoe ueJioe qHcJio, TO cyMMa KonqaeTc.si: Ha qJieHe c cos 0; ecJIH 
n - qeTHoe - Ha qJieHe, He 3aBHc.mn:eM OT cos 0, npHqeM aTo qJieH yMHOJKaeTcH 
.ZJ:OITOJIHHTeJibHO Ha 0,5. 

15.1.3. Cl>yHKL.IMM ne>KaHApa 2-ro POAa 
<I>yHKUHH JieJKaH,l{pa 2-ro po,ZJ;a npH npe.ZJ:ITOJIOJKeHHHX, C,ZJ;eJiaHHbIX Bbillie OTHOCH
TeJibHO HX onpe,ZJ;eJieHHH, MOryT 6hITb npH -1 < x < 1 npe.ZJ:CTaBJieHbl B BH.ZJ:e 
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1 1+x 
Q,, (x) = Pn (x) arcth x - W,,_1 (x) = 2 Pn (x) In 

1 
_ x - W,,_1 (x), (15.1.5) 

a i'(JI51 KOMITJieKCHOfO apryMeHTa z BHe OTpe3Ka -1 s x s 1 .n;eHCTBHTeJibHOH OCH -

B BHi'(e 

1 z+1 
Q,,(z) = P"(z)arcthz - W"_1(z) = 2P"(z)ln 

2
_1 - W"_1(z). (15.1.6) 

Ilo.n;po6Hee 0 ccpepHqecKHX cpyHKD;H51X CM. B [ 15.1]. 

15.2. l-'MnMH,.pM'leCKMe <l>YHK'"'MM 

15.2.1. YpaeHeHMe l.IMnMHAPM'leCKMX <l>YHKl.IMM 
IlpH perneHHH MHOfHX 3a.n;aq MaTeMaTHqecKOH cpH3HKH IIpHX0.1(5IT K o6bIKHOBeHHO

MY .n;HcpcpepeHn;HaJibHOMY ypaBHeHHIO 

d
2
y 1 dy ( n

2
) 

dx2 +;dx + 1- x2 y=O, 

Ha3bIBaeMOMY ypa6HeHUe.M U,WlUHOputteC1CUX <}JyH1CU,UU n-w nopaiJ1Ca. 3TO ypaB

HeHHe qacTO Ha3btBa10m ypaBHeHue.M Becce.llJl n-w nopaiJKa. 
XapaKTepttbIMH 3a.n;aqaMH, npHB0.1(51IllHMH K D;HJIHH.n;pHqecKHM cpyHKU:H51M, 51B

JI51IOTC51 KpaeBbie 3a.n;aqn i'(JIH ypaBHeHH51 

du+k2 u=O 

BHe HJIH BHYTPH KpyroBoro U:HJIHH.n;pa B cJiyqae Tpex He3aBHCHMbIX nepeMeHHbIX, 

BHe HJIH BHYTPH Kpyra. 

K ypaBHeHHIO U:HJIHH.n;pnqecKHX cpyHKD;HH (ypaBHeHHIO EecceJI51) MO:>KHO npHil:

TH, peIIIa51 MeTOi'(OM <l>ypbe ypaBHeHH51 JianJiaca, TeIIJIOIIpOBOi'(HOCTH HJIH KOJie6a

HHH, 3anHcaHHbie B U:HJIHH.n;pHqecKHX Koop.n;HHaTax. IloKa:>KeM 3TO Ha rrpHMepe 

ypaBHeHH51 JianJiaca. lfaBeCTHO, qTo ypaBHeHHe JianJiaca B D;HJIHH.n;pnqecKHX I<OOp

i'(HHaTax r, cp, z HMeeT BH.1( 

8
2
u +.!au+_.!_ a

2
u + 82

u = 0 
8r2 r ar r2 8cp2 8z2 (15.2.1) 

r.n;e u = u(r, cp, z) - HCKOMa51 cpyHKD;H51. I1cnoJib3Y51 MeTO.n; <l>ypbe, 6y.n;eM HCKaTb 

qacTHbie perneHH51 ypaBHeHH51 JianJiaca B BH.n;e 

u(r, cp, z) = R(r)<P( cp)Z(z). (15.2.2) 

IIo.n;cTaBJI.lI51 (15.2.1) B (15.2.2), HMeeM 

R"<PZ + _!R'<PZ + _.!_R<P"Z + R<PZ" = 0, 
r r2 

HJIH, pa3.n;eJIHB o6e qacTH paBeHcrna Ha R <1> Z , 



R" 1 R' 1 C!J" Z" 
R+;[i+71(f)=--z=a, 

r.ue a - IIOCTO.HHHa.H. 0TCIO,ZJ;a HMeeM 

Z" +aZ=O; 
R" 1 R' 1 C!J" 
-+--+--=a. 
R r R r2 c/J 

YpaBHeHHe (15.2.4) YMHO)((HM Ha r 2 
H rrpHBe,n:eM K BM.UY 

2 R" R' 2 C!J" 
r -+r--ar =--=b 

R R c/J ' 

r.ue b - IIOCTO.HHHa.H. 0TCIO,n:a IIOJiyqaeM 

C!J" + bc/J = 0 ' 
r2R" + rR' -(ar2 + b)R = 0. 
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(15.2.3) 

(15.2.4) 

(15.2.5) 
(15.2.6) 

TaKHM o6pa30M, OTbICKam1e perneHHH ypaBHeHHH (15.2.2) B BH,ZJ;e (15.2.3) rrpH

BeJIO K .UBYM JIHHeHHbIM .umt><t>epeHJ:J;HaJibHblM ypaBHeHH.HM (15.2.3) H (15.2.5) 
c IIOCTO.R:HHblMH Koa<t><t>HUHeHTaMH H K ypaBHeHHIO (15.2.6) - JIHHeHHoMy, HO 

c rrepeMeHHbIMH Koa<t><t>HUHeHTaMH. Ilpe,UIIOJIO)((HM, qTo OTblCKHBaIOTC.H rrepHo,n:Hqe

CKHe no yrny c:p perneHHH u ( u, c:p, z) ypaBHeHHH JlarrJiaca, .HBJI.HIOIIJ;HeC.H O,UHOBpe

MeHHO arrepHO,URqeCKHMH <l>YHKIJ;H.HMH KOOp,Zl;HHaTbI z ( CJiyqail:, qacTO BCTpeqa10-

lll;HHC.H Ha rrpaKTHKe ). 3THM YCJIOBH.HM MO)((HO y,n:oBJieTBOpHTb, eCJIH IIOCTO.HHHble 

a, b BbI6paTb B BH,Ue 

a= -'A-2 ,b = v2
, (15.2.7) 

r.ue A., v - JII06h1e BeIIJ;eCTBeHHhre qHcJia. 

L{e:il:cTBHTeJibHO, rrpH 9TOM ypaBHeHH.H (15.2.3) H (15.2.6) rrpHHHMaIOT Bll,U 

Z" -)}Z = 0. C!J" +v2c/J = 0 

H MMeIOT o6IIJ;He pernemrn Tpe6yeMOH CTpyKTYPbl 

Z = C1 ch A. z + C2 sh A. z, c/J = C3 cos v c:p + C4 sin v c:p , 

r.n:e cl, c2, C3, C4 - rrpoH3BOJibHbie IIOCTO.HHHbie. 

Ilpll BblIIOJIHeHMH paBeHCTB (15.2.7) ypaBHeHHe (15.2.6) MO)((HO rrepe1rncaTb TaK: 

r
2 ~~ + r ~~ + (A.2

r
2 
-v

2)R = 0. (15.2.8) 

BBe,n:eM HOBYIO He3aBHCHMYIO rrepeMeHHYIO ~ = A. r. Tor.ua HMeeM 

dR = dR d~ = A. dR ' d
2 
R = A. 2 d

2 
R ' 

dr d~ dr d~ dr2 d~2 

H ypaBHeHHe ( 15.2.8) npHBO,UHTCH K BM.UY 

~2 ~~~ + ~ ~~ + (~2 
- v

2 
)R = 0, R = R(~). (15.2.9) 
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TaK KaK pernem1e B :umnrn,n:pHqecKHX Koop,n:HHaTax ypaBHeHHH Jlarnrnca, Ternrn
rrpoBo,n:HocTH, KOJie6aHHH H pH,n:a ,n:pyrHX ypaBHeHHH CBH3aHO c perneHHeM ypaBHe
HHH (15.2.9), 3TO ypaBHeHHe Ha3bIBaIOT ypa6HeHUeM U,UJlUHOputteC1CUX <}JyHKU,UU. 
YpaBHeHHe (15.2.9) Ha3bIBaIOT TaK)l(e ypa611e11ueM BecceJlR. EcJIH B ypaBHeHHH 
(15.2.9) 3aMeHHTb apryMeHT ~ Ha x, HCKOMYIO ¢YHK:UHIO R - Hay, TO ypaBHeHHe 
:UHJIHH,n:pH'IeCKHX ¢YHK:UHH (ypaBHeHHe EecceJIH) rrpHHHMaeT Tpa.n:H:UHOHHO rrpHHH
TbIH BH,l(: 

d2 d 
x

2 J + x J:: + (x2 
-v

2
)y = 0. (15.2.10) 

JI106b1e perneHHH ypaBHeHHH (15.2.10) Ha3blBaIOT U,UJlUHiJputteC1CUMU <}JyHKU,UR
MU UJlU <}JyHKU,URMU HecceJlR. qHcJio v HBAAeTCH rrapaMeTpoM ypaBHeHHH Eecce
JIH . .UJIH Ka)l(,l(Oro 3HaqeHHH v perneHHe Bbipa)l(aeTCH .l(BYMH He3aBHCHMbIMH ¢YHK
:UHHMH, B o6m;eM CJiyqae Ha3bIBaeMbIMH ¢YHK:UHHMM 1-ro H 2-ro po,n:a, If MO)l(eT 
6hITb rrpe.l(CTaBJieHo B ¢opMe: 

Zv (x) = c1 fv(x) + c2 Yv(x), (15.2.11) 

r.n:e C1 H C2 - He3aBHCHMbie IIOCTOHHHble, a lx (x) H yx (x) - ¢YHK:UHH EecceJIH 
1-ro M 2-ro po.n:a rropH,n:Ka v. 

15.2.2. Cl>yHKQMM &eccenst 1-ro M 2-ro poAa 
cPy11Ku,uu BecceJlR 1-w poiJa 06Jia,n:a10T KoHeqHbIM 3HaqemreM rrpH apryMeHTe, 
06pam;a10m;eMCH B HYJib ] 0 (0) = 1, ] 1 (0) = 1. 

EecceJib ,n:aJI ¢YHK:UHHM 1-ro po,n:a HHTerpaJibHOe Bbipa)l(eHHe: 

1 21t 

ln(x) = -J cos(n0-xsin0)d0, 
27t 0 

B KoTopoM rrpe,n:eJibI 0, 27t MoryT 6hITb 3aMeHeHbI rrpe,n:eJiaMH a, 27t + a . AHaJIOrH'I
Hoe MHTerpaJibHOe Bbipa)l(eHHe MO)l(eT 6hITb rrpe,n:cTaBJieHO qepe3 IIOKa3aTeJibHYIO 
<jJyHK:UHIO 

1 21t 

ln<x> =-I ei(n0-xsin0)de. 

27t 0 

PernaH ypaBHeHHe ( 15.2.11) rrocpe,n:cTBoM CTerreHHoro pH,n:a c Heorrpe,n:eJieHHbIMM 
K03<jJ<jJM:u;HeHTaMH, MO)l(HO IIOJiyqMTb CJie,n:yiom;He ypaBHeHHH: 

u u2 u 3 

} 0 (x) = 1-1!2 + 212 - 312 + .. ., 

(15.2.12) 

r.n:e u = 0,25x2
• 
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B caMoM ,z:i;ene, nmeM qacTHoe perneHHe ypaBHemui: (15.2.10) rrpn v = 0 B Bn,z:i;e 
p51,z:i;a 

y = a0 + a, x + a2 x
2 + a3 x

3 + ... . ( 15.2.13) 

lVm x = 0 HMeeM y = a0 H y' = a1 • Ho BTOpoH: qJreH B ypaBHeHHH (15.2.10) 
o6pamaeTC.H npn x = 0 B 6ecKoHeqHoCTh npn mo6oM KOHeqHoM a, . CJie,z:i;oBaTeJih
Ho, B Bblpa)KeHHH (15.2.13) a, = 0. Ilo,z:i;CTaBJI51H Bbipa)KeHHe (15.2.13) B ypaBHeHHe 
(15.2.10) H IlOJiaraH a, = 0' HaXO,ll;HM: 

dy 2 4 3 dx = 2a2 x + 3a3 x + a4 x + ... , 

d2y 2 
dx2 =2a2 +2·3a3 x+3·4a4 x + ... 

(2a2 +2a2 +a0 )+(2·3·a3 +3a3 )x+(3·4·a4 +4·a4 +a2)x2 + ... = 
= (22 a2 + a0 ) + 32 a3 X + (42 a4 + Gz)X

2 + ... = 0. 

llncl>cl>epeHI1HaJibHOe ypaBHCHHe (15.2.10) npH v = 0 6y,z:i;eT y,z:i;oBJieTBOpHTb, ec
JIH IlOJIOJKHTb 

ao 
2

2
4

2 ,. • .,a2n+I = 0 

HJIH 

B TO)K,D;eCTBeHHOCTH noJiyqeHttoro pH,z:i;a rrpH a0 = 1 c npHBe,z:i;eHHhIM Bhnne BbI
pa)KeHHeM lo(x) HeTpy,z:i;HO y6e,z:i;HTbCH. 

lfa Bbipa)KeHH.H ( 15.2.11) CJie,z:i;yeT, qTO 

liml0(x) = 1, liml1(x) = O,Sx, 
x-o x-o 

lo (x) = lo(-x); 11 (x) = - 1, (-x); 11 (x) = - lo (x). 

IlpH KOMIIJieKCHOM apryMeHTe x = r ei 0 

l ( ) - l ( ie) _ 1 _ (0,5r)2 cos20 (0,5r)4 cos40 _ (0,5r)6 cos60 _ 
o x - o r e - 1 !2 + 2 !2 312 + ... 

-i{(0,5r)2 sin20 _ (0,5r)
4 

sin40 + (0,5r)
6 

sin60 _ } 
112 2 !2 3 !2 .. • ' 

l ( ) _ l ( rn)- 0 5 { 0 _ (0,5r)
2 

cos30 (r)
4 

cos50 _ 
1 x - 1 re - , r cos + ... + 

1·2 1·2·2·3 

+ism0- + - .... 
. . (O,Sr)2 sin30 (0,5r)4 sin Se l 

1·2 1·2·2·3 

11 No6063 



322 r11asa 15. Cne1..11-1a11bHble cpyHKLIHH B ypaBHeHHSIX MaTeMaTH4eCKOH cj)H3HKH 

lfa IIOCJie,ll;HHX ,ll;Byx BhipaJKeHHH MOJKHO BH,ll;eTh, qTo rrpH qHCTO MHHMOM apry

MeHTe 0 = ±0,51t cPYHKIIHH } 0 (x) H } 1 (x) HMeIOT: rrepBCUI TOJihKO ,D;eHCTBHTeJib

HOe, a BTOpCUI - TOJihKO MHHMOe 3HaqeHHe. 

cDopMy~btnpuBeoeuua: 

2v 
lv+t (z) = -fv (z) - fv-1 (z); 

z 

d v 1 [ l dz fv (z) = fv-1 (z) - -; fv (z) = 2 fv-1 (z) - lv+l (z) ; 

:z zvfv (z) = zvfv-1 (z); :z z-vfv(z) = -z-vlv+1(z); 

1-n (z) = (-1Y ln (z) rrpH IIeJioM n. 

<Dymcu,uu RecceJUt 2-w pooa Yv (x) Haxo,11;.HTC.f! KaK BTOpoe He3aBHCHMoe pe

rneHHe ypaBHeHH.f! EecceJI.H (15.2.10). 0HH He HMeIOT KOHeqHoro 3HaqeHH.H rrpH ap

ryMeHTe, paBHOM HYJIIO. 

IlpH v = 0 BhlpaJKeHHe Y0 (x) MOJKeT 6bITh Ha:i1:,11;eHo cJie,11;yIOIIIHM o6pa30M. BBe

,11;eM Heorrpe,11;eJieHHYIO cPYHKIIHIO u(x) H rrpe,ll;CTaBHM perneHHe ypaBHeHH.f! (15.2.10) 
rrpH v = 0 B BH,D;e 

Y = u]0 (x). 

IIocJie ,11;tt<P<PepeHIIHPOBaHH.f! rroJiyqHM 

d d2 X = u' ] 0 (x) + u]~ (x), ;. = u" ] 0 (x) + 2u' ]~ (x) + uj~'(x). 

Tor,11;a H3 ypaBHeHH.f! (15.2.10) rrpH v = 0 

1 
u" ] 0 (x) + 2u' ]~ (x) + uj~'(x) +-(u' ] 0 (x) + u]~ (x)) + uj0 (x) = 0. 

x 
CoKpaIIIM Ha ] 0 (x) H c,11;eJiaB rrpHBe,D;eHH.f!, rroJiyqHM 

u" + u'(2 ]~ (x) + .!.) +-u-(l~'(x) + .!. ]~ (x) + ] 0 (x)) = 0. 
h~) x h~) x 

MMe.fl B BH,ll;y, qTo BbipaJKeHHe, CTO.f!IIIee BO BTOpbIX CK06Kax, TOJK,ll;eCTBeHHO paB

HO HYJIIO, TaK KaK } 0 (x) .f!BJI.HeTrn paHee Ha:i1:,11;eHHhIM perneHHeM ypaBHeHH.f! 

(15.2.10), OKOHqaTeJihHO HaXO,ll;HM 

dq =-(.!.+ 2 J~(x))dx, 
q x lo (x) 

r,11;e q = u'(x). 
IIHTerpttpy.H, Haxo,11;HM, qTo 

lnq = -lnx-2lnj0 (x) + const. 
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Iloti;cTaBmui: const KaK ln B , oKoHqaTeJibHO rroJiy1mM, qTo 

dv B q---
- dx - x(J

0 
(x))2 

• 

llHTerpHpyH BTOpHqHo, rroJiyqaeM 

x dx 
v=A+BI 2 • 

a x[lo (x)] 

HmKHHH rrpeti;eJI HHTerpHpoBaHHH ocTaeTc.H rrpoH3BOJibHbIM TaK :>Ke, KaK H 3aBH

CHII(M OT Hero IIOCTO.HHHM A . 
TaKHM o6pa3oM, rroJiyqaeM, qTo 

x dx 
y = v lo (x) = Al0 (x) + B lo (x) I 2 . 

o x[lo (x)] 
(15.2.14) 

MHoJKHTeJib rrpH rrpoH3BOJibHOH rrocTOHHHOH B, T. e. BTopo:H qJieH Bbrpa:>KeHHH 

(15.2.14), ti;eJieHHhlH Ha B, rrpeti;cTaBJI.HeT co6o:H HCKOMoe Brnpoe perneHHe ypaBHe

HHH BecceJI.H. HMeH B BHti;y, qTo lo (x), CTpeMHTCH K eti;HHHU:e rrpH x-. 0, ttaxo
AHM 3HaqeHH.H HHTerpaJia IIpH MaJibIX x : 

lim Ix dx Ix dx 
x ___. 0 a x[lo (x)]2 ___. a --;- = lnx - lna. 

HMe.H, TaKHM o6pa30M, Bbipa:>KeHHe ti;JIH HCKOMOH <f>yttKU:HH rrpH x -. 0 , Mo:>KeM 

rrpeti;cTaBHTb ee B BHti;e p.Hti;a 

Y0 (x) = lo (x) ln x + h0 + h1 x + h2 x
2 

+ .... 

BM6op IIOCTO.HHHOH ho, B KOTopyIO BXOAHT H ln a, OCTaeTC.H rrpOH3BOJibHbIM. 
B 3aBHCHMOCTH OT ero BbI6opa MOryT 6bITb IIOJiyqeHbl pa3JIHqHbie Bbipa:>KeHH.H 

ti;JIH <f>YHKU:HH 2-ro poti;a. Koa<f><f>Hn;HeHTbI cTerrettttoro p.Hti;a hph2, ... MoryT 6bITb 

orrpeti;eJieHbI rrpH IIOti;CTaHOBKe perneHHH B MCXOAHOe ypaBHeHMe. Bb16op rrpOM3-

BOJibHOH IIOCTO.HHHOH B IIpHBeti;eHHOM Bbipa:>KeHHM MOJKeT 6hlTb Cti;eJiaH c yqeTOM 

HaH6oJiee rrpoCToro rrpH6JIHJKeHHOro rrpeti;CTaBJieHM.H cpyHKU:HH rrpH 6oJibIIIHX 
3HaqeHH.HX x . 

Ilo Be6epy, <f>YHKU:MH 2-ro poti;a HyJieBoro rropHAKa orrpeAeJI.HeTcH Bbipa:>KeHHeM 

Y (x)=- l (x) ln-+y + - - 1+- + 1+-+- - .... 2 ( x ) (x)
2 

(x/2)
4

( 1) (x/2)
6

( 1 1) I 
0 

1t 
0 

2 2 2 !2 2 3 !2 2 3 

TaK :>Ke KaK ti;JIH <f>yttKU:HH 1-ro poAa, 

d 
- dx Y0 (x) = ¥; (x). 

IlpM MaJibIX 3HaqeHH.HX x MMeeM CJieti;yIOII(He Bbipa:>KeHH.H: 
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Y0 (x) ~ ;(1n~ + y), ni;e y = 0,577216 ... 

2 l'i (x) ~ --. 
1tX 

IlpH 6oJII>UIHX 3Haqettmrx x 

. ( 1t) ( 1t) . ( 1t v 1t) sm x- 4 cos x- 4 sm x- 4-2 
Y0 ( X) ~ r::-::;;:; , J'i ( X) ~ - r::-::;;:; , Yv ( X) ~ r::-::;;) 

v1tx/2 v1tx/2 v1tx/2 

KaK cJie,uyeT H3 rrpHBe.UeHHbIX BbipaJKeHHM, cPYHKIJ;HH 2-ro po.ua OT .ueiicTBH
TeJibHOro rrepeMettttoro 06pama10TcH B HYJII> rrpH tteorpaHHqeuttoM B03paCTaHHH 

apryMeHTa. IlpH MHHMOM apryMeHTe 

limY0(±ix)=-~±i]0 (ix), 
x~oo 1tX j 2 

lim }'i(±ix) = -[c' }1 (i;)] ± i ~, 
x~oo 1tX j 2 

rrpnqeM lim ] 0(ix) = ~, lim ] 1(ix) = i :;._. 
x~oo v21tX x~oo v27tX 

IlpH KOMIIJieKCHOM apryMeHTe xJ±i cPYHKIJ;HH 2-ro po.ua TaKJKe HeorpaunqeHHO 
B03paCTaIOT C pOCTOM X. 

15.2.3. Pa311H'IHble THnbl 
l(HnHHiRPH'leCKHX <l>YHKl.(HM 

MoiJut:PuUiupo6a1111ble Uiwtu11iJpufl,ec1eue t:jJy111CUiUU. Bo Mttornx 3a.uaqax, peUieHHe 

KOToporx rrpHBO.UHT K cPYHKIJ;HHM BecceJIH, rrpHXO.UHTCH CTaJIKHBaTDrn c ypaBHeHH

eM, OTJIHqaIOIIJ;HMCH OT paCCMOTpeHHOfO pauee ypaBHeHHH (15.2.10) HaJIHqHeM 

B HeM eme o.uuoro rrapaMeTpa, KOTOpo1ii MOJKHO rrpe.n;cTaBHTb B BH.Ue k2
• TaKoe ypaB

Hettne 

d
2
y 1 dy ( 2 v

2
) -+--+ k -- y=O 

dx2 x dx x 2 
(15.2.15) 

tterrocpe.n;cTBeHHo rrpttBO.UHTCH K ypaBHeHHIO BecceJIH, ecJIH B KaqecTBe He3aBHCH

MOM rrepeMeHHOM B3HTb ~ = k x : 

d
2
y 1 dy ( v

2
) 

d~2 + ~ d~ + 1-v y = o . 

PeUietttte ypaBHeHHH (15.2.16) MoJKeT 6orTI> rrpe.n;cTaBJietto KaK 

Zv (~) = Zv (k x) = c1 f v (k x) + c2 Yv (k x). 

(15.2.16) 

(15.2.17) 
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Ec1rn rrapaMeTp k2 OTpHn;aTeJieH, ttarrp1:1.Mep k2 =-p2
, TO ypaBHeHHH (15.2.16) 

H ( 15.2.17) MOfYT 6bITb rrpe,uCTaBJieHbI TaK: 

d
2
y 1 dy ( 2 v

2
) 

dx2 +;:-dx - p + x2 y=O 

mm d
2
y 1 dy ( v

2
) -+--- 1+- y=O, 

dxv v dv v2 (15.2.18) 

ni;e v = k x = i p x. 
QqeBM,D;HO, qTo, YMHO)l(a.H He3aBMCMMYIO rrepeMeHHYRJ v Ha i = r-1 H IIOJiaraH 

iv=~, MO)l(HO rrpMBeCTM ypaBHemre (15.2.18) K ypaBHeHMIO (15.2.16) c rrpe)l(HJ:l.M 
peIIIenu:eM Zv (~). Terrepb, o,unaKo, ~ = i k x, If, cJie,D;oBaTeJibHO, pemen1:1.eM ypaBHe
HHH (15.2.18), KOTopoe MO)l(HO Ha3BaTb Mo,umpmi;upoBaHHbIM ypaBHeHHeM EecceJrn, 
6y,ueT 

Zv (~) = Zv (ikx) = C1 iv (ikx) + C2 Yv (ikx) = c1 iv (iv)+ c2 Yv (iv). (15.2.19) 

Pemett1:1.e (15.2.19) MO)l(HO 3arrHcaTh B BH.Ue 

Zv (~) = Zv (iv)= a1 Iv (v) + a2 Kv (v), (15.2.20) 

r,ue Iv (v), Kv (v) - Mo,um\mn;HpOBaHHbie cpyHKUMH Eeccem1 rropH,D;Ka v cooTBeTcT
BeHHO 1-ro H 2-ro po,ua; al' a2 - IIOCTOHHHble, OTJIHqHbie OT IIOCTOHHHblX Cp C2 

B ypaBHeHMM (15.2.19). CBH3b Me)l(,D;y Mo,uHcpMIJ;HpOBaHHbIMH 1:1. o6brqHhIMH cpynK
U:MHMM EecceJIH Bblpa)l(aeTcH paBettcTBaMu: 

Iv (x) = Cv iv (ix); (15.2.21) 

KV (x) = 0,51ti'+1 [iv (ix)+ iYV (ix)]= 0,5[nt+1 H~I) (ix)]. (15.2.22) 

B paBettcTBe (15.2.22) qepe3 H o603tta'IeHa <PYHKUHH famce.JIH HJIH, ,upyrnMH 
CJIOBaMn, cpyHKIJ;HH EecceJIH 3-ro po,D;a. 

Mo,D;mp1:1.n;1:1.poBaHHb1e cpyHKUMH 1:1.MeIOT cJie,D;y10ru1:1.e rrpe,D;eJibHbie 3Haqettu:.si:: 
IlpH X-> 00 

IlpH X-> 0 

IlpoM3BO,D;HaH I 0 (x): 

x 
I0 (0) = 1, K0 (0) = - In - - 'Y. 

2 

d I0 (x) =I ( ) 
dx i x. 

CorrocTaBJIHSI ypaBHemrn (15.2.19) II (15.2.20) c yqeTOM ypaBHeHHH (15.2.21) 
M ( 15.2.22), JierKo HaHTM CBH3b Me)l(,D;y COOTBeTCTBYIOIUMMH IIOCTOHHHbIMM: 
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a C l•v + c i·v+l a = ~c 1·2-v. 
I= 1 2 ' 2 2 ' 

1t 

C = a i-v + ll ~ iv+I C = a ~ i2+v 
I I 2 2 '2 22 

Cl>yHKU:HH npHBe~eHHH ;:i:;rn cpyHKU:HM Jv(z), Kv(z): 

2v 2v 
Jv+t (z) = -- Jv (z) + Jv-1 (z); Kv+I (z) = - Kv (z) + Kv-1 (z); 

z z 
d v d v 

-d Jv(z) = Jv_1(z)- -Jv(z); -d Kv(z) = -Kv_1(z)- -Kv(z); 
z z z z 

__:!___ zv Jv (z) = zv Jv-l (z); __:!___ zv Kv (z) = -zv Kv-l (z) ; 
dz dz 

IlpH n:eJibIX v = n 

J_n(z) = J.(z); K_.(z) = K.(z) . 

.l{JIH ~eHCTBHTeJibHbIX ITOJIO)l(HTeJibHbIX 3HaqeHHH x cpyttKU:HH Jv(x) H Kv(x) 
npHHHMaIOT ~eiicTBHTeJibHbie IlOJIO)l(HTeJibHbie 3HaqeHHH, npHqeM Jv(x) B03paCTa

eT, Kv(x) y6nrnaeT (pHc. 15.1 H 15.2). 

I 

y = Kn(x) 
6 

5 

4 

n=1 \n=2 \n=3 

I \ I 

3 

\ \ \ 
h=d ' \ 

2 

\ \ \ \ 
~ ~\ \ 

I'::: ~ ~ r--.. x 

0 1 2 3 
P11c.15.1. Mo11mjmu;n:poBaHHhle u;n:Jin:H11pwrecKn:e <jJyHKu;n:n: y = K,,(x) 
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11 
y = ln(x) 

10 

9 

8 

7 

6 

5 

4 

3 

2 

0 2 3 4 

PHc. 15.2. MomnlmnnpoaaHHbie nmrnH11pnqecKHe <jJyHKUHH y = I.(x) 

IlpM IIOJib30BaHHH Ta6JimJ;aMH H rrpH paccMOTpeHHH pemeHHH, rrpe,n;CTaBJieHHbIX 

B orry6JIHKOBaHHOH mnepaType, Heo6xo,n;HMO o6paIIJ;aTb BHHMaHHe Ha BH,IJ; HCIIOJib-

3yeMbIX cpyHKIJ;HH. 

]lwiuuiJputteC1Cue <J>ymcu,uu 3-w poiJa (<J>ymcu,uu I'amceJIJl). KoMrrJieKchr, .n;e:H

CTBHTeJibHOH qacThIO KOTOphrx HBJIHIOTCH cpyHKIJ;MH EecceJI.H 1-ro po.n;a, a MHHMOH -

cpyHKIJ;HH 2-ro po.n;a co 3HaKOM IIJIIOC: 

H~1) (x) =iv (x) + iYv(x), 
HJIH co 3HaKOM MHHyc: 

H~2) (x) =iv (x)- iYv(x), 

HOC.HT Ha3BaHHe <J>ymcu,uu I'amceJIJl (1-w u 2-w poiJa) HJIH u,wiuuiJputtecicux 
<J>yuicu,uu 3-w poiJa. Ilop.H.n;oK cpyHKIJ;HH orrpe.n;eJI.HeTc.H rrapaMeTpoM v. 

CJie,n;yeT o6paTHTh BHHMaHne Ha TO, qrn cpyHKIJ;HH H~1) (x) H H~2l (x) .HBJI.HIOTCH 

corrpHJKeHHbIMH .n;pyr .n;pyry TOJibKO rrpH .n;eHCTBHTeJibHOM apryMeHTe. IlpH KOM

IIJieK;HoM. apryMeHTe rei 0 c~rrp.HJKeHHbIMH .HBJIHIOTCH cpyHKIJ;HH H~1) (re; 0
) 

H H~ l (re-' 0
). <l>yHKIJ;HH H~P) (re' ) H H~P) (re-' 0

) He .HBJIHIOTCH corrp.HJKeHHbIMH. 

QqeBH,n;Ho, qrn o6mee pemeHHe ypaBHeHHH EecceJIH 

Zv (x) = c1 iv(x) + c2 Yv(x) 

BCer.n;a MOJKeT 6bITb Bbipa)KeHO qepe3 cpyHKIJ;HH faHKeJI.H, YMHOJKeHHbie COOTBeTcT

BeHHO Ha HHble IIOCTO.HHHbie bl H b2 : 

Zv (x) = b1 H~
1l (x) + b2 H~

2l(x), 
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b = C1 - i C2 b = C1 + i C2 
1 2 ' 2 2 . 

y .Zl06CTBO rrpnMeHeHJUI lPYHKUHH faHKe.IDI B 3Ha'!HTeJibHOH Mepe orrpe,u,e.IDieTCH 

TeM, '!TO 3TO emrncTBeHHblH Bll)J; IJ;HJIHHJJ;pM'IeCKHX lPYHKIJ;HH, o6pamaIOIUHXCH B HVJib 

rrpn 6ecKoHe'!HOM KOMITJieI<cHoM ap:JMeHTe: H~1l (x) - rrpn rroJIO)KHTeJibHOM 3H~'!e
HHM MHMMOH qacTH apryMeHTa II H~2 (x) - rrplI ee OTPIIUaTeJibHOM 3Ha'!eHIIM. 

Ifa caMoro orrpe,u,eJieHM.si: cpyHKUHH fattI<eJIH cJie,u,yeT, 'ITO 

ITOCKOJibKY 

_!!_H~1l (x) = -Hi1l (x), 
dx 

d d 
d x ] 0 (x) = - ] 1 (x) II d x Y0 (x) = -r; (x). 

Ilpn 6oJibillHX 3Ha'!eHHHX x 
ei(x-it/ 4) e-i(x-1t/ 4) 

H2) (x) = , H~2l (x) = . 
~nx/2 ~nx/2 

IlplI JII06oM KOMITJieKCHOM apryMeHTe 

lim H~1l (rei 0
) = 0' lim H~2l (re-i 0

) = 0' eCJIH 0 :=:; e '.S 1t. 
r-oo r-+oo 

Ilpn '!IICTO MHHMOM apryMeHTe cpyHKUHH faHKeJI.sI .sIBJIHIOTC.sI ,ll,eHCTBHTeJibHbIMII. 

IlplI 6oJibillHX 3Ha'!eHH.sIX z 3Ha'!eHII.sI <}lyHKUHH faHKeJI.sI MO)KHO Bbl'!IICJIHTb 

rrplI IlOMomn aCIIMIITOTM'!eCKHX cpopMyJI: 

H~1,2)(z) ~ [2e±iMzl [~(z) ± iQ,(z)], v;; 
I I 

1tV 1t 
r,n;e arg z :=:; 1t - 0, 0 > 0 ; <l'v ( z) = z -T - "4; 

P ( ) = 1 _ ( 4 v2 
- 1)( 4 v2 

- 25) . 
v z 2 + ... ' 

3!(8z) 

Q,(z) = 4v
2 
-1 _ (4v

2 
-1)(4v

2 
-9)(4v

2 
-25) + .... 

Sz 3!(8z)3 

HaM6oJiee IIOJIHO UHJIHH,ll,pM'!ecKHe cpyHKUHH paccMoTpeHbI B [15.2]. 

15.3. 06o61QeHHble <l>YHKLtMM 

15.3.1. 06aqMe CBeAeHMJI 
B8eoenue. Ilpe,u,cTaBJieHHe o HerrpepbIBHOH cpeti:e HJIH HerrpephIBHOM rroJie, MCIIOJib-

3yeMoe rrpH MaTeMaTH'!eCKOH cpOPMY.IIHpOBKe cp1I3HqeCKHX 3<maq, HrHOpttpyeT cpaKTH

qecKH ,u,ncKpeTHoe cTpoeH1Ie MaTeplIM. BcJie,u,cTBHe 3Toro, c TOqKH 3peHHH cpM3MKa, 



15.3. 0606l!.leHHble cpyHKl..11111'1 329 

BeJIH'IHHbI, qmrypnpy10m;ne B ypaBHeHHHX MaTeMaTH'IeCKOH cpH3HKH, Henocpe,n;cT

BeHHO He HMeIOT cpH3H'IeCKOfO CMblCJia. 3TOT IlOCJie,ZJ;HHH MOJKeT 6nITb npHilHCaH HM 

JIHIIlb IlOCTOJinKy, IlOCKOJibKY OHM Il03BOJIHIOT oxapaKTepH30BaTh COCTOHHHe cpe,n;hI 

HJIH TIOJie He B TO'IKe, HO B HeKOTOpoii:, XOTH 6hl H MaJIOH, o6JiaCTH, ,ZJ;OCTaTO'IHOH, 

'IT06hI ,ZJ;HCKpeTHOe CTpoeHHe MaTepHH nepecTaJIO HrpaTh pOJib. 

K.iraCCH'IeCKHM npHMepoM 3TOf0 HBJIHeTCH TIOHHTHe TeMnepaTypbI, MMeIOm;ee 

CMbICJI JIMIIlb no OTHOIIIeHHIO K 'IaCTH cpM3H'IeCKOH cpe,n;bI, co,n;epJKam;eii: ,IJ;OCTaTO'IHO 

6oJihllOe 'IHCJIO MOJieKyJI. MaTeMaTH'IeCKOMY TIOHHTMIO TeMnepaTypnI B reoMeTpH

qecKOH TO'IKe MOJKeT 6nITb npHITHCaH cpH3H'IeCKHH CMbICJI JIHIIlb TIOCTOJihKy, no

CKOJibKY ocpe,n;HeHHe TeMnepaTypnI, paCCMaTpHBaeMOH KaK cpyHKIJ;MH TO'IKH, no 

npoM3BOJibHbIM He CJIHIIIKOM MaJibIM o6JiacnIM npHBO,ZJ;HT K npaBHJibHbIM 3Ha'Iemi:

HM cpe,n;HeH TeMrrepaTypbI B 3TMX o6JiaCTHX. 

TaKMM o6pa3oM, c TO'IKH 3peHHH cpH3HKM, 6oJiee a,n;eKBaTHhIM 6nmo 6n1 orrnca

HHe cpH3H'IeCKHX HBJieHMH c IlOMOID;bIO cpyHKIJ;HH o6JiaCTM, HO He cpyHKIJ;HH TO'IKH. 

3To yKa3bIBaeT Ha M3BeCTHbIH pa3pbIB Me:JK,n;y co,n;ep:JKaHMeM 3a,n;aq MaTeMaTH'IeCKOH 

cpH3MKM H MX KJiaCCH'IeCKOH aHaJIHTH'IeCKOH cpopMyJIMpOBKOH, npe,n;ycMaTpHBaIOm;ei:i: 

BbIIIOJIHeHHe HeKOTopbIX ycJIOBHH B Ka:JK,ZJ;OH TO'IKe H3yqaeMOH o6JiaCTH. 3ToT pa3-

pbIB, B 'IaCTHOCTH, npOHBJIHeTCH B TOM, 'ITO MHOrMe 3a,ZJ;a'IM MaTeMaTH'IeCKOH cpM3M

KH He MMeIOT peIIIeHHH B TO'IHOM aHaJIHTH'IeCKOM CMbICJie, XOTH HX TO'IHhie peIIIe

HMH B CMbICJie, no,n;pa3yMeBaeMOM cpH3HKOH, 3aBe,ZJ;OMO cym;ecrnyIOT. 

B IIOCJie,n;HHe ,n;ec5ITHJieTHH TIOJIY'JMJIM IIIHpOKOe pa3BHTHe HOBbie HarrpaBJieHHH 

aHaJIH3a, KOTOpbie, XOTH H He ,ZJ;aJIM KaKMX-JIM6o pe3yJinTaTaTOB, paCIIIHpHIOID;HX 

KJiaCCH'IeCKHe MeTO,ZJ;bI peIIIeHHH 3a,n;aq MaTeMaTH'IeCKOH cpH3HKH, HO Il03BOJIMJIM 

3Ha'IHTeJibHO ycoBeprneHCTBOBaTb aHaJIHTH'IecKyIO cpopMyJIHpOBKY 3a,n;aq H rny6:JKe 

MccJie,n;oBaTh rrpo6JieMy cym;ecTBOBaHHH nx peIIIeHHH. HM:JKe H3JIO:JKHM, He npoBo.n;H 

CTporMX ,ZJ;OKa3aTeJibCTB, HeKOTOpbie CBe,n;eHMH 06 3THX HOBbIX HarrpaBJieHHHX. 

06o6tu,eHHbte <jJyH1cu,uu. PaccMoTpHM o6Jiacrn: o,n;Horo, ,n;Byx H Tpex H3MepeHHH. 

EyKBaMH X,~ HT. ,II;. o603Ha'IHM TO'IKH 3THX o6JiaCTeH. 3TH JKe 6yKBbl, HO c HH,ZJ;eK

caMH, 6y,n;yT o6o3Ha'IaTb KOOp,ll;HHaTbI COOTBeTCTBYIOID;HX TO'IeK. ,l{JIH orrpe,n;eJieHHO

CTH npHMeHHM CHMBOJIHKy, OTHOC5IID;YIOC.SI K TpeM H3MepeHH.SIM, HO BCe CKa3aHHOe, 

c O'IeBH,IJ;HbIMH H3MeHeHHHMH, 6y,n;eT npHMeHHMO H npH ,n;pyroM 'IHCJie H3MepeHHH 

(B 'IaCTHOCTH, H ,ZJ;JIH 'IHCJia H3MepeHHH 60JibITiero Tpex). 

IIycTb f (x) - cpyHKIJ;H5I TO'IKH x, orrncbIBaIOIIJ;aH HeKoTopoe cpH3H'IecKoe .SIBJie

HHe. B COOTBeTCTBHH co CKa3aHHbIM paHee, cpH3H'IeCKHH CMbICJI ,ZJ;OJI:JKeH 6bITb rrpH

IlHCaH He caMOH cpyHKIJ;HH /(x)' HO HeKOTOpo:ii orrpe,n;eJI.SieMOH c ee IlOMOID;bIO 

cpyHKIJ;HH o6JiaCTH. 3TO MOJKeT 6bITb cpe,n;Hee 3Ha'IeHHe /(x) B o6JiaCTH (TaK, Ha

npHMep, 6y,n;eT, eCJIH /(x) - TeMrrepaTypa) HJrn: HHTerpaJI OT /(x) ITO o6JiaCTH 

(ecJIH, HarrpnMep, /(x) - TIJIOTHOCTb pacnpe,n;eJieHHH Maccn1) n T. ,n;. B o6onx yKa-

3aHHbIX rrpnMepax nepexo,n; OT cpyHKIJ;HH TO'IKH x K cpyHKIJ;HH o6JiaCTH ocym;ecTB

JIHeTCH c rroMOID;bIO HHTerpnpoBaHH.SI. EoJiee rro,n;po6HbIH aHaJIM3 noKa3hIBaeT, 'ITO 

TaKOe IIOJIO:JKeHMe HBJIHeTCH THIIM'IHbIM B cpM3HKe. HMeHHO, cpyHKIJ;MHM TO'IKM MO

JKeT 6bITb npHIIMCaH CMbICJI JIMIIIb IlOCTOJihKy, ITOCKOJibKY OHM orrpe,n;eJJHIOT 3Ha'Ie

HMe HeKOTOporo MHTerpaJia, MMeIOm;ero cpH3M'IeCKMH CMbICJI Henocpe,n;cTBeHHO. 
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::ho o6cTOSITeJibCTBO HaBO,llHT Ha MbICJib, 'ITO MaTeMaTH'leCKHH aHaJIH3 MO)l{eT 

6hITb 6oJiee a,lleKBaTHbIM ¢H3H1:IeCKOH peaJihHOCTH, eCJIH ero CTpOHTb KaK CMCTeMy 

IIOHSITMH, CBSI3bIBaIOIIIMX Ha,llJie:ll<aIIIMM o6pa30M BbI6paHHhie MHTerpaJibI, M BBO,llMTb 

<PYHKI~MM TO'leK JIMIIIb Ha HeKOTOpbIX rrpoMe%YTO'lHbIX CTa,llMf.IX nocTpoeHHSI. 0'leHb 

Ba:ll<HO, 'ITO :na nporpaMMa MO)l{eT 6bITb rrpoBeJJ;eHa JJ;aJKe 6oJiee IIIHpOKO, OXBaTbIBaf.I 

M Te CJiy'!aM, Kor.n;a <PYHKUMSI o6JiaCTH, ecTeCTBeHHO conocTaBJieHHaSI ¢H3M'leCKOMY 

.sIBJieHMIO, He MOJKeT 6hITb npe.n;CTaBJieHa c IIOMOIIIM MHTerpaJia OT <PYHKUMM TO'IKM. 

B Ka'leCTBe BCIIOMOraTeJibHOro cpe.n;crna nocTpOeHMSI paccMaTpHBaeMOH TeOpHH 

ncnoJih3yroT BemecrneHHhre ¢YffKUHM cp(x) TO'IKM x, .n;n¢¢epeHunpyeMhle no Koop

,unHaTaM TO'IKM x HeorpaHH'!eHHOe 'IMCJIO pa3 M ¢MHMTHhie, T. e. OTJIM'lHhie OT Hy

JISI JIMillb B KOHe'lHbIX o6JiaCTfIX. 3TM <PYHKUMM 6y,ueM Ha3bIBaTb OCH06HblMU, a MX 

COBOKynHOCTb - OCH06HblM <jJy111w,uo11aJibHbl.M. npocmpa11cm60.M. MJIM npocTO oc

HOBHbIM npocTpaHCTBOM
1
• CyMMbl OCHOBHblX <PYHKUMH, a TaKJKe rrpOM3Be.n;eHMSI oc

HOBHhlX <PYHKUMH Ha BemecTBeHHOe 'IMCJIO, fIBJI.sIIOTCSI OCHOBHbIMM <PYHKUMfIMM. 

IIpocTpaHcTBO, aJieMeHTbI KOToporo o6Jia,llaIOT 3TMMM CBOHCTBaMn, Ha3hIBaroT JIR

HeHHhIM. TaKMM o6pa30M, OCHOBHOe npocTpaHCTBO SIBJISieTCfl JIMHeHHbIM. 

foBOpfIT, 'ITO IIOCJie,llOBaTeJibHOCTb C?1(x), C?2 (x), .... cpv (x) ,. .. OCHOBHbIX ¢YHKUMH 

CXO,Zl;MTCfl B OCHOBHOM npocTpaHCTBe, eCJIM Bee ¢YHKUMM C?v (x) o6pamaroTCfl 

B HYJib BHe O,l(HOH M TOH JKe KOHe'lHOH o6JiaCTM, a pa3HOCTM C?v+k - C?v (k > v) BMe

cTe c nx npoR3BO,l(HhIMM JI106oro nopsi:,llKa, cTpeMSITCSI K ttyJiro c pocToM v paBHO

MepHo OTHOCMTeJibHO Bb16opa TO'IKM x . 
Ey.n;eM C'lMTaTb, 'ITO ¢YHKUMSI f (x), onncbrnaromaH HeKoTopoe ¢n3nqecKoe .srn

JieHne, JIOKaJibHo MHTerpnpyeMa
2

• ConoCTaBRM e:H coBoKynHocTh MHTerpaJIOB BR.Ila 

JJJ f (x)cp(x)dV, (15.3.1) 

r.n;e cp ( x) - OCHOBHbie ¢YffKUMM. HmerpnpoBaHHe MO:ll<HO C'IHTaTb pacrrpoCTpaHeHHhlM 

no BCeMY npoCTPaJfCTBy3, ¢aKTH'lecKM, OHO 6y,ueT ocymecTBJifIThCfl no KOHe'lHOH o6JiaC-

I Ilo.n; npocTpaHCTBOM (TO'IHee, TOilOJIOrH'leCKHM rrpocTpaHCTBOM) IIOHHMaIOT TaKoe MHOJKe

CTBO, 'ITO rrepece'lemre n106oro KoHe'IHoro 'IHCJia, a TaKJKe BCHKoe 06be.n;1meHHe ero rro.n;

MHOJKecTB, B CBOIO oqepe.n;h, HBJIHIOTCH ero IIOi'(MHOJKeCTBaMM. ( 06bei'(HHeHMeM IIO.l(MHO

:JKeCTB Ha.3bIBaIOT MHO:JKeCTBO 3JieMeHTOB HCXOi'(HOro MHO:JKeCTBa, BXO.l(HmHx XOTH 6hl B Oi'(HO 

M3 o6bei'(HH.HeMhlX IIOi'(MHO:JKeCTB. IIepece'!eHIIeM i'(aHHblX IIOi'(MHO:>KeCTB Ha3hlBaIOT MHOJKe

CTBO 3JieMeHTOB MCXO.l(Horo MHO:JKeCTBa, BXO.l(HmHx BO Bee .n;aHHbie IIOi'(MHO:JKeCTBa.) 'IHTa

TeJIH He 3aTPy.l(HMT rrpoBepHTh, 'ITO COBOKYIIHOCTh OCHOBHhlX cpyHKIIHR HBJIHeTCH rrpo

CTpaHCTBOM. B 3aBHCHMOCTH OT BhI6opa aJieMeHTOB rrpOCTpaHCTBa M OTHOIIIeHHR Me:JK.l(y 

HMMH pa.3.7IM'laIOT Te HJIH MHhle rrpoCTpaHcTBa, HarrpHMep JIHHeiiHoe, 4>YHKI.J;HOHaJibHOe 

MT. II. Mtto:JKeCTBO OCHOBHD\X cpyttKI.J;Mll HBJIHeTCH cpyHKI.J;MOHaJihHhlM rrpocTpaHCTBOM, TaK 

KaK ero 3JieMeHTaMH HBJIHIOTCH cpyHKI.J;HM, rrpM'!eM OTHOIIIeHHH Me)K.l(y HMMH orrpe.n;eJIHIOTCH 

o6hl'!HhIMM orrepau;HHMH aHaJIH3a. 
2 

EcJIM cymecrnyeT HHTerpaJI OT a6coJIIOTHOll BeJIH'IMHhl cpyHKI.J;HM 110 JII06oii KOHe'!HOll 06-

JiaCTH, roBOpHT, 'ITO 3Ta cpyHKI.J;HH JIOKaJihHO HHTerpHpyeMa. 
3 

3.n;ecb M BCIO.l(Y HM:JKe B IIOHHTMe rrpocTpaHCTBa (6e3 rrpMJiaraTeJibHOro •OCHOBHOe~) BKJia

i'(hlBaeTCH TOT :JKe CMbICJI, 'ITO M Ha rrpoT.H:JKeHMM Bceii KHHrM, T. e. MMeeTCH B BM.n;Y •reoMeT

pM'leCKOe rrpoCTpaHCTBO~, B KOTOpOM rrpoTeKaIOT tPM3M'feCKMe HBJieHHH. 
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TH, B KOTOpOH eooTBeTeTBYIOiliaJI oeHOBHM cpyHKUH.SI cp(x) He paBHa TOJK.n;eeTBeHHO 

HYJIIO. 

HHTerpaJI (15.3.1) npn .n;aHHOH cpyHKIIHH cp(x) npe.n;eTaBJI.SieT qneJio. BbI6paB 

.n;pyryIO oeHOBHYIO cpyHKIIHIO cp(x)' Mbl ITOJlY'fHM, Boo6me fOBOp.SI, .n;pyroe 'lHeJIO. 

IlpaBHJIO, eornaeuo KOTopoMy KaJK,ll;OH cpyHK1IHH H3 .n;aHHOro cpyHKIIHOHa.JibHOfO 

npoeTpatteTBa eonoeTaBJI.SieTe.SI HeKoTopoe 'lHeJio, Ha3bIBaIOT <}JyH1'"1UOHaJlOM. Ta

KHM o6pa30M, HHTerpaJI ( 15.3.1) npe.n;eTaBJI.SieT cpyHKIIHOHaJI, onpe.n;eJieHHblH B oe

HOBHOM npoeTpaHeTBe ,ll;Jl.SI .n;aHHOH JIOKaJibHO HHTerpnpyeMoH cpyHKIIHH f (x). 

YnoTpe6JI.SIIOT eoKpameHttoe o6o3Ha'leune: 

(/,cp) = JJJ f (x)cp(x)dV. (15.3.2) 

Mm1rno noKaaaTh, '!TO eoBoI<ynHoeTh 3Haqeunii:, KOTOphie cpyHKIIHOHaJI (/,cp) 
npHHHMaeT B oeHOBHOM npoeTpaHeTBe (T. e. npn BeeB03MOIKHOM BhI6ope cpyHKIIHH 

cp(x)' O,ll;H03Ha'lHO onpe.n;eJI.SieT cpyHKIIHIO f (x) BO Beex TO'!Kax, B KOTOPbIX oua 

ttenpepbIBHa. B 'laeTnoeTH, .n;nyM pa3JIH'lHhIM HerrpepbIBHbIM cpyHKIIH.SIM Ji (x) H 

!2 (x) eooTBeTeTBYIOT cpyHKIIHOHaJibl (Ji, x) H (fz, x)' rrpHHHMaIOIUHe pa3JIH'!Hble 

3Ha'leHH.SI XOT.SI 6b1 ,ll;Jl.SI HeKOTOpblX oeHOBHbIX cpyHKIIHH. MoJKHO }l;aJiee IlOKa3aTb, 

'ITO epe.n;HHe 3Ha'leHH.SI JIOKaJibHO HHTerpnpyeMOH cpyHI<IIHH f (x) B JII06oii: KOHe'l

HOH o6JiaeTH o.n;Hoatta'lHO orrpe.n;emIIOTe.SI cpyHKIIHOHaJioM (/, x) . TaKHM o6paaoM, 

3a,Zl;aHHe cpyHKlIHOHaJia orrpe.n;emieT cpyHKUHIO TO'lKH e TOH eTerreHbIO TO'lHOeTH, I<a

KM Hae HHTepeeyeT H, B 9TOM eMbieJie, 9KBHBaJieHTHO 3a,ll;aHHIO eaMOH cpyHKIIHH 

TO'lKYL 

<l>yHKIIMOHa.Jl (/,cp)' onpe.l(eJieHHbIH BbipaJKeHHeM (15.3.2), JIHHeeH, T. e. 

(/,a1cp1 + CJ.2 cp2) = a1(/,cp1) + a 2(/,cp2), (15.3.3) 

r.n;e C:Xp C:X2 - rrpOH3BO.JibHbie rroeTO.SIHHble, H HerrpepbIBeH, T. e. KaKOBO 6bI HM 6bIJIO 

'lHeJIO E > 0 ' Beer.n;a MOJKHO HaHTH TaI<oe 'lHeJio v 0 > 0 ' 'ITO 

(15.3.4) 

r.n;e cpl' cp2 .... cpv '... - noeJie.l(OBaTeJibHOeTb OeHOBHbIX cpyHKI(HH, exo.n;.SIIUMe.SI B oe

HOBHOM npoeTpauerne. BaJKHbIMH enoii:eTBaMn o6o6meHHhIX cpyHKIIHH .SIBJI.SIIOTe.SI 

eBoii:eTBa JIHHettHoeTn H ttenpepbIBHOeTH. 

EeJIM yKa3aHo npaBHJIO f, eonoeTaBJI.SIIOIUee KaJK.l(oH oeaoBHOH cpyttKIIHH cp(x) 
HeKOTOpoe 'lHeJio (/,cp) TaK, 'ITO BbIITOJIH.SIIOTe.SI eoornorneHH.SI (15.3.3) H (15.3.4), 
TO roBOp.SIT, 'ITO Ha OeHOBHOM npoCTpatteTBe 3a,ll;aH JIHHeHHbIH HenpepbIBHbIH cpyHK

IIHOHaJI HJIH o6o6meHHa.SI cpyHKIIH.SI. 

06o6meHHYIO cpyHKIIHIO Ha3bIBaIOT peryAApHOH, eeJIH ee 3Ha'leHH.SI MOryT 6bITb 

onpe.n;eJieHbl e IlOMOIUbIO JIOKaJibHO MHTerpnpyeMOH cpyHKlIHH TO'lKH no rrpaBHJiy, 

onpe.n;e.JI.SieMOMY BbipaJKeHHeM ( 15.3.2). 0.l(HaKO ITO 9TOMY npaBHJIY He MOryT 6hITb 

noJiyqeHbI nee o6o6mettHhie cpyttKU:HlI. CymeeTBYIOT o6o6mettHbie cpyHKIIMH - HX 

Ha3bIBaIOT cumy.napHblMU, - KOTOpbIM HHKaI<oH cpyHKIIHH TO'lKM Boo6me He MO)KeT 

6bITb eonoeTaBJieHO. TeM He Mettee 9TH cpyHKIIHH Heo6xo.n;HMbl ,ll;JI.Sl onneaHH.SI HeKO

TOpbIX cpH3H'leeKHX .SIBJieHHH. 



332 r11asa 15. Cne1..111aJlbHble cpyHKL.11111 B ypaBHeHl1SIX MaTeMaTl14eCKOl:t cpl1311Kl1 

Ll:JI.SI o603Haqemrn: o6o6m;eHHbIX cPYHKU:HH HCITOJib3YIOTC.SI CHMBOJibI 

f (x), (f,cp) HJIH JJJ f (x)cp(x)dV, 

r.n;e f' Boo6m;e fOBOp.SI, - CHMBOJI npaBHJia, COITOCTaBJI.SIIOIIJ;ero Ka)K,Zl;OH OCHOBHOH 

cPYHKU:HH cp(x) He1<0Topoe qHcJio. EcJIH o6o6m;eHHa.SI cPYHKU:H.SI CHHryJI.SipHa, TO 

CHMBOJibI 

(f,cp) H JJJ f (x)cp(x)dV 

ITOHHMaIOTC.SI TOJibKO KaK aTO qHCJIO (Ho He KaK HHTerpaJibI, qTo 6bIJIO 6hI JIHIUeHO 

CMbICJia). IlpHMeHeHHe o6o3HaqeHH.SI f (x)' <iJopMaJibHO COBna.n;arom;ero c o603Ha

qeHHeM cPYHKU:HH TOqKH, CB.SI3aHO c TeM, qTo, no CKa3aHHOMy BbIIUe, 3a)l;aHHe pery

JI.SipHOH o6o6m;eHHOH cPYHKU:HH, COOTBeTCTByIOm;e:H HeKOTOpOH JIOKaJibHO HHTerpH

pyeMOH cPYHKU:HH ToqKH, aKBHBaJieHTHo 3a.n;aHHIO aTo:H nocJie.n;He:H. B aToM CMhICJie 

qacTO roBop.SIT, qTQ peryJI.SipHa.SI o6o6m;eHHa.SI cpyHKU:H.SI COBna.n;aeT c HeKOTOpOH 

cPYHKD;HeH TOqKH. IloaTOMY ecTeCTBeHHO pacrnHpeHHe CMbICJia CHMBOJia f (x)' npH

qeM H3 TeKcTa )l;OJI)KHO 6bITb SICHO, H)l;eT JIM peqb 06 o6biqHOH cPYHKU:HH HJIH 06 

o6o6m;eHHo:H. :-'.ho o6o3HaqeHHe y.n;o6Ho TaK)Ke TeM, qrn BKJIIOqaeT yKaJaHHe Ha ap

ryMeHT x ' OT KOTOporo 3aBHC.SIT OCHOBHbie cPYHKU:HH. 

Harne:H 6JIH)Kall:rne:H u;eJibIO 6y.n;eT ycTaHOBJieHHe npaBHJI .n;e:HcTBHH c o6o6II(eH

HhIMH cpyHKU:H.SIMH. Ba)KHeHIUHH npHHD;HIT, Ha KOTOpbIH MbI 6y.n;eM npH ;:}TOM OITH

paTbC.SI, - Tpe6oBaHHe, qrn6hI B qacTHOM CJiyqae, Kor.n;a o6o6m;eHHbie cPYHKU:HH pe

ryJISipHbI, npaBHJia i'l;eHCTBHH c HHMH 6bIJIH 6hI CJie)l;CTBHeM npaBHJI KJiaccHqecKoro 

aHaJIH3a H orrpe.n;eJieHH.SI (15.3.2) peryJisi:pHo:H o6o6m;eHHOH cPYHKU:HH. TeM caMbIM 

o6ecneqHBaeTC.SI cornacoBaHHOCTb TeopHH o6o6m;eHHbIX cPYHKU:HH c KJiaCcHqecKHM 

aHaJIH30M. 

Ba)KHhIM npHMepoM CHHryJI.Sipttoll: o6o6m;ettHoll: cPYHKU:HH .SIBJISieTc.SI .n;eJihTa-<iJyH

KU:HSI, BBe.n;eHHa.SI Ll:HpaKOM ( 3a)l;OJiro .n;o ITO.SIBJieHH.SI caMoro ITOH.SITHSI o6o6m;eHHOH 

cPYHKU:HH). B coBpeMeHHhIX o6o3Haqemrnx .n;eJihTa-cpyHKU:M.SI 8(x - ~) MO)KeT 6bITh 

onpe.n;eJieHa npaBHJIOM 

(8(x - ~),cp(x)) = cp(~), (15.3.5) 

r.n;e ~ - npoMJBOJihHa.SI cpH1<cupoBaHHasi: ToqKa. llHaqe roBop.SI, Ka)K.n;o:H ocHOBHOH 

cPYHKU:HH cp(x) CTaBSIT B COOTBeTCTBHe ee 3HaqeHMe cp(~) B TOqKe ~. 
HocHTeJieM .n;eJibTa-<iJyHKU:HH 8(x - ~), oqeBM.n;Ho, S1BJIS1eTcsi: o.n;Ha Toq1<a ~. 

BcJie.n;cTBHe aToro JHaqeu11e cPYHKU:HOHaJia (8(x - ~). cp(x)) o.n;HHaKoBo .n;Jisi: Bcex 

OCHOBHbIX cpyHKU:HH, MMeIOIIJ;HX O)l;HHaKOBbie 3HaqeHHSI B TOqKe x = ~ . 
IlepenHIIIeM COOTHOIIIeHMe (15.3.5) B BH,Zl;e 

JJJ 8(x- ~)cp(x)dV = cp(~) 

H 6y.n;eM cpopMaJibHO paccMaTpHBaTb era KaK HHTerpaJI. B CHJIY 3aMeqaHHSI 0 HOCH

TeJie .n;eJibTa-cpyHKU:HH, qacTH aToro HHTerpaJia, IIOJiyqeHHhle HHTerpHpoBaHHeM no 
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o6JiaCT.SIM, He coL(ep)l(arn:nM ToqKH ~ , L(OJI)l(HbI 6bITb paBHbI Hymo. BcJieL(CTBtte 3TO

ro, rrpn Bcex OCHOBHblX <l>YHKD;H.SIX, paBHblX 1 B TOqKe x = ~' <t>opMaJibHO MO)l(eM 

3aIIHCaTb: 

III o(x- ~)dV = {1, 
v 0, 

KOrL(a ~ BHYTPH V, 

KOfL(a ~ BHe V. 
(15.3.6) 

CooTHOIIIeHtte (15.3.6) KJiaL(eTc.SI B ocHoBy orrpeL(eJieHH.SI L(eJibTa-<t>yHKD;HH B <t>n-

3HKe. TaKoe orrpeL(eJieHne, O,ll;HaKo, HeL(OCTaToqHo cTporo, TaJ< KaK B KJiaccnqecKoM 

CMbICJie, <l>YHKD;HH YIJ:OBJiernopmorn:eif ycJIOBHIO ( 15.3.6), He cyrn:ecrnyeT. 

2lMHM c IIOMOID:bIO L(eJibTa-<t>yHKll;HH orrpe,ll;eJieHHe rnqeqHoro ttcToqHHKa. EcJIH 

HCTOqHHKH pacrrpe)J;eJieHbl HerrpepbIBHO c IIJIOTHOCTbIO p ' TO KOJIHqecTBO cy6cTaH

l(HH (HarrpttMep, )l(HIJ:KOCTtt), o6pa30BaBIIIeec.SI B o6JiaCTH V, paBHO mITerpaJiy 

III pdV. 
v 

EcJIH )l(e HCTOqHHK ToqeqHbIH, TO 3TO KOJIHqecTBO paBHO Jitt6o rrpOH3BO,ll;HTeJibHOCTH 

ttcToqHHKa, KOrL(a rrocJie,ll;HHH pacrroJio)l(eH B o6JiacTH V, JIH6o HYJIIO, KOfL(a HCToq

HHK paCIIOJIO)l(eH BHe o6JiaCTH v. TaKHM o6pa30M, Mbl HMeeM )J;eJIO c CHTyan;neil: 

TOfO )l(e xapaKTepa, KaK B <t>opMyJie ( 15.3.6). Ilo3TOMY oqeBH,ll;HO, qTo rnqeqHbIH 

HCTOqHHK HaL(O OTO)l(,ll;eCTBHTb c )J;eJibTa-<t>yHKD;Heil:, YMHO)l(eHHOH Ha IIOCTO.SIHHYIO, 

paBHYIO rrpOH3BO,ll;HTeJibHOCTH HCToqHHKa. 

Ilo,ll;po6Hee 0 ,ll;eJibTa-<t>yHKl(HH 2lttpaKa ( ee CBOHCTBaX H ,ll;eHCTBH.SIX Hat( HeIO) 

CM. B (15.3). 
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npMnO>KeHMJI 

np1t1nO)f(eH1t1e 1 
HaM6onee ynoTpe6MTenbHb1e 
CMCTeMblKOOp~MHaT 

M CHcTeMbl oproroHaJibHhIX 

n/n KpHBOJIHHeiHhIX KOOp,!1,HHaT 

1 Ccpepw1ecKHe - {r, 0, q>} 

2 BhIT$!HYTbie ccpepOW\aJihHble -
{~.fl, q>} 

3 CJKaTDre c<fieporrp;a.n:bHh!e -
{(,,11,q>} 

4 Ilapa6o;mqecKHe - { µ, V, <\> } 

5 IlpHMoyroJihHhre - { X, y, z} 

6 KpyroBble l.IHJIHH,ll;prrqecKHe -
{ r,q>, z} 

np1t1nO)f(eH1t1e 2 

hq, hq, 

1 r 

a~ ~2 -1 afg 

c,2 +T\2 a~c,2 +T\2 a 
~2 +1 1-112 

µ2 +v2 µ2 +v2 

1 1 

1 r 

3neMeHTbl aeKTOPHOM anre6pbl 
e

9 
, e , eq - e,QHHHYHble OpTbl 

1 q2 3 

M CHeTeMbl opToroHaJI&HhIX . eq, eq, 
n/n KpHBoJJHHeiHblx KOOp,ll;HHBT 

1 C¢epuqecKue - {r, 0, q>} e, ea 
2 BhIT!IHYThre c¢eporrp;arrbHh!e - e~ e,, 

{ ~, 11. q>} 

3 CJKaThre c¢eponp;aJihHh!e - e~ e,, 
{(,,f\,q>} 

hq3 

rsin0 

a~(~2 - 1)(1-112) 

a~(C,2 + 1)(1-112) 

µ2v2 

1 

1 

eq3 

e<p 
e<p 

e<p 



335 

.Ni CucTeMbl opTOI'OH8JlbHhIX -eq, -eq, -eq, 
1
n/n KpHBOJIHHCHHhIX KOOpAHHaT 

4 Ilapa6omi:qecKMe - { µ, V, <!> } -eµ ev -e$ 
s ITpnMoyroJibHhle - { X, y, Z } ~ ~ 

k i j 

6 KpyroBbJe IJ,MJIMHl\pMqecKMe - er -e"' -e, 
{ r, cp, z} 

l1crroJib3YeMbie HIDI<e rrpmrnBe,ueHH.H BeKTOpOB HHBapHaHTHbI no OTHOIIIeHHIO KO 

BCeM opTOroHaJibHbIM KpHBOJIHHetIHbIM CHCTeMaM KOOp,UHHaT { q1' q2' q3 }, Y.UOBJie

TBOp.HIO~HX ycJIOBH.HM 

-eq, = 1, _!!_[~q,) = o. 
aq1 eq3 

TaKoMy ycJioBHIO y.uonJieTBop.HIOT ,ueKapTOBbie rrp.HMoyroJibHbie Koop,uHHaThI 

{ X, y, z }; UHJIHH,upuqeCKHe KpyroBbie KOOp,UHHaTbI { r, cp, z }; KOOp,UHHaTbI :3JIJIHITTH

qecKOro UHJIHH,upa { v, µ, z }; KOOp,UHHaTbI rrapa6oJIHqeCKoro UHJIHH,Upa { p, q, z }; 
ccpepuqecKHe KOOp,UHHaTbI { r, 9, q>} H KOHHqecKHe KOOp,UHHaTbI { r, µ, V }. 

CKanS1pHb1e npoM3BeAeHMSI aeKTopoa 
IIpoH3Be,ueHH.H e,uHHHqHhIX opToB 

IIpoH3Be,ueHH.H BeKTopon 

BeKTopHb1e npoM3BeAeHMfl aeKTopoa 

-+ -+ - -+ -+ -+ -+ -+ -+ - 0 eq, x eq, = -eq, , eq3 x eq, = -eq, , e91 x eq, = eq, x eq, = eq, x eq, = . 
IlpOH3Be,UeHH.H BeKTOpOB 

Bx A= -Ax i3, m(AxB) = mA.xi3, Ax(B + c) = AxB +Axe, 
A(B x C) = C(A x B) = B(C x A), 

Ax (Bx c) = (AC)B - (AB)c, 
(Ax B)(Cx D) = A[B x (Cx D)], 

(Ax B) x (c x D) =[(Ax B)DJC - [(Ax B)CJD. 
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np"1nO>KeH"1e 3 
A111<1><1>epeH'-'111anbHb1e onepaTopbl 
eeKTOpHoro aHan1113a 
Onepamop I'a.Mwtbmoua (tta6Jia) V' Bhip3.)J(aeTc.si: B oprnroHaJihHOH Kp1rnomrneii
HOH CHCTeMe KOOpl(HHaT {qi' q2, q3} <f>opMyJioH 

r?_a _a _a 
v =e -+e -+e -. q, aq, q, aq

2 
q, aq

3 

Onepamop Jlan.llaca (JianJiacuaH) V'2 = V' · V' =A BhrpaiKaeTc.si: B opToroHaJih
HOH KpHBOJIHHeHHOH CHCTeMe KOOpl(HHaT {qi' q2' q3} <f>opMyJIOH 

A_ 1 _!_[hq,hq3 _!___) + _!_[hq,hq, ~i + ~rhq,hq, ~i 
- hq, hq, hq

3 
aq, hq, aq1 aq2 hq, aq2 aq3 hq

3 
aq3 • 

\i'2(a.<l> + j3'1') = CX\i'2<l> + j3\i'2'1' (JIHHeHHOCTh), 

V'2(<I>'I') = 'l'V'2<l> + 2(\i'<I>). (V''I') + <l>V'2'1'. 

Onepa14uu Bmopow nopaihca. 0TMeTHM cJiel(yIOm;He rrpaBHJia rroBTopttoro rrpn
MeHeHH.si: orrepaTopa V' : 

grad div A= V'(V'. A)= V'2 A+ V' x (V' x A)' 

grad( AB)= A. x rot .B +(A grad) .B +.Bx rot A.+ (B grad) A, 
grad( <p'lf) = <p grad 'If+ 'If grad <p, 

div( <pA) = <p rot A + (grad <p) x A , 
div(cpA) = Agrad<p + cpdiv A, 

div(A x B) = ArotB-BrotA, 

div[ AB]= .BrotA-Arot.B, 
divgrad<p = V' · (V'q>) = V'2<p = Aq>, 

div rot A= 0, 

rot(A x B) ~ (B grad)A-(Agrad)B +A div .B-.Bdiv A, 
rot grad <p = 0 , 

rot rot A= grad div A-AA= grad div A- \i'2 A, 

rot(<pA) = q>rotA + (gradq>) x A. 



np1t1llO)f(eH1t1e 4 
AM<l><l>epeH'-'iManbHble onepaTopb1 

" a opToroHanbHblX KPMBOnMHeMHblX 
KOOPAMHaTax {q1, qlt q3} 

rot A= -- -- h A -- h A - 1 [ 8 8 l 
q, h h 8 ( q3 q3 ) 8 ( q, q, ) ' 

q, q, q2 q3 

rot A= -- -- h A -- h A . - 1 ( 8 8 l q3 h h aq ( q, q,) aq < q, q.> 
q, q, 1 2 

np1t1llO)f(eH1t1e 5 
npMHJITble B nMTepayYpe 
eAMHM'-'iblM3MepeHMJI 
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HauMeHoeaHue 06oaHaqeHue e,i;HHHnhl BeJiuquHa, uaMep.11eMaH e,i;uH~ell: 
e,i;HH~ 

pyccKoe MelK,i;yHa-
po,i;Hoe 

cTapoe HOBOe 

AMnep a A A 3JieKTpuqecKHll TOK 

Bap Bap sap var PeaKTHBHa.SI MO~HOCTh 

Ba TT BT Bt w Mo~HOCTh 
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HaHMeHoBaHue 06oaHa'leHHe e.n:nHH~ BeJIH'IHHa, H3MepJ1eMaJ1 e.n:nHHo;eil: 
e,l{HHHD;bl 

pyccKoe MelK,ZJ;yHa-
POAHoe 

crapoe HOBOe 

Be6ep B6 B6 Wb MarnHTHhlH IIOTOK 

BoJI&T B B v 3JieKTpwreCKoe HanpR'1<eHue 

fay cc re re Gs MarnHTHall: HffAYKU:lrn 

feHpH rH fH H lfHAYKTHBHOeTb 

fepu; ru; ru: Hz qaeTOTa 

fHJI&oepT r6 r6 Gb MarnHTO,l{BH'1<YID;aR em1a 

rpa.n:ye UeJibeua* 'C 'C 'C TeMrrepaTypa 

fpaMM r r g Maeea 

rpaMM-eHJia* re re gf CuJia 

,ll,:amyJI& ,l{lK ):l'1< J Pa6oTa 

)l.HHa ,l{HH ,l{HH dyrr CuJia 

KaJiopua* KaJI KaJI cal KoJIH'lecTBO TelIJIOTbI 

KaH,11eJia (ca) K,l{ cd CuJia cBeTa 

KeJibBHH ('K) K K TeMrrepaTypa 

KyJIOH K KJI c KoJiu'leCTBO aJieKTpuqecTBa 

Kiopu* - Kn Ci AKTHBHOCTb HyKJIH,lla 

JIIOKC JIK JIK 1x OcaemeuHoCTb 

JIIOMeH JIM JIM lm CaeTOBOH IIOTOK 

MaKCBeJIJI MKC MK Mx MarnHTHhlH IIOTOK 

MeTp M M m ):lJIHHa 

MuHyTa* MHH MHH min BpeMH 

Hb!OTOH H H N CnJia 

OM OM OM Q 3JieKTPH'leCKOe eonpOTHBJieHHe . 
IlacKaJib - Ila Pa .l{aaJ1eHHe 

Ilyaa II3 II p ):lHHaMll'fecKaH BH3KOCTb 

Pa.n:* pa.n: pa.n: rad IIornoID;eHHaR ,l{03a H3JiyqeHHH 

Pa,!(uau pa.n: pa.n: rad IlJIOCKHH yroJI 

PeHTreH* p p R 3KCII03HD;HOHHaJ'I: ,l{03a H3JiyqeHHH 
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HaHMeHoBaHHe 06oaHa'leHHe eAHH~bl BeJIH'IHHa, HaMep.11eMa.11 e~HHo;ei!: 

eAHHHD;bl 

pyccKoe MelKAyHa-

po~oe 

cyapoe HOBOe 

CeKyMa CeK c s BpeMJI 

CHMeHc CHM CM s 3JICKTPH'ICCKa.ll rrpoBOAHMOCTh 

CTepa~aH CTep cp sr TeJieCHhrii: yroJI 

CTOKC CT Cr St KHHCM3TH'-ICCKa.ll Bll3KOCTh 

TecJia TJI T T MarHHTHaJI HHAYKUHJI 

'1>apaAa qi <D F 3JICKTpH'leCKa.ll CMKOCTh 

qac* q q h BpeM.11 

3pr apr apr erg Pa6orn 

3pcTCA a 3 Oe HarrplllKeHHOCTh MarHHTHoro IIOJIJI 

IlpHMe'laHHe. IlpHBC,l\CHbl e,l\HHHI(hl (TOJihKO c rrpOCThIMH HaHMeHOB3HHllMH) MClKAyHap0.1\HOH CHCTCMhl 

(IIOJIYlKHpHhlll IllpH¢iT), CHCTCMhl CfC H HaH6oJiee pacrrpOCTp3HCHHhIC BHCCHCTCMHhle C,l\HHHI(hl, ,l\OIIYC· 

K3CMble K rrpHMCHeHHJO B P<D ( OTMC'ICHhl 3BC3,'(0'IKOH ). 

npVIIlO>KeHVle 6 
CBOAKa npMMeHeHMM AM<l><l>epeH1.1ManbHOro 
onepaTopa Ha6na (V) 

BHA orrepao;HH 06oaHa'leHHe IlpHMem1eTC.ll K BeJIH'lHHe Ilo.ny'leHHaR. BeJIH'IHHa 

fpaAHCHT \7cp C K3JillpHOll BeKTOpHa.11 

JlHBepreHl(Hll BeKTOpHOH CKaJillpHa.ll 

PoTOp BeKTOpHoif BeKTOpHa.ll 

JlarrJiacHaH \72cp CKaJillpHOH CKaJillpHa.ll 

( CKaJillpHhIH ), 

}lHaepreHl(Hll 

rpa,l\HCHT3 

JlarrJiacHaH \72A BeKTopHoif BeKTOpHa.ll 

( BeKTOpHbIH) 

fpa,l\HCHT \7(\7A) Be1aopHOH BeKTopHa.ll 

AHBepreHl(HH 

PoTOp poTOpa f\7[\7,All BeKTopHoif BeKTOpHa.ll 

PoTOp rp3.11neHTa [\7(\7, cp)] CKaAApHo:H HyJih 

ll:ttsepreHo;Hll poTOpa \7[\7,A] BeKTOpHoil. HyJib 
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YpaeHeHMH MaKceenna a o6o6uteHHblX 
opToroHanbHblX KOOPAMHaTax {q1, q21 q3} 
YpaBttemu1 MaKcBemra B BeKTopttoll: cpopMe y11:06tthr TeM, 'ITO OHH xapaKTepn3yroT 

o6urne CBOMCTBa 3HeKTpOMarHHTHhlX rroHeM 6e30THOCHTeHhHO K CllCTeMe KOop11:u

HaT. Ilpn peIIIeHllll llHJKeHepHbIX 3a11:aq BCer11:a rrpHX011:HTC51 rrpH6eraTh K CHCTeMe 

KOOPl'l:HHaT, COOTBeTCTByrourell: cpopMe pac'leTHOH o6HaCTH. qaure Bcero Il0Hh3YIOTC51 

CHCTeMaMH KOopmrnaT, B KOTOpbIX TPH ceMeMCTBa KOOpl'l:HHaTHhIX IIOBepXHOCTeM 

opTOroHMhHhl 11:pyr 11:pyry. 

YpaBHeHH51 MaKcBeHHa B o6o6ureHHhIX KpHBOHHHeHHhIX opToroHMhHhIX Koop

AHHaTax { q1' q2' q3} MOryT 6bITh Bblpa:>KeHhl B CHeAyrorn:eM BHAe: 

_1_r~(h H )-~(h H )]- 8 8Dq, 
hhaq q3 q, aq q,q,-q,+at' 

q, q3 2 3 

1 [ a a ] av -- --(h H )--(h H ) -8 +-q2 

h h a q, q, a q, q, - q, at ' 
Q3 q, q3 qj 

1 [ a a ] anq, hh aq (hq, Hq,) - aq (hq, Hq,) = oq3 +fit, 
q1 q2 I 2 

1 [a a a ] - h h B +- h h B +- h h B =0 h h h a ( q, q, q, ) a < q, q, q, ) a < q, q, q3 ) ' 

~~% % ~ ~ 

1 [~(h h D ) + ~ (h h D ) + ~ (h h D )] = h h h a q, q, q, a q, q, q, a q, q, q., P ' 
~~% ~ ~ ~ 

Dq, = EEq, , Bq, = µHq, , Oq, = y(Eq, + £ 81 ), 

Dq, = eEq,, Bq, = µHq,, oq, = y(Eq, + Ee2 ), 

Dq
3 

= EEq, , Bq
3 

= µHq
3 

, Oq
3 

= y(Eq, + £ 83), 

w = 0, Se(E2 + E2 + E2 
) + 0 Sµ(H 2 + H 2 + H 2 

) • 
q1 q2 q3 ' q1 Q2 qq 



CnMCOK npMHJITblX o6o3Ha"leHMM ..., 
M COKpa1QeHMM 

npMHflTble 0603Ha&.1eHMfl 

Rn - n-MepHoe eBKJin,n:oBo rrpoCTpancrno. 

06Jtacmb - OTKpbIToe CB.SI3Hoe MHOJKeCTBO. 

~ V - rpannu;a orpaHn'IeHttoro MHoJKecrna V. 
qi' q2' q3 - CHCTeMa opToroHaJihHhIX KpHBOJIHHeHHhlX KOOp,n:HHaT. 

h , hq , h - Koacpqmu;neHThI JiaMe. 
qt 2 q3 

e , eq , e - e,n:HHH'IHhle OpTbl. 
qt 2 q3 

D(A) - o6JiacTb orrpe,n:eJiemrn orreparnpa A. 
R (A) - o6JiaCTh 3Ha'Iettnll: orreparnpa A . 
Co6cm6emwe 311a"te11ue - 'HfCJIOBOH rrapaMeTp, HBJIHIDIU,HHCH BMecTe c co6crneH

Hoii ¢YHKu;nell: cp . pernenneM ypaBtteHH51 A cp = 'A cp . 
Onepamop - L . 

Onepamop I'tUtUJtbmoua: L := V = t e -2_ 
i=l q, 8qi 

n 02 

Onepamop Jlauaca: L = Li = 2::--2 • 

i=l 8qi 

8 
Onepamop /{aJttUt6epa: L = Ila = -

2 
- a2 Li. 

8t 

All - acHHxpoHHhlM ,n:BnraTeJib 
B03 - BceMttpHa51 opraHH3aIJ;H51 3,n:paBooxpanenn51 
HHq - 11n¢paHH3KaR qacToTa 
KHq - KpaiiHe HH3KM qacTOTa 
JI3II - JIHHHH 3.JieKTporrepe,n:aqn 
Mfl{ - Marnnrnrn,n:po,n:nnaMH'IecKttii 
MII - MarHHTHOe noJie 
MCII - MamnTocTaTM'IecKoe rroJie 
Ill{K - rrpe,n:eJibHO ,n:orrycTHMM KOHIJ;eHTpau;n51 
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IIllY - rrpe,neJihHO ,norrycTHMI>IH ypoBeHb 

IIII3 - IIJIOTHOCTh rroToKa 3ttepnm 

Cf - CIIHXpOHHbIH reHepaTOp 

CBq - CBepXBhICOI<asI 'J.aCTOta 

C33 - caHHTaptto-3amHTHM 3otta 

CHq - CBepXHI13KM 'IaCTOTa 

YBq - yJihTpaBbICOKa.51 qactoTa 

YKB - yJihTpa1<0pOTKaa BOJIHa 

3)J:C - 3JieKTpo,nBHJKYIIIa5l CHJia 

3BM - 3JieKTPOHHO-Bhl1UICJIHTeJibHaJI Mannrna 

3JIT - 3JieKTpOHHO-JIYtfeBaa Tpy6Ka 

3M - 3JieKTPHtfeCKM Mannrna 

3Ml1 - 3JieKtpoMarnHTHhIH HMIIYJibc 

3MII - 3JleKtpoMarnMTHOe IIOJie 

3MC - 3JleKtpoMarnHTHaJI COBMeCTHMOCTh 

3MO - 3JieKTPOMarnMTHM o6ctaHOBKa 

3M3 - 3JieKtpoMarttHTHM 3KOJIOfHSI 

30 - 3JTeKtpoo6opy,noBaHMe 

3II - 3JieKTpHtfeCKOe IIOJie 

3CII - 3JieKtpoctaTMtfeCKOe IIOJie 

33C - 3JieKtp03HepreTHtfeCKM CMCTeMa. 
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